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INTRODUCTION. 



CHAPTEE L 

MEASUREMENT. 

Physical Science. — ^We live in a world of matter, space and time. 
We do not know what these are in themselves and we cannot ex- 
plain or define any one of them in terms of the others. 

Thus we recognize matter in certain states which we call solid, 
liquid or gaseous. We distinguish also different kinds of matter, 
such as iron, wood, glass, water, air, etc., which we call substances. 
We also recognize limited portions of matter of definite shape and 
volume, such as a pebble, a rain-drop, a planet, etc., which we call 
materiai bodies. But what matter is in itself we do not know. 

We also recognize matter as occupying space and we note suc- 
cessive events as occupying time. But what space and time are in 
themselves we do not know. 

We also recognize force as causing change of motion of matter. 
But what force is in itself we do not know. 

Yet although we thus know nothing of matter, space, time and 
force in themselves, we can and do investigate them m their measur- 
able relations^ and such investigation is the object of all physical 
science. 

Mechanics — ^Kinematics and Dynamics — Statics and Kinetics. — 
That branch of physical science which treats of the measurable 
relations of space alone is called geometry. 

That whicn deals with the measurable relations of sp(xce and 
time only, that is with pure motion, is called kinematics {Ktyijfj,a^ 
motion). To the ideas or geometry it adds the idea of motion. 

That which deals with the measurable relations of S]^ace, time 
and matter, involved in the study of the motion of material bodies 
under the action of force, is called dynamics (dvvafiti, force). To 
the ideas of kinematics it adds the idea of force. 

We divide dynamics into two parts ; statics, which treats of 
material bodies at rest under the action of force, and kinetics, 
which treats of material bodies in motion under the action of 
force. Statics is thus a special case of dynamics which it is con- 
venient to consider separately. 

In the study of ma^chines, or of moving bodies generally, under 
the action of force, we have to make use both of the principles of 
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kinematics and of dynamics. The term mechanics is therefore used 
to include the general principles of both kinematics and djmamics, 
while their special application to machines is called applied me- 
chanics or mechanism. We treat in this work of mechanics as thus 
defined, or the general principles of kinematics and dynamics. 
We have then as the scheme of the present work : 

C Vol. I, Kinematics ; 

Mechanics: < Vol. II, Statics; / ri • 

\ Vol. Ill, Kinetics; f Dy»ajni<»- 

Measurement. — Since then we have to do in all that follows with 
the measurable relations of force, matter, space and time, the sub- 
ject of the measurement of these quantities should first engage our 
attention. 

Unit. — In order to measure any quantity whatever, we must 
always compare its magnitude with the magnitude of another 
quantity of the same kind. The quantity thus taken as a standard 
of comparison is called the unit or measurement. 

Thus the unit of length must itself be some specified length, as, 
for instance, one foot, one yard, one centimeter or one meter. The 
unit of time must be a specified time, as one second. The unit of 
mass must be a specified mass, as one pound or one gram or one 
kilogram. 

The units of mass, length and time are called flindamental units, 
because not derived from any others. 

h^tatement of a Quantity. — The complete statement of a quantity 
requires, therefore, a statement of the unit adopted and also a state- 
ment of the result of comparison of the magnitude of the quantity 
with the magnitude of the unit. 

The result of this comparison is always a ratio between the 
magnitudes of two quantities of the same kind and is, therefore, 
always an abstract number. 

This ratio or abstract number is called the numeric. 

Thus we say 3 feet, 4 seconds, 5 pounds. In each of these cases 
we state both the unit and the numeric, or ratio of the magnitude 
of the quantity to that of the unit. Thus 3 feet denotes a quantity 
whose magnitude is three times the magnitude of one foot. 

So for any quantity. In general, if L stands for any length and 
[L] stands for the unit of length, we have L = l[L], or the length 
equals I times the unit of length. Here I is the numeric and is an 
abstract number. 

Again, if Tis a certain interval of time, and [T] stands for the 
unit of time, we have T=t[T], or the time equals t times the unit 
of time. Here t is the numeric and is an abstract number. 

So also if Jlf is a certain mass and [M] stands for the unit of 
mass, we have M= m[M], or the mass equals m times the unit of 
mass. Here m is the numeric and is an abstract number. 

Derived Unit. — A unit of one kind which is derived by reference 
to a unit of another kind is called a derived unit. 

Thus the unit of area may be taken as a square whose side is one 
unit of length, or one square foot. The unit of volume may be 
taken as a cube whose edge is the unit of length, or one cubic root. 
The unit of speed may be taken as one unit of length per unit of 
time J or one toot per second. 

Such units are derived units, while the units of mass, space and 
time, not being thus derived from any others, are fundamental 
units. 
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Dimensions of a Derived TTnit.— A statement of the mode in 
which the magnitude of a derived unit varies with the magnitudes 
of the fundamental units which compose it is a statement of the 
dimensions of the derived unit. 

Thus let [A] denote the unit of area and [L] the unit of length. 
Then if A = a[A] is the area of a square whose side is L = Z[i], 
where a and I are abstract numbers, we shall have a[A] = riLf. 

Now we shall have the numeric equation a = Z^ or the number 
of units of area equals the square of the number of units of length, 
provided we have [A\ = \L]'\ or the unit of area equal to the square 
of the unit of length. 

The statement [A] = [Lf is a statement of the dimensions of the 
unit of area. 

Again, let [L] denote the unit of length and [T] denote the unit 
of time and [T] denote the unit of speed. Then if L = l[L] is any 
distance and T=t[T] is the time occupied in describing that 
distance, and the mean speed is V= v[V\ we have 

^^ *^ -• t[TY 

We shall then have the numeric equation v = — , or the number 

t 

of units of speed is equal to the number of units of length passed 

over divided by the niunber of units of time occupied, provided we 

have 

or the unit of speed equal to one unit of length per unit of time. 
This is a statement of tne dimensions of the unit of speed. 

Meaning of "Per.'' — It will be observed that the statement 

[V] = LJ is read, " the unit of speed is equal to the unit of length 

per unit of time," and the word per is indicated by the sign for 
^^ divided by. '''^ 

Now we can divide the numeric I by the numeric f , because these 
are abstract numbers. But it would be nonsense to speak of divid- 
ing length by time, or a unit of length by a unit of time. We there- 
fore avoid such a statement by the use of the word per. If then 
we give to the symbol of division this new meaning, we can then 
treat it by the rules which applv to the old meaning, and thus avoid 
the invention of a new symbol Dy using an old one in a new sense. 

Whenever^ then, the word " per " is used, it can he replaced by the 
sign of division. 

Homogeneous Equations. — The symbols in all formulas or state- 
ments of the relations of quantities always stand for the numerics 
of these quantities, and the units are always understood though not 

written. 

I 
Thus such an equation as u = ^ or Z = vf is a numeric equation, 

and the units are understood and must always be supplied in inter- 
preting them. When the units are thus supplied, all the terms on 
both sides of the equation which are combined by addition or sub- 
taraction must always be of the same kind, whatever the system of 
units adopted. Such equations are called homogeneous. 

If any numeric equation is not thus homogeneous, it is incor- 
rectly stated. 
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It is also evident that all algebraic combinations of such homo- 
geneous equations must always produce homogeneous equations. 
If not, some error must have been made in the aJgebraic work. 

Error can thus often be detected in the result of an investigation 
without following through its successive steps, by simply inserting 
the omitted units, and no equation or result shomd be accepted, or 
even discussed, which does not stand this test. 

Thus in the equation I = vt, if we supply the omitted units, we 
have 

l[L] = uS X t[T] = vt[Ll 

The equation is therefore homogeneous, since the unit of length id 
to be understood in both terms. 

Unit of Time. — The unit of time ordinarily adopted in dynamics 
is the second or some multii)le of the second. 

It is the time of vibration of an isochronous pendulum which 
vibrates or beats 86400 times in a mean solar day of 24 hours, each 
hour containing 60 minutes and each minute 60 seconds (24 x 60 
X 60 = 86400). 

The sidereal day contains 86164.09 of these mean solar seconds. 

Unit of Lengtn. — The unit of length ordinarily adopted in 
dynamics is the foot or the meter or some multiple of these. 

Unit of Mass. — The unit of matter or mass ordinarily adopted in 
dynamics is the pound or the kilogram. 

Standard Unit. — ^All units adopted are defined by reference to 
certain standard units. A standard unit, in general, should possess, 
so far as possible, a permanent magnitude unchanged by lapse of 
time and unaffected by the action of the elements or by change of 
place or temperature. It should be capable of exact duplication 
and should admit of direct and accurate comparison with other 
quantities of the same kind. 

Standard Unit of Time. — The standard unit of time is the period 
of the earth's rotation, or the sidereal day. This has been proved 
by Laplace, from the records of celestial phenomena, not to have 
cnanged by so much as one eight-millionth part of its length in the 
course of the last two thousand years. 

The length of the solar day is variable, but the mean solar day, 
which is the exact mean of all its different lengths, is the period 
already mentioned, which furnishes the second of time. It is 
1.00273791 of a sidereal day. 

The second can therefore be defined, with reference to the stand- 
ard unit of time, as the time of one swing of a pendulum so ad- 
justed as to make 86400 oscillations in 1.00273791 of a sidereal day. 

Standard Units of Length. — The English standard unit of length 
is the length of a standard bronze bar, deposited in the Standards 
Department of the Board of Trade in London. 

Since such a bar changes in length with its temperature, the 
length is taken at the specmed temperature of 62° Fah. 

The length of this bar at this temperature is the English stand- 
ard unit of length, and is called the standard yard. Accurate 
copies of this standard are distributed in various places, and from 
these all local standards of lengjth are derived.* 

The foot is defined as one third the length of the standard yard 

at 62° Fah. 

— -■• • •■ ■■ ' • .-ti 

* The English standard yard is 1 part in 17230 shorter than the U. S. copy. 
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The French Btandard of length is the meter, and is the length of 
a bar of platinum at the temperature of melting ice, or 0° C. This 
bar is preserved at Paris. Its length was intended to be the ten- 
millionth part of a quadrant of the earth^s meridian through 
Paris. 

The quadrant of the meridian through Paris is 10001472 stand- 
ard meters, according to Colonel Clarke's determinations of the 
size and figure of the earth, which are at present the most authori- 
tative, and thus the standard Paris meter is slightly less than the 
length upon which it was founded. The material oar is therefore 
the standard, just as is the case with the English standard. 

The relation of the meter to the meridan was intended as a 
means of reproduction in case of destruction of the standard, but 
in such case the standard would probably be reproduced from the 
best existing copies. 

This was actually the case with the original English standard, 
w^hich was destroyed by fire in 1834. It had been originally de- 

fined as having at ^2'' Fah. a length of x of the length of a 

o«/.lt5t70 

pendulum vibrating seconds in the latitude of London at the sea- 
level. But this provision for its restoration was repealed and a 
new standard bar was constructed from authentic copies of the old 
one. 

The English inch, or the 36th part of the length of the standard 
yard, is very nearly equal to the five-hundred-millionth part of the 

lenfiiih of the earth's polar axis ( 1 

The utility of the standard, however, does not depend upon any 
fiuch earth relations, the only value of which is for reproduction in 
case of destruction — a value which, as we have seen, is practically 
disregarded. 

The ultimate standards are therefore the actual bars. 

Standard Units of Mass. — ^The English standard unit of mass is 
a piece of platinum deposited in the Office of the Exchequer at 
London ana called the **Imperial Standard Pound Avoirdupois." 

The French standard unit of mass is a piece of platinum pre- 
served at Paris and called the kilogram. 

Unit of Angle. — ^There are two units of angle in use, the degree 
and the radian. 

The degree is that angle subtended at the centre of any circle 

by an arc equal in length to ^ part of the circumference of that 

circle. It is subdivided sexagesimally into degrees (°), minutes ('), 
and seconds ("). The seconds are subdivided decimally. Minutes 
and seconds of time are distinguished by being written min., sec. 

The radian is: ttiat angle subtended at the centre of any circle by 
an arc equal in length to the radius. It is subdivided decimally. 

If then the length of any arc is «[Zr], or s units of length, and 
the length of the radius is r[L], or r units of length, and if the 
angle subtended at the centre is 6 radians, we have 

The number of radians in any angle is then found by dividing the 
number of units of length in the Subtending arc by the number of 
imits of length in we radius, and this number is independent of the 
particular unit of length adopted, whether feet or centimeters. 
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If the subtending arc is the entire circumference, the number of 

radians is — =2ic. Hence 2?r radians correspond to 360 degrees, or 1 
r 

radian corresponds to ^^ = -— = 67.29578 degrees = 67° 17' 44".8. 

Any angle expressed in radians may then be converted into 

180° 
degrees by multiplying the number of radians by = 67.29678 

degrees = 1 radian. 

Any angle expressed in degrees may be converted into radians 

by multiplying the number of degrees by — • = 0.0174633 radians 

XOvf 

= 1 degree. 

(1) Eacpress 12° 34' 66" in terms of radians; and 3 radians in 
terms of aegrees. 

Aim*. 0.2196 radians ; 171° 53' 14 ".424. 

(2) The radius of a circle is 10 feet; what is the angle subtended at 
the center by an arc of 3 feet f 

Am. ^ radian, or 17** 11' 19. "44. 

(3) How mitch must a rail 30 feet long be bent in order to fit into 
a curve of half a mile radius f 

Ans. ^^ radian, or 0" 89' 3'".92. 

(4) Express 45 degrees in terms of radians, and 4.6 radians in 
terms of degrees. 

Ans. I radians = 0.7854 radians ; 257* 49' 51".636. 

(5) The angle subtended at the centre of a circle by an arc whose 
length is 1.67 feet is 15° ; what is the radius f 

. 8 157C 1 57 X 180 ^.. 

Ans. - = rspr , or r = — 7= = 6 ft. 

r 180 15;r 

(6) What is the sin J radians; cos J radians; cos ^ radians; 

boo 

tan— radians f 
4 

Ans. 5; ^ V3; 0.5; 1. 

(7) Express in degrees and in radians the angle made by the 
hands of a clock at 35 minutes past 3 o'' clock. 

Ans. 102.5 degrees; 1.79 radians. 

Unit of Conical Angle. — Let the area of any portion of the sur- 
face of a sphere be A [A], or A units of area, and let the square 
of the radius be r''[A'\, or r'^ units of area. 

If lines are drawn from the centre C of the sphere to every point 
of the area, they form a cone, and the angle subtended at the centre 
C by the area we call a conical angle. 

The conical angle subtended at the centre of a sphere by a por- 
tion of its surface whose area is equal to the square of its radius we 
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call a square radian. If we denote the conical angle subtended by 
the area Ahy oa square radians, we have 

A[A] A , . 

The number of square radians in any conical angle is thus found 
by dividing the number of units of area in the subtending area by, the 
number of units of area m the square of the radium, and this numbeu 
is independent of the unit of area adopted. 

If tne subtending area is the entire surface of the sphere, the 

^Ttr^ 
number of square radians is — 5- = in. Hence the siu-face of a 

sphere subtends a conical angle of 4;r square radians. 

[The terms solid angle suia solid radian are usuallv employed in 
place of conical angle and square radian as defined, but as they 
seem in no way descriptive, we have employed the latter terms as 
more expressive.] 

Curvature. — The direction of a plane curve at any point is that 
of the tangent to the curve at this point. 

Thus the direction of the 
curve AB at the point A is 
that of the tangent AC. 

The change of direction be- 
tween any two points of a 
plane curve is the angle be- 
tween the tangents at these 
two points, and is called the 
integral curvature. 

Tlius the angle 6, or change 
of direction between the tangents at A and JB, is the integral curva- 
ture for the curve between A and B. 

The integral curvature for any portion of a plane curve divided by 
the length of that portion is the mean curvature. 

Thus if the length from A to JB of the curve is s[X], or s units of 

length, the mean curvature is rM-- Since Q is given in radians, the 

Tinit of curvature is one radian per unit of length of arc. When we 

6 9 

say, therefore, that the mean curvature is -, wemean — radians per 

unit of length of arc. 

The limiting value of the mean curvature when the two points 
are indefinitely near is caUed the curvature. 

The curvature, therefore, is the limiting rate of change of direc- 
tion per unit of length of arc. Its unit is one radian per unit of 
length of arc. 

Curvature of a Circle. — If the curve is a circle, the angle at the 
centre between the radii at A and B will be equal to the angle 9 
between the tangents at A and B. 

We have then 6 = — radians. The mean curvature is then 

r 

6 1 

~ = — radians per unit of length of arc. 

s r 

Since this is independent of s, the curvature at every point of a 
circle is constant ana equal to the mean curvature for any two 

points, viz., — radians per unit of length of arc. 

r 
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Curyatnre of any Plane Curve. — For any plane curve whatever a 
circle can always be described whose curvature is the same as that 
of the given curve at the given point. This is the circle of curvature 
of the curve at that point. Its radius is the radius of curvature of 
the curve at that pomt. 

If then p is the radius of curvature of a curve at any given 

point, the curvature of that point is — radians per unit of length of 

arc. 

Since curvature then depends only upon the radius of curvature, 
the circle is the only curve whose curvature is constant. 

(1) A circle has a radius of 10 feet. What is its curvature f 
Ans. ^ radian per foot of arc, op 5°. 78 per foot of arc. 

(2) If the radius is 10 yards^ what is the curvature f 

Ans. ^ radian per yard of arc, or 5". 73 per yard of arc, or ^ radian per 
foot of arc, or 1*.91 per foot of arc. 

Dimensions of Unit of Curvature.— If (7 is the curvature and c 
the number of units of curvature, we h^ve by definition c[C] = 

-jJr, where [C] is the imit of curvature, and [0] is the unit of angle, [L\ 

the imit of length, and 6, s the number of units of angle and length. 

We shall always have c = — , provided we take [C\ = rJ^, that is, 

Erovided the unit of curvature is equal to the unit of angle divided 
y the unit of length. 
This is a statement of the dimensions of the unit of curvature. 
The unit of curvature is then one unit of angle per unit of 
length of arc, as, for instance, one radian per foot of arc, or one de- 
gree per foot of arc. 

A railtvay curve has a length of one mile, ths curvature is uniform, 
and the integral curvature is 30 degrees. What is the curve, the 
curvature, and the radius of curvature f 

Ans. A circle ; 0.5^6 radian per mile arc ; 1.9 miles radius. 

Tables of Measures. — We shall deal in the course of this work 
with many other derived units, which will be explained as they 
occur. It will be useful to collect here for convenience of reference 
a number of such units. 

I. MEASURES OF SPACE. 

A. LENGTH. 

Centimeters 

' I I I' l | x: 
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1 2 3 

Inches 

Table 1. Table 2. 

1 centimeter = 0.8937079 inch 1 inch = 2.589954 centimeters 

1 r«^+^, - j 39.87079 inches 1 foot = 80.479449 

1 meter - < 3 ^809 feet 1 yard = 0. 91438347 meter 

1 V4i^«.^*^, 3 0.62187 mile 1 mile = 1.60985 kilometers 
1 kilometer = j 0.585987 nautical m. 



' TmOMU: \ =1.858271dlometers 
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The following are approximate : 

The centimeter is about { inch. The meter is. about 8 ft. 3f inches. 
The decimeter is about 4 inches. One kilometer is about ^ of a mile. 
Distance from pole to equator is about 10000000 meters. 
Earth's polar radius is about 500000000 inches. 

B. AREA. 



Table 8. 

1 sq. centimeter = 0.155006 sq. inch 
1 sq. meter = 10.7648 sq. feet 

'?rl'hS*''1= 2-47114 aorea 

1 sq. kilometer = 0.88611 sq. mile 



Table 4. 

1 sq. inch = 6.45187 centimeters 

1 sq. foot = 028.997 

1 sq. yard = 0.836097 meter 

1 acre = 0.404672 hectare 

1 sq. mile = 2.58989 sq. kilometers 



0. VOLUME. 



Table 5. 



Table 6. 



1 cubic centimeter = 0.0610271 cu. inch 
1 liter, or 1 cubic ) = 61 .0271 cu. inches 

decimeter ) =1.76172 pints 
1 cubic meter = 85.8166 cubic feet 



1 cubic inch= 16. 8866 cubic centimeters 

1 cubic foot=28.8158 liters 

1 cubic yard =0.76451 3 cubic meter 

1 pint =0.567627 liter 

1 gallon =4.54102 liters 



n. MEASURES OF MASS. 



Table 7. 
1 centigram = 0.154828 grain 
1 *^«, _ i 15.4828 grains 

1 gram ^ ^ 0.0858789 oz. 

1 kilogram = 2.20462 lbs. 



Table 8. 

1 grain = 0.064799 gram 

1 oz. = 28.8496 grams 

1 lb. or 16 oz. = 0.458593 kilogram 
1 ton or 2240 lbs. = 1016.05 kilos 



1 gram = mass of 1 cubic centimeter of pure water at 4* C. 

1 kilogram = 1 liter of pure water at 4" C. 

1 gallon = 277.274 cubic inches. The gallon contains 10 lbs. of pure water 
at 62^ P. 

1 cubic foot of water contains about 1000 oz. or 62^ lbs. 

The pint contains 20 fluid oz. 

Acceleration of gravity at London = 82.182 feet-per-second per second = 
080.889 centimeters-per-second per second. Average value 32^ feet-per-second 
per second or 980.3 centinieters-per-second per second. 

1 dyne = force which will give a mass of 1 gram an acceleration of 1 centi- 
meter-per-second per second = about ^y weight of gram = weight of about 1 
milligram. 

1 poundal = force which will give a mass of 1 pound an acceleration of 1 
f oot-per-second per second = about weight of ^ oz. 
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POSITION. TERMS AND DEFINITIONS. 




Pbint. — ^A mathematical point has neither length, breadth, nor 
thickness. It is therefore without dimensions and indicates posi- 
tion only. 

Point of Reference. — When we speak of a point as having position, 
some other point or points must always be lassumed, by reference 
to which the position is given. Such a point is a point of reference. 
It is also called a pole, or origin. 

Position then is always relative. We know nothing of ** abso- 
lute'' position. 

Thus the position of the point C is known with 
^ respect to A when we know the length of the line AG 

and the angle BAG ov the direction of the line AG. 
The points A and B are points of reference, by means 
of which G is located. 

Position of a Point. —The position of a point 
with reference to other assumed points is then known when we 
have sufficient data to locate it. These data give rise to two 
methods of location : 

1st, by polar co-ordinates. 

2d, by Cartesian co-ordinates, so called because first employed by 
Descartes. 

Plane Polar Co-ordinates.— The data necessary for locating a 
point by polar co-ordinates, when the point is situated in a giv^n 
plane, consist of a distance and an angle. If the point is not in a 
known plane, of a distance and two angles. 

Thus, if the point P, in the plane of this 
page, is to be located, we first assume a line 
OA in the plane, as a line of reference. Then 
the position of P with reference to O is given 
by the angle AOP and by the distance OP. 

The assumed point O is called the pole; OA 
is the line of reference; the distance OP is^ 
called the radius vector, and its magnitude is 

usually denoted by r ; the angle AOP is the direction angle ; its 
magnitude is denoted by 0, and it is measured around from OA to 
the left. 

The polar co-ordinates for a point in a given plane are therefore 
r and 0, or a distance and an angle. These are plane polar co- 
ordinates. 

Space Polar Co-ordinates.— If the point P is not in a given plane, 

10 
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we assume as before a pole 0, and a reference line OA in space. 
Through this line we assume any 
plane, as the plane of this page, 
OABC, and let OB be the inter- 
section of this plane with a plane 
OPB, perpendicular to it and 
passing through OP. The location 
of i* is then given by the length 
OP or the i^ius vector r, the 
angle AOB or if, and the angle 
BOP or 8. 

The polar co-ordinates for a point not in a given plane are there- 
fore r, 4> and 9, or a distance and two angles. These are apace 
polar co-ordinates. 

If O is a point on the earth's surface, and the reference line OA 
is a north and south line in the plane of the horizon, the angles S 
and <t> would be the astronomical azimuth and altitude of the point 
P. 

Cartesian Co-ordinates. — Plane. — The data necessary for locating 
a point by Cartesian co-ordinates, if the point is in a known plane, 
consists of two distances, parallel to two assumed lines of refei-ence 
in that plane, passing through the point of reference, which is called 
the origin. The assumed lines of 
reference are usually taken at right 
angles. 

Thus if the point P is known to 
be in the plane of this page, we 
assume anjr origin and draw two 
reference !m.e9 OZ'and OFthrough 
O in thiB plane and at right angles. 
5 These two lines are called the axes 
of co-ordinates, the horizontal one 
the oxt's of X, or the x axis, the 
other the axis of y, or the y axis. 
The distance BP or OA is denoted 
by X and called the abecisBa of the point P. The distance AP is 
denoted by y and called the ordinate of the point P. 

The abscissa x is positive to the right, negative to the left of the 
origin, while the ordinate y is positive when laid off above and 
negative when below the origin. 

Any point in the plane is thus located with respect to O. If a 
point IS m the first quadrant, its co-ordinates are -H a;, + j*; if in the 
second quadrant, —x and + v 

^; if in the third quadrant, 
— X and —y\ if in the fourth 
quadrant, -H x and — y. 

When the point is in a 
known plane, the co-ordi- 
nates are called plane co-or- 




Space Co-ordinates. — If 
the point Pis not in a known 
plane, we take three axes 
through the origin, all at right 
angles usually. Two of these 
we may denote by X and Y 
as before; the third, at right , 
angles to the plane of XY, z 
we call the axis of z, or the z axis. 















y\ 
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Thus the position of the point P is given by the distance OA » 
a?, the distance AC = z, and the distance CP = y. 
These are the tpace co-ordinates of the point P. 
The signs premced to the co-ordinates indicate the quadrant in 
which the point is located as before. Thus, + a;, + f^ and i: e 
denote a pomt in the first quadrant either in front of or behind the 
plane of XY; — a?, + y and ± 2;, a point in the second quadrant. 
either in front of or oehind the plane of XY; — a?, — y, ± z, and 
+ ix;, —y, ± z, points in the thira and fourth quadrants, either in 
front of or behind the plane of XY, 

Direction Cosines. — ^If we join the origin O and the point P by a 
line, and denote the angle of OP with 8ie x axis by «, with the y 
axis by fil^ and with the z axis by y^ we have the relations 

X = OP cos a, y = OP cos fi, z = OP cos y. 
These cosines are called the direction cosines of OP. 

Since OP is the diagonal of a parallelogram, we have 
OP^ ^x^ + y^ + z^ = OP" (cos* a + cos' /? + cos» y). 
Hence 

cos' a + cos* /S + cos' y = 1 (1) 

If, therefore, any two of these direction cosines are given, the 
third can always be found. 

Since cos 2oc = 2 cos* a — 1, cos 2/3 = 2 cos* y^ — 1, cos 2y =*' 
2 cos* ;^ — 1, we have also 

cos 2a 4- cos 2fi + cos 2y = — 1 (2) 

Again, since cos (a + fi) = cos a cos /? — sin a sin /5, cos {a-^ fi) =: 
cos a cos p + sin a sin fi, we have also 

cos (a + /?) cos (a - /O 4- COS* y =0 (3) 

Dimensions of Space. — ^A point in a given line is at once located 
by a statement of the distance of the point from either end of the 

line. 

A point in a given plane is located either by two distances or by 
a distance and an angle. 

A point in space is located either by three distances or by a 
distance and two angles. 

Hence space is said to have three dimensions, a plane surface to 
c have two dimensions, and a line one dimension. 

A point has no dimensions and indicates 
position only. 

System. — Any definite and limited assem- 
blage of points is called a system. Thus the 
B assemblage of points represented by A, By C, 
constitutes a system. 

Configuration. — The relative position or arrangement of any 
system or assemblage of points is called the configuration of the 
system. 

A knowledge of the configuration of a system at any instant 
requires a knowledge of the relative position of every point of the 
system with reference to every other point at that instant. 

Thus the configuration at any instant of the system represented by the 
points A, B, Gy is known when the position at that C 

instant of A relative to B and (7, of B relative to A 
and (7, and of G relative to A and J9, are known ; 
that is, when all the sides and angles of the triangle 
are known at that instant. 

Rigid System. — When the configuration ^ 
does not change, the system is a rigid system. 
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Thus when the angles and sides in the triangle ABO remain un- 
changed, the system is rigid. 

Beit. — When the straight lines drawn from a point to any as- 
sumed points of reference do not change their length or inclination 
to each other, the point is at regt with reference to these points. 

The points of a rijgid system are therefore at rest relatively to 
each other. The entire system may, however, be in motion with 
reference to some external point. 

Rest, then, like position, is relative only. We know nothing of 
" absolute " rest. 

Thus if the lines OA and GB in the preceding figure do not change in 
length and the angle AOB does not change, the point G is at rest with refer- 
ence to A and B, 

The system is then a rigid system, and A is at rest with reference to G and 
B, and B is at rest with r^erence to A and (7. 

The entire system of A, B, Gmay, however, be in motion with reference to 
some point external to the system. 

The stationary objects in a room are all at rest relatively to each other. The 
straight lines joining any three do not change their length or inclination to 
each other. 

But, as we know, all these objects partake of the motion of the earth, and 
are therefore not at rest with reference to the sun. 

Motion. — ^Motion is change of position. A point moves when the 
straight lines joining it to the pomts of reference change either in 
length or inclination to each .other. 

Motion, therefore, like rest and position, is always relative. 
Such terms as *' absolute " position, ** absolute " rest, and ** absolute" 
motion have no scientific value. All our knowledge, both of posi- 
tion and change of position, must be essentially relative. 

"When a man has acquired the habit of putting words together, without 
troubling himself to form the thoughts which ought to correspond to them, it 
is easy for him to frame an antithesis between this relative knowledge and a 
so-called absolute knowledge, and to point out our ignorance of the absolute 
position of a point as an instance of the limitation of our faculties. Any one, 
however, who will try to imagine the state of a mind conscious of knowing the 
absolute position of a point will ever after be content with our relative knowl- 
edge." C* Matter and Motion "hy J. Clerk Maxwell. Pott, Young & Co. , New 
York, 1876.) 

Path of a Point. — The line joining the successive positions of a 
point diu*ing its motion is called its path. 

The path thus described by a point may be either a straight or a 
curved line, or a combination of Straight and curved lines. If the 
path is without angles or abrupt changes of direction, it is con- 
tinnons. 

Motion of Translation. —When a rigid system moves so that 
every straight line in it joining every two points remains always 
parallel to itself, the system is said to have a motion of translation. 

The paths of all the points are therefore parallel at every instant 
and equal for any given interval of time, and the translation of the 
system is that of any one of its points. 

Motion of Rotation. — When a rigid system moves so that all its 
points describe arcs of circles in parallel planes about a common 
straight line or axis passing through the centers of the circles and 
perpendicular to their planes, the system is said to rotate or have a 
motion of rotation about that axis. 

Since the system is rigid, every point must describe an equal 
angle in tJie same time. 



14 "IKTRODUCTION. [CHAP. IL 

A point has no dimensions and therefore cannot have motion of 
rotation, but only one of translation. 

Combined Translation and Rotation. — A rigid system may have 
a motion of rotation and translation at the same time. Thus, for 
instance, a rolling wheel has a motion of rotation about an axis 
through the hub at right aneles to the plane of the wheel, while at 
the same time every point of the wheel has a motion of translation. 

Material Point or Particle.— We have just seen that a point can- 
not have motion of rotation. Rotation is possible only to systems 
of points. 

A material body so small that the distances between its points 
maybe neglected is called a particle. 

When the body is not small, whatever its magnitude, if the dis- 
tances between its various points fiat^e no influence upon the motion 
considered, we call the body a material point or particle and may 
represent it by a point without dimensions. 

Thus if we are investigating the motion of the earth about the sun, so far 
as the motion of translation of the earth is concerned, we may regard both the 
earth and sun as points. But we cannot treat them as points when we wish to 
study their rotation. 

Material System. — A number of material points or particles con- 
stitute a material system. When we confine our attention to such 
a system, all relations or actions between one point of such a system 
and another are called internal relations or actions. Those between 
the whole or any part of the system and bodies not included in the 
system are called extenml relations or actions. 
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\ CHAPTER I. 

SPEED. 

'K . ^ 

-• Kinematics. — ^That branch of science which treats of the measur- 
able relations of time and space only, that is, of pure motion, is 
galled kinematics. It adds to the ideas of pure geometry the idea 
of motioiA 

Mea^ Speed of a Point.— The distance described by a moving 
point per unit of time is called the mean speed of the point. There- 
fore the number of units of distance described in a given time, 
divided by the nimaber of units in that time, gives the number of 
units of mean linear speed. The mean speed is then the mean 
time-rate of motion in tne path. 

When the mean speed varies with the interval of time it is 
variable. When it has the same magnitude no matter what the 
interval of time it is nniform. A point moving with uniform mean 
speed evidently describes equal distances in equal times. 

Instantaneous Speed of a Point.— The limiting value of the mean 
speed when the interval of time is indefinitely small is called the 
instantaneous speed. 

When the instantaneous ^eed at any instant is equal to the 
mean speed for any interval of time it is nniform. When the instan- 
taneous speed is variable the mean speed has different values for 
equal intervals of time. 

The term speed always signifies instantaneous speed unless 
otherwise specified. 

Dimensions of the Unit of Speed. — ^Let us denote any speed by 
Vy the unit of speed by [V] and the number of units of speed by r, 
so that V=v[V]. Then if [L] is the unit of length and 8 the num- 
ber of units of length, or the distance passed over in the time t[T], 
we have by definition 

^^^^ t[Tr 

We shall always have the numeric equation t? = j, if we take 

15 
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[V] = ^,, or the unit of speed equals the unit of length per unit of 

time. 

This is the statement of the dimensions of the unit of speed. 

The unit of speed is therefore always taken as one unit of length 

per unit of time, as, for instance, one foot per second. 

Numeric Equations of Speed.— If si denotes, then, the nuinber of 

units in the initial distance OA, measured 
along the path, of a moving point from a 
fixed point O in the path, taken as origin, 
and 8 the number of units in the final 
distance OB, measured along thepath^ from 
the same origin O, and t the number of 
units in the interval of time in describing 

the distance AB = 8 — Si, we have for the mean speed the numeric 

equation 

«=*-=^ a> 

When the interval of time is indefinitely small we have, in the 
notation of the Calculus, dt in place of t, and da in place of 8 — 8u 
The instantaneous speed, or the speed, is then 

'-% «> 

Sign of Speed. — From (1) we see that if OB or « is numerically 
greater than OA or «i, the value of v will be positive, or v equals a 
plus (+) quantity. If, however, Si is numerically greater than «, 
the value of v will equal a negative (— ) quantity. When, then, the 
distance from the origin, measiu-ed along the path, is increasing, 
the value of v is positive (+). When the distance is decreasing, 
the value of v is always negative (— ). Moreover, if «» is on tiie 

opposite side of the origin from «, we have v = \ 

v 

Equation (1) will therefore hold good generally if we take dis- 
tances from the origin in on^ direction as (+) and in the other 
direction as (— ). In such case, if the value of v comes out (4-) it 
indicates motion in the assiimed (+) direction, and if (— ) it indi- 
cates motion in the other direction. If t comes out (— ) it denotes 
time before the start, if (+) time after the start or beginning of 
motion. 

Speed a Scalar ftuantity. — ^It will be evident from the preceding 
that the sign of v has no reference to any special direction in 
space. It simply indicates that the distance along the path from 
the origin is increasing or decreasing, without reference to the 
actual direction of the path at any instant. 

Speed, then, whether uniform or variable, mean or instantane- 
ous, is independent of direction of the path. A point moving with 
any given speed has that speed no matter what the shape of the 
path. 

Speed, therefore, is a quantity which has magnitude and sign, 
but IS independent of direction. Such a quantity is called a scalar 
quantity. 

The student is cautioned here not to confound speed with ** velocity," 
which, as we shall see hereafter (page 43), Las direction as well as sign and_ 
magnitude. Such a directed quantity is called a vector quantity. 
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Homogeneous Equations.— We have already called attention in 
the Introduction (page 3) to the fact that the units in all numeric 
equations are always understood, and when these imits are inserted 
the equation must be homogeneous, that is, everv term in it must 
stand for a quantity of the same kind. When tnis is not the case 
some error must have been made in the derivation of the equation, 
and the relations indicated by it are incorrectly stated. By simply 
inserting the units, then, in each term of any numeric equation we 
can at once check the result arrived at and often discover without 
further investigation if the result is incorrect. 

Thus suppose that the result of some investigation is expressed 
by 

3« + 2f = lOr. 

Without reference to the various steps by which this result may 
have been reached, we can at once say that the result is incorrect. 
Thus if we insert the imits, we have 

38[L] + 2t[T] = lO^^j, 

and we see at once that the quantities in each term are not the 
same. The equation is not homogeneous. If, however, we had 

38 + 2tv= lOvt, 

this equation is homogeneous, because when we insert the imits 
we have 

S8[L] + 2t[T]v^^ = 10 J^t[Tl or S8[L] + 2tv[L] = 10vt[Ll 

Here all the terms are quantities of the same kind, and the equation 
is homogeneous. The relation expressed by it is possible, that ex- 
pressed by the first is impossible, because we caimot add and sub- 
tract quantities of different kinds. It does not follow that the 
relation Sa + 2tv = lOvt is correct. It may still have been incor- 
rectly deduced. All we can say is it is not on its face absurd, while 
Bs + 2t = lOv is manifestly so. 

The student should make it a rule to first test in this manner 
any equation the truth of which is suspected, as it may often save 
him the trouble of examining in detail the entire investigation by 
which it has been deduced. If, however, it stands this test, then 
the derivation must be examined also. 

EXAMPLES. 

(1) Water issues from an orifice having an area of cross-section 
denoted by a, ivith a ^oeed of v. If the discharge in cvbic feet is 
denoted by q, criticise the formula q = av. 

Ans. Since a is the area of cross-section, its unit must be the unit of area, 
as, for instance, one square foot. The unit of v is the unit of speed, or one foot 
per second. The unit of q by statement must be the unit of volume, or one 
cubic foot. We have then 

«. «, ^^ V ft. cu. ft. 

q cu. ft. = a sq. ft. X z = o>v -z 

* ^1 sec. 1 sec. 

The equation is therefore not homogeneous. We have cubic feet on one side, 
equal to cubic feet per second on the other. If, however, q denotes discharge 
in cubic feet per second instead of discharge, then the equation becomes homo- 
geneous. 
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Even then it does not follow that the equation is correct as compared with 
fact. The actual discharge per second may be less than given hjq = av. 
But the equation as corrected is homogeneous and may be correct, whereas 
before we know it is incorrect, because it states an impossible equality be- 
tween unlike quantities. 

(2) A passenger sittina in a railroad car counts n rails passed 
over in 20 seconds. If the length of a rail is 29i feet, what is the 
speed in miles per hour f 

Ans. n miles per hour. The number of rails in 20 seconds is the number 
of miles per hour. 

(3) If the radius of the earth is 4000 miles, and if it describes a 
path of 600 millions of miles in 365i dags, find (a) the speed of a 
point on the equator with reference to a flexed point at the equator, 
disregarding the motion about the sun ; (b) the speed in the path with 
reference to a flawed point in the path, disregarding the motion of 
rotation. 

Ans. (a) 1535.89 ft. per sec; (6) 19.01 miles per sec. nearly. 

(4) If the unit of speed is taken at 30 feet per second, and the unit 
of length at 20 inches, what should be the corresponding unit of 
time f 

Ans. [ F] = V«ri or the unit of speed must always equal the unit of length 

,. *.. XT rmi m 20 in. __, 20in.xlsec. 1 

per unit of time. Hence [T] = y^=-^^-^oT[T]^ 30 X 12 i KT = 18 ^' 

1 sec. 

{S) If 1 minute is the unit of time adopted, and 1 decimeter per 
second is the unit of speed, what is the unit of length ? 

1 dec 

Ans. r^l = [ F] X rri = :; ' X 60 sec. = 60 decimeters. 

'• -* *" ■■ *■ ■" 1 sec. 

(6) The distance of a moving point from a fioced point measured 
in its path is given by s = at + bP, where s is the number of feet 
passed/ over in the number of seconds t. (a) What is the unit of a 
and b f (b) What is the mean speed between the beginning of the 
6th and the end of the 12th second from the start f (c) Wmt is the 
instantaneous speed f 

Ans. (a) In order that the equation may be homogeneous, a should be given 
in ft. per sec. units and & in ft.-per-sec. per sec. units. (&) For ^ = 5 sec. the 
space passed over is 5a -\- 25&. For t = 12 it is 12a 4- 144&. The distance 
passed over in the interval 12 — 5 = 7 sec. is 7a + 1196. Hence the mean 

speed is — ^ = a + 176. (c) We have for t^ti «i = a*i + bti* and 

hence « — «,= a(« -«,) + &(<» - ti*) or i=4» =a + b(t + ti). When the ia^ 

terval of time ^ — ^ is indefinitely small the instantaneous speed is a -|- 25^* 

ds 
By Calculus --=a~\-2bt 

CLv 

(7) The distance of a moving point from a given point in iU paJth 
is given by s = ^ + %t, where s is the number of feet missed over in 
the number of seconds t. (a) What is the unit for 3 and 8 ? (6) WJuzt 
is the mean speed f (c) What is the instantaneous speed f 

Ans. (a) The number 8 should stand for 8 ft., the number 8 for 8 ft. Jwr 

sec. (6) When « = 0. the initial distance is «i = 8 ft. Therefore *""** = 8 ft. 
per sec. (c) Since this is constant, the instantaneous speed is the same. Or 
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we can write — ^ » 8 ft. per sec. which we eee is indei>endent of the intervid 

ds 
t — ti. Or — = 8 ft. per sec. 
(U 

(8) Suppose the distance is given by 8 = 7t + 8^^ (a) WJuzt is the 
mean speed and the instantaneous speed f (b) What is the mean speed 
bettveen the beginning of the 10th and the end of the 12th second f 
(c) What is tM instantaneous speed at the end of the ^th second f 

-^8' (<*) ; — r = T + S(t -}- ti) = mean speed. 7 + 16< = instantaneous 
speed, (b) 175 ft. per sec. (c) 103 ft. per sec. 

(9) A ttain runs 40 miles per hour for hay an hour^ 30 miles an 
hour for 20 minutes^ and 36 miles an hour for 40 minutes. Find its 
mean speed. 

Aqs. 36 miles per hour. 

(10) A point moves in a circle whose radius is 26 feet and m^es 
6 revolutions in 15.708 seconds. What is the mean speed f 

Ans. 60 ft. per sec. 

(11) Reduce (a) 60 feet per minute to centimeters per second; (b) 1 
kilometer per hour to centimeters per second ; (c) 36 feet per second 
to yards per minute; (d) 10 yards per second to kilometers per hour, 

, ^ 60 ft. 60 X 30.479 cm. .^ .^- 

Ans. (a) 3 — r- = tzt: = 80.479 cm. per sec 

1 mm. 60 sec. 

,-^ 1km. 100000 cm. ^„ 

^ ' 1 hr. 8600 sec. *^ 

, . 86 ft. 12 yds. „. . , , 

(c) r = . -" . = 720 yds. per min. 

^ Isec. i^^mm. '' 

_, 10 yds. 10 X 0.0091488 km. oon^^ryi. i. 

{d) rr-^ — = — r = 82.9177 km. per hour. 

1 sec. y^ hr. 

(12) Compare the magnitudes (a) of the foot per second and the 
mile per hour; (b) of the mile per hour and the yard per minute. 

1 mile 
, , Ihr. 5280 ft. ^ 1 sec. 5280 22 _ . ., 

^' (^>Tftr= 3600^. X Tft: =8600= is- °"°^ ^ °^" P^' ^^'^^ 

1 sec. 

22 
is to 1 ft. per sec. as t= to 1, or as 1.466 to 1. 

10 

1 mile 

^, Ihr. 1760 yds . ^^ 1 min. 1760 ^ai tt / -i i, 

^^T^^'W^^^TJd: = 'W = ^^' Hence 1 mile per hour 

1 min. 
is to 1 yd. per min. as 29^ to 1. 

(13) A point describes 50 feet in 6 minutes and another point de- 
scribes 50 centimeters in 6 seconds. Compare their m^ean speeds. 

50 ft. 

6 min. 50 X 30.47945 cm. 6 sec. 80.47945 ^^^^ „ 

Ans. -^ = 5577- X fcTv = — 57> — = 0.508. Hence the 

60 cm. 860 seo. 50 cm. 60 

6 sec. 
mean speed in the first case is to that in the second as 0.608 to 1. 

(14) A tmzn^/ee^tn7^'gJ^t{^^A»a2(mgaZevel«freefafaimt/orii» 
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speed of v miles per hour^ in a straiaht line from an electric light I ft, 
in height. Find the mean speed of the end of his shadow. 

Ans. I — h:f)t :: I : X, 

Hence — = - — =-« = speed required. 

t I — n 

(15) Ajxissenger in a railroad car moving 
'with uniform speed counf^ 50 telegraph pd^ 
at equal intervals of 100 ft. pcuised in one 
minute. What is the mean speed of the train f 
Ans. 56.8 miles per hour. 

(16) T%ree planets describe paths which are to each other as 15, 19, 
ana 12, in times which are as 7, 3, and 5. Find their comparative 
speeds. 

Ans. 225, 665, and 252. 

(17) Two bodies A and B describe the same path in the same direc- 
tion, with uniform speeds v and t/, and at the start the distance be- 
tween them is a. Find the time t when th&y will be at the distance h 
in the path, and the distance of each from the initial position of A 
at the end of that time. 

Ans. Take, as tlie example jrequires. the position of A^ when ^ = 0, as the 
origin, and let distances in front of this origin be (4-) and behind it be (— ). 
Then for the distance of A from the origin at the end of any time t we have 
8 = vt. For the distance of B from the orie^n at the end of the same time, if 
B is initially in front of the origin A, we have a' = a-\-'o't; it B is initially 
behind the origin ^, «* = — a + v't. In general, then, «'= v't ± a, where the 
{+) sign is taken for a, when B is initially in front, and the (— ) sign when B 
is initially behind the origin A. We have, then, S — s' = vt — vt T a. 

But by the conditions of the problem « — «' = 6. Hence 

b = vt — i/t ^ ay or t = r . 

V — V 

Substituting this value of t, we have 

b ± a , , ,b ±a vb ±a/D 

8 = V ;, «' = ± a + v' 7 = 7-, 

V — V V — V V — V 

where the (-{-) sign or (~) sign for a is taken according as B starts ahead of or 
behind A. 

(18) In the preceding example, suppose the bodies move in the 
path in opposite directions, 

Ans. For the distance of A from the origin at the end of any time ^, we 
have, as before, 8 = vt. If B is initially in front of A and moves in the oppo- 
site direction, we have tf = a — v't. If B is initially behind A, toe haee 9 = 
— a — lit. In both cases, then, «' = — v't ± a, where, as before, the (+) sign 
is taken for a when B is initially in front of Ay and the (— ) sign when B is 
initially behind A. We have, then, «—«' = & = vt-\-^'t =F a ; hence 

(19) Required the time when the two bodies are together. 
Ans. In this case 5 = 0, and 

. ±a , ±a/D 

t = ; , 8 = 8 = 



V ±vf* V ±v^' 

where the (-|-) sign or (— ) sign is to be taken for a according as B starts ahead 
or behind Ay and the (+) sign or (— ) sign for v* according as the bodies move 
in opposite or in the same directions in the path. 
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(20) OivefinaUy the general solution, 

. ^ b ± a b ± a . ±(vo ± f/b 
Ans. ^ = — : — 7, » = f) — : — ;, r= -, — , 

V ±'0 '0 ±V V ± V 

where a has the (-[-) or (— ) sign according as ^ is in front or behind A, and v' 
has the (-f-) or (~) sign according as the bodies move in opposite or in the 
same directions in the path. 

(21) Ttuo bodies A and B move in the circumference of a circle 
of length c, vnth uniform speeds v and t/, the distance apart at the 
beginning of the time being a. Find the time of the nth meeting, the 
space described by A and J&, and the interval between two successive 
meetings. 

Ans. Placing & = in the value for t in example 20, we have 

± a 
ti = 7 = time of the first meeting. 

Then %% = -~ = time of the second meeting, 

t% = ' , = time of the third meeting. 

In general, tn = -^ — ; — — — time of the nth meeting. 

Also, 8=:vtn= V 4^— j — = space described by A, 

± av' -{-Tin — iy , ., , , « 

and « T a = —. — ; — = space described by B. 

The interval between two successive conjunctions is 

c 



tj — ii ^ fj — fr] 



D ± d'* 



We take (+) or (— ) sign for a according as ^ is in front of or behind A at 
start, and (+) or (— ) sign for «' according as the bodies move in opposite or 
same directions in the path. 

{%%) When the earth is in that part of its orbit nearest to Jupiter, 
an eclipse of one of Jupiter* s satellites is seen 16 min. 30 sec. sooner 
than when the earth is most remote from Jupiter, The radius of the 
earth's orbit being 92390000 miles, what is the speed of light f 

Ans. 186000 miles per sec. 

(23) A train of cars moving with a speed of 20 miles an hour had 
been gon£ three hours, when a locomotive was dispatched in pursuit, 
vnth a speed of tu^enty-five miles an hour. Find the time of meeting, 
the speeds being maintained uniform during the time, 

Ans. t = 12 hours. 

(24) Had the trains in the preceding example started together and 
moved in opposite directions around the earthy 24840 miles, in what 
tim^ would mey meet f 

Ans. 23 days. (See example 21.) 

(25) It is just one o^clock by a clock. Find the time elapsed when 
the minute and hour hands vnll be together, 

Ans. 5^ minutes. (See example 21.) 

(26) The daily motion of Mercury in his orbit is 4".09239 ; that of 



^ 
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Venus 1^.60216; that of the earth 0^98563. What are the interval 
between the epochs at which Mercury and Venus respectively will h 
in the same direction from the sun as the earth f 

Ans. 115.876 days and 583.913 days. (See example 21.) 

(27) A man caught in a shower in which the rainfeU verticaUy 
ran with a speed of ^ feet per sec. He found that the aropsappearei 
to strike his face at an angle of 10" with the vertical. What wa 
the speed of the drops f 

Ans. 12 tan 80' = 68 ft. per sec. 

(28) When the path of the earth in its orbit is perpendicular to < 
line draumfrom a star to the earth, the direction of the star appear 
to make an angle of 20'' .445 with the perpendicular to the path of th 
earth. The speed of the earth being 68180 miles per hour, what ts th 
speed of light f 

Ans. 191030 miles per sec. 

(29) Compare the speeds of two locomotives, one of which travel 
397| miles in llf hours and the other 2^2^ miles in 8| hours. 

Ans. 91 to 81. 

(30) A car makes a circuit of 4i miles in one hour, stopping a 
two stations five minutes and two minutes respectively, and makin, 
tvoenty other stoppages of an average duration of 10 sec. each; fin 
the average speed. 

Ans. 6.44 miles per hour. 

(31) An ordinary train takes ten hours to a certain trip, beside 
two hours in all of stoppages. The express goes 50 per cent fasten 
and makes the trip in 4 hours less. What time does it lose i 
stoppages f 

Ans. 1 liour 20 min. 

(32) A man rides a certain distance and walks back in sioH houn 
He could ride both ways in 3i hours. Sow long would it take hii 
to walk both ways f 

Ans. 8^ hours. 

(33) The speed of the periphery of a wheel 12 feet in diameter i 
Q feet per sec; find the revolutions per minute. 

Ans. 9.5 rev. per min. 

(34) A person inquiring the time of day is told that it is betwee 
5 and 6 d* clock, and that the hour and minute hands are together 
Find the time. 

Ans. 5 hr. 27 min. 16^ sec. 

(35) Find the number of revolutions per mile made by a wha 
^feet diameter. 

Ans. 873 rev. per mile. 

(36) How soon after 8 o'clock are the hour and minute hand 
directly opposite f 

Ans. 10{J min. 

(37) Two men walk opposite ivays round a circular course. The 
meet for the first time at the north point, the sixth time at the eai 
point. Where will they meet for the sixteenth time, and what ar 
the relative speeds f 

Ans. At tlie west point. Ratio of the speeds, 19 to 1, or 3 to 1. 
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(38) A courier starts from a given point vyith a speed of b miles 
in a hours. After n hours a second courier, travelling at the rate 
of d miles in c hours, sets out from a point q miles iihead or behind 
the first point, and travels over the same route. In what time will 
the second courier overtake the first f (See example 19.) 

Ans. —T — ~<j hours, where the (— ) sign is taken if q is ahead and the (+) 
sign if q is behind. 

(39) A hollow ball A fioating upon the surface of a stream is 
observed to have a speed of Vo. Jj A is united by a thin wire to 
another ball B which sinks m water, the speed of A is now observed 
to be v\. Find the speed Vi of the water at the depth of B. 

Alls. We have the combined 8i>eed v =? ■ ""; ^ hence 0| = do *^ «#. 



CHAPTEB n, 

RATE OF CHANGE OP SPEED. 

EQUATIONS OF MOTION UNDER DIFFERENT RATES OF CHANGE OF SPEED. 
GRAPHIC REPRESENTATION OF RATE OF CHANGE OF SPEED. 

Change of Speed. — When the speed of a point is variable, the 
difference between the final and initial inst£uitaneous speeds for 
any interval of time is the total or integral change of speed for 
that time. 

Mean Rate of Change of Speed.— The integral change of speed 
per unit of time is the mean rate of chanire of speed. Therefore the 
number or units in the integral change of speed for any interval of 
time, divided by the number of imits m that time, gives the number 
of units in the me€ui rate of change of sx>eed. 

When the mean rate of chance of speed varies with the interval 
of time, it is variable. When it has the same magnitude, no matter 
what the interval of time, it is nniform. 

Instantaneous Bate of Change of Speed.— The limiting value of 
the mean rate of chan^ of speed, when the interval of time is in- 
definitely small, is the mstantaneons rate of change of speed. 

Rate of change of speed should always be imderstood as mean- 
ing the instiintaneous rate of change unless otherwise specified. 

Rat<» of change of speed may be zero, uniform or variable. 
When it is Ecro, the speed is uniform and is the same as the mean 
speed for €uiy interval of time. 

When it is uniform, the rate of change of speed is the same as 
the moan rate of change for any interval of time. 

When it is variable, the mcim rate of change has different values 
for equal intervals of time. 

Dimensions of Unit of Rate of Change of Speed.— Let us denote 
the mte of change of speed by A and its unit hyjA ] and the number 
of units by a. so that A = a(A ]. Then if Vi\V] and t{V] are the 
initial and* final instantaneous speeds and t{T] the corresponding 
interval of time, we have the integral chan^ of speed {v — Vt)[V], 
and by definition the mean rate of change oi speed is 

otA]-— ^j,— -. 
We shall always have the numeric equation 

if xpd take 
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The unit of rate of change of speed is then one unit of speed per 
unit of time, as for instance one foot-per-sec. per sec. 

Humeric Equations of Bate of Change of Speed.— We have then 
the numeric equation for the mean rate of change of speed 

«=-r-' (^) 

where v and Vi are the number of units in the final and initial 
instantaneous speeds during the interval of time t luiits. 

For the instantaneous rate of change of speed we have the 
limiting value in the notation of the Calculus 

Sign of Bate of Change of Speed.— From (1) we see that if v is 
numerically greater than Vx the value of a will be positive (+), and 
if Vi is numerically greater than v the motion is retarded and the 
value of a is negative (— ). The value of a then is positive ( +) when 
the speed increases, and negative (— ) when the speed decreases 
during the interval of time t. 

Bate of Change of Speed a Scalar Quantity.— It is evident that 
the sign of a has no reference to any special direction, but simply 
shows whether the speed is increasmg or decreasing numerically. 
Bate of change of speed is therefore, like speed (page 16), a scalar 
quantity. 

The student is cautioned here not to confound rate of change of speed with 
"acceleration/' which, as we shall see hereafter (page 49), has direction as well 
as magnitude and sign, and is therefore a vector quantity. 

EXAMPLES. 

(1) A point moves at a given instant with a speed of 12 ft, per 
sec, and at the end of 3 sec. after, with a speed of 16 ft, per sec. 
What is the change of speed, and the mean rate of change of speed f 

Ans. + 4 ft. per sec. ; -f- f ft.-per-sec. per sec. The (+) sign indicates that 
the speed increases. 

(2) A train starts from rest and in 8 min, attains a speed of 30 
miles an hour. What is the uniform rate of change of speed f 

Ans. + 235 miles-per-hour per hour. 

(3) Compare the foot-per-sec, per sec, and the yard-per-min, per 
min. 

Ans. 1 ft.-per-sec. per sec. is equivalent to 1200 yards -per-min. per min. 

(4) Reduce 400 ft, -per-min, per min. to Jcilometers-per-hour per 
hour, to feet-per-sec. per sec., and to centimeter s-per-sec. per sec. 

Ans. 488.9 kil.-per-hourper hour ; J ft.-per-sec. per sec. ; 8.88 cen.-per-sec. 
pep sec. * 

(5) Reduce 1 mile-per-min, per min, to centimeters-per-sec per sec, 
Ans. 44.7. 

(6) If we take 32.2 ft,-per-sec. per sec, as the unit of rate of 
change of speed, and 5 yards as the unit of length, what should he 
the unit of time f 



Am [!•] = /g = 4/3^ 1 sec.. = 0.68 sea 
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(7) In 15 aec, the speed of a point changes from 400 to WO ft, per 
sec. Find the uniform mean rate of change of speed, 

Ans, — 20 ft.-per-Bec. per sec. The minus sign shows that the speed 
decreases. 

(8) The distance m^easured in the path of a moving point from a 
fixed point is given by s = at + bt^, where s is the number of feet 
.j^assea over in the number of seconds t. What is the mean speedy 

instantaneous speed, mean rate of change of speedy instantaneous 
rate of change of" speed > 

Ans. Mean speed, - — -^ = a -f~ ^^ + ti). Instantaneous speed, ^^ a+ 
2bt. Mean rate of change of speed, -- — -^ = 2b, Instantaneous, the same. 

(9) If the distance is piven by s = 2t + St* + 4t\ what is the mean 
speed between the origin and final position at the end of 5 sec, t 
What is the instantaneous speed at the origin and at the end of 5 
sec. f What is the mean rate of change of speed between the origin 
and at the end of 6 sec. f What is the instantaneous rate of change 
of speed at the origin and at the end of 5 sec, f 

Ans. Mean speed, * — ** = 2 -f 8(< + «i) + 4(^ + «i + «i*). If we let #, = 

when t, = 0, the time t counts from the origin, and we have for < = 5 mean 

speed = 117 ft. per sec. 

ds 
Instantaneous speed, i} = ---^2-|-6t-f 12^. For < = this giyes 2 ft. per 

Ctiv 

sec. For ^ = 5, 882 ft. per sec. 

Mean rate of change of speed, - — -* = 6 + 12(t + ti). For <, = and t = 

f — fj 

5, this gives 66 ft.-per-sec per sec. 

Instantaneous rate of change of speed, -r- z= 6 + 2it. For < = this gives 

at 

6 ft.-per-sec. per sec. For < = 5, 126 ft.-per-sec. per sec. 

(10) If a point traverses in t units of time a distance measured 

a 
in the path of s units of length, given by s = -?+ bt*, where a and b 

are constants, what is the msan speed, the instantaneous speed, the 
mean rate of change of speed, the instantaneous rate of change of 
speed f 

Ans. Mean speed, -* = — — 4-^^ + ^i)- 

Z ""* V| zz. 

Instantaneous speed, « = ---= — ^ -f 2bt, 

at t 

Mean rate of change, - — j- = , -f 26. 

z ~~ f| *i z 

Instantaneous rate of change, -^r = -rr + ^* 

at r" 

n 

(11) A steamer leaves Liverpool for New York, and a vessel lea/ves 
New York for Liverpool at the same tims; they meet, and when w 
steamer reaches New York, the vessel has as far to go as the steamer 
had when they met. If the distance is 3000 miles, how far out from 
Liverpool did they meet f 

Ans. 1854 miles. 
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(1^) 4 waUca at th^ speed of 3} miles per hour and starts 18 
minutes before B. At wnat ^f)eed mtist B tocUk to ot^ertake A at the 
ninth milestone f 

Ans. 429 miles per hour. 

(13) A tourist left behind by his companions^ wishes to rejoin 
them on the foUowing day. He knows they are 6 miles ahead, will 
start in the morning at 8 a clock, and will walk at the rate of 3J miles 
an hour. When must he start in order to overtake them ar 1 o^clock 
p.m., walking at the rate of 4 miles an hour, and resting once for 
naif an hour on the road f 

Ans. 7 h. 12 m. A.M. 

(14) A man walkinq 4 miles an hour meets 20 street cars in an 
hour and is overtaken by 4. What is the average speed of the cars, 
and what is the average distance between successive cars f 

Ans. 6 miles per hour ; ^ mile. 

(15) A starts from a railway station, walking 6 miles an hour ; 
at the end of an hour B starts, walking 4 miles an hour. At the end 
of another hour a train starts and passes A 26 minutes after it 
passes B. Find the speed of the train, 

Ans. 20 miles an liour. 

(16)) A passenger-train going 41 miles an hour and 431 feet long 
overtakes a freight on a parallel line. The freiaht-train is 713 feet 
long and is going 28 miles an hour. How long does it take the pas- 
senger-train to pass f 

Ans. 1 minute. 

(17) In a mile race A gives B 50 yards. B passes the line 5 
minutes after the start. A passes it 5 seconds later. Which would 
unn in an even race, and by what distance f 

Ans. A by 2H jards. 

Equations of Motion of a Point under Different Bates of Clungre 

of Speed. — ^The rate of change of speed may be zero, uniform or 
variable. When variable, it may vary according to any law. 

(a) Rate of Chang^e of Speed Zero. — When the rate of change of 
speed is zero, the speed is uniform, and the instantaneous speed at 
any instant is equal to the mean speed for any interval of time. 

In this case, if Si is the number of units m the initial distance, 
measured along the path from the origin, and s the number of units 
in the final distance, we have 

v= "T \ or vt^s — Si (1) 

This equation will be general if we take distances from the origin 
in one direction as (+) and in the other direction as (— ). In such 
case, if the value of v comes out (+) it denotes motion in the assumed 
(+) direction; if (—), it denotes motion in the other direction. If t 
comes out (+) it denotes time after, if (— ) time before the start, or 
beginning of motion, 

(b) Rate of Change of Speed Uniform. — ^When the rate of change 
of s^eed is uniform, the instantaneous rate of change of speed at 
any instant is equal to the mean rate of change of speed for any 
interval of time. 

In this case, if v and vi are the number of units in the initial and 
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final instantaneous sx>eeds for anv interval of time t units, we have 
for the uniform rate of change of speed 

<.=°-^ «) 

The value of a is (+) when the speed increases and (— ) when it de- 
creases during the interval of time t. 
From equation (2) we have 

V = Vi + at (3) 

The average speed during the interval t is 

, V + Vi 1 . 

mean speed = — ^ — = t?i + s-ar (4) 

The distance {s — Si) between the initial and final positions, de- 
scribed in the time ty is the mean speed multiplied by the time, or 

« — «, = 2 ' * =^ '^^^ + 2^*' (^ 

Inserting the value of t from (2) we have 

v^ — V * 

«-«. = -i5^ (6> 

Hence v^ = Vi' -f- 2a(s — «i) (7) 

In applying these formulas, a is positive (+), when the speed in- 
creases, and negative (— ), when the speed decreases, without regard 
to direction of motion. 

If distances «, Si , from the origin, in one direction are taken as 
positive (+), distances in the opposite direction are negative (— ). 

Speeds v, v^ are positive (+) when motion is in the assumed 
positive direction, and negative (— ) when in the other direction, 
if t is minus (— ), it denotes time before the beginning of motion; if 
plus (-f-), time after. 

By means of these equations, if we have given the initial position 
of a point moving in anjr path, its initial speed and uniform change 
of speed, we can determine its final position and speed and the dis- 
tance described in any given interval of time. 

[(c) Bate of Change of Speed Variable.] — If the rate of change of speed is 
variable, we have from (1), in Calculus notation, for the instant^eous speed, 

'' = di- •• • • <8) 

and from (2), 

«=5*=^' <»> 

and from (8), 

8-8. = I vdt (10) 



— 8^ = 1 vdt 



The preceding equations for constant rate of change of speed can be directly 
deduced from these three general equations. 

Thus if we suppose a constant, we have, by integrating (9), « = o^ -I- (7, where 
€ is the constant of integration. When ^ = 0, we have tJ = tJj , and nence 0= 
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«, . Hence u = p, + flrf, which is equation (3). Inserting this value of v in (8) 
and integrating, we have s ^Vit-j^ iaf* + C. But when ^ = we have « = «, , 
hence (7 = «i , and, therefore, « — «j = Ui* + i^^** This is equation (5). 

In any case, if the law of variation of a is given, we can find the relation 
between «, a and t, 

Oraphic Representation of Rate of Change of Spee.d.— If we rep- 
resent intervals of time by distances laid off horizontally along tne 
axis of Xj and the corresponding speeds by ordinates parallel to the 
axis of y, we shall have in general a curve for which the change of 
y with X will show the law of change of speed with the time. 

(a) Rate of Change of Speed Zero. — Lay off from A along AB 
equal distances, so that the distances from -4 to 1, 1 to 2, 2 to 3, etc., 
are all equal and represent each one second of time, and let AB 
represent the entire time t. y 

Then at A, 1, 2, 3, and B 
erectthe perpendiculars Ailf, 16, ^ ^ ^ ^ ^ 

2c, 3d, BfT, and let the length of " 

each represent the speed at the 
corresponding instant. 

Since there is no change of 
speed, these perpendiculars will 
all be of equal length, we shall 

have AM = 16 = 2c = 3d = BN ^ t- 

= V, and the speed at any interval of time will be given by the 
ordinate at that instant to the line MN parallel to AB, 

The space described in anv time is given by s—Si = vt. This is 
evidently given by the area AMNB in the diagram. Therefore, the 
area corresponding to any time gives the space described in that time, 

(b) Rate of Chang:e of Speed Constant. — Lay off as before the time 

along ABy and at A, 1, 2, 3, B, 
the corresponding speeds, so 
that AM is the initial speed Vi 
and BN the final speed v. Draw 
MC, he', cd\ parallel to AB, 

Then W will be the change 

of speed in the first sec, cc' the 

change of speed in the next sec, 

3ciand so on. Since these are to 

be constant, NM is a straight 

line, the ordinate to which at 

any instant will give the speed at that instant. 

hh' cc' dd' 

The rate of change of speed is then = = = a, 

1 sec 1 sec 1 sec 

But rr-r — = — 3—* = a, Hence the rate of change of speed is the tan- 
gent of the angle NMC which the lineMNmukes with the horizontal. 
Hencea = — -- or NC = at. 

V 

The distance described in the time t is from equation (5) given 
u + u 
by — — -»f. But this is the area of AMNB, Therefore, the area 

corresponding to any time gives the space described in that time^ 
We have then directly from the figure, since NC = aty 




8-8, = Hj^»e = vit + ysrc xt = v,t + ^at\ 
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If V. is greater than t^, a will be negative, and the line MNiB in- 
clined below the horizontal MC, 

[(c) Bate of ChAnge of Bpood Vaiiftblt.] — If the rata of change of speed is 
not constant, ^e shall have in general a curve MNn» The tangent to this 
curve at any point N makes an angle with 

the axis of X, whose tangent iB |- = a. 

eouation (9), or the rate of change of speed. 
Tne elementary area BNrib = tdt = d9, 
equation (8), and the total area AMNB = 

£9dt = <— «|» equation (10). 


When 37 = 0, or 3:= = 0, or a = 0, 
dt dt* 

the tangent to the curve is horizontal at the corresponding point, and we have 
the speed at that point a maximum or minimum, according as the carve is con- 
cave or convex to the axis of X. 




EXAMPLES. 

(1) The speed of a point changes from GO to 90 ft. per sec. in pass- 
ing ov€^ ^Oft. Finathe constant rate of change of speed ana the 
time Of motion. 



Ans. a = 



«i - «,» 



900-2500 



= — 10 ft.-per-sec per seo. The minus 



2(« - «.) 3 X 80 

* « — « 80 50 

sign indicates decreasing speed, t = = ttt- = 9 sec. 



a 



-10 



U-80 



(2) Draw a figure representing the motion in the preceding exam- 
ple^ and deduce the results directly from it. 

^ 50 + 90 .^^ „ 

Ans. Average speed = — 5 — = 40 ft. per sec. Hence 

^-30 40« = 80, or e = 2 sec. Also a = ^^^ = - 10 ft..per. 
sec. per sec. 

(3) A point starts from rest and moves with a constant rate of 

change of speed. Show that this rate is numerically equal to twice 

the numher of units of distance described in the first second. 

^ _ ^1 \ 

Ans. We havet = l and «i=0; hence from eq. (5) 4 ^^ , = -=g, or a = 



1 sec.' 



« 



-^ — i^, which is numericaUv equal to 2(« — «,). 
1 sec* 

(4) In an air-brake trial, a train running at 40 miles an hour was 
stopped in 625.6 ft. If this rate of change of speed was constant 
during stoppage, what was it f 

40 y S280 
Ans. From eq. (6), we have for «> = 0, « — «j = 625.6, and v^ = "^ Tr , 

CO X 60 

«.« (40 X 5280)* „ _„ ^^ 

The (— ) sign shows retardation. 

(5) A point starts with a speed Vi and has a constant rate of 
change of speed — a. When wul it come to rest, and what distance 
does it describe f 
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AnB. From eq. (8), when 9 = 0, we have v^-^-at^O, or I r« ^. From eq. 

(6) A point describes 150 ft. in the first t/iree seconds of its motion 

ana SO ft. in the next two seconds. If the rate of change of speed is 

constant, when will it come to rest f When unit it have a speed of 

SOfLper sec. f 

9 
Ans. From eq. (5) we have for a — #j = 150 and t = d, 150 = 8t>, + o« ; and 

2o 

for « — «j = 200 and ^ = 5, 200 = 5«, + ir^- Combine these two equations and 

we have a = — 10 ft.-per-seo. per sec, and «i = 65 ft. per sec. From eq. (3), 
if « = 0, we have 66 — 10^ = 0, or t = 6.5 sec. From eq. (3) we also have, 
if c = 30, 30 = 65 - 10<, or t = 3.5 sec. 

(7) A point whose speed is initially 30 meters per sec. and is 
decreasing at the rate of 40 centim£ters-per-sec. per sec., moves in its 
path until its speed is 240 meters per minute. Fhva the distance 
traversed and the time. 

Ans. We have ti = 30 and v = 4 meters per sec., and a = ^ 0.4 meters- 

16 — fiOO 
per-sec. per sec. From eq. (6) « — «i = jr-g— = 1105 meters. From (3) we 

have 4 = 30 - 0.4^ or e = 65 sec. 

(8) A point has an initial speed of Vi and a variable rate of 
change of speed given by + kt, where k isa constant. What is the 
Speed ana distance described at the end of a time t f 

Ans. From eq. (9) we have a = -- = A;^, and integrating, i> = -—- -j- (7, if, 

dt 2 

when ^ = 0, we have t? = «, , we obtain (7 = Ci , and hence « = tj^ -] — — , 

From eq. (8) ds = vdt = v^dt -\ g-. Integrating, s=:v^t-\-—+ C. If, 

kfi 
when ^ = 0, we have « = 0, we obtain C = 0, and hence « = Ui^ + -j-. 

(0) A point has an initial speed of 60 ft. per sec. and a rate of 
change of speed of + 40 ft.-per-sec. per sec. F^nd the speed after 8 
sec. ; the time required to traverse 300 ft.,* the change of speed in 
traversing that distance ; the final speed. 

Ans. From eq. (3) we have t? = 60 + 40 X 8 = 380 ft. per sec. From eq. 

(5) we have 300 = 60« + 20<^ or « = ± j/ -j-- - = + 2.65 sec. or - 5.65 sec. 

The first value only JEtpplies. _ 

From eq. (3) we have t? — «, = 40< = 20( ± V69 - 8) = + 106 ft. per sec. or 
— 226 ft. per sec. The first value only applies. 

We have for the final speed * = + 166 ft. "p&t sec. or — 166 ft. per sec. 
The first value cmly applies. 

That is, the point starts from A with the speed «^ =3 60 ft. per sec. and de- 
scribes the path AB = 300 ft in e = 2.65 sec., 
the speed at B being « = 166 ft. per sec. * -* 

In order to interpret the negative values ^^"^ ioo/t,^ 
obtained, wd observe that v = —166 ft. per '^ «^-»+« "^17-+166 

sec. means that the point moves in the opposite t^fL(a 

direction. 
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»i— -166 



e-Sw65 



Let the point then start from B in the opponte direction with the speed «. = 
— 106 ft. per sec. Then from eq. (8) we have « = — 166 + 40*. We see that 

when t = 4.15 sec., 9 — 0, and the point 
has passed to some point P, where the 
speed is zero. This point is the turning- 
paint. For t greater than 4.15 sec. v he- 
comes positive ; that is, the point moves 
back towards B, and arrives at a poisA 
A where the speed is « =r -|- 60 in the 
time given by 60 = 40<, or * = 1.5 sec. 
The entire time from 5 to P and back loA'i^t^ 5.65 sec. This is the time 
given by the negative value of t in the example ; that is, it is the time ^fore 
the start, during which the point moves from 5 to P and back to A. The 
change of speed « — tnis+60-|-166 = + 226, which is the negative value in 
the example. 

For the space BA described between the initial and final positians, we hav& 

^ + % or +^~^.gg X 5.65 = - 300 ft., the (-) sign showing that the dis- 

2 « 

tance is on the other side of the origin, from the case of the example. 

We see then that our equations are general if we have regard to the signs 
of 9, tZi > ^1 ^1 f <^d a. 

(10) If the motion in eocample 9 is retarded, find (a) the distance 
described from the starting to the turning painz; (b) the distance de- 
scribed from the starting-point after 10 sec., the speed acquired and 
the distance between the final and initial positions; (c) the distance 
described during the time in which the speed changes to — 90 /it. per 
sec., and this time; (d) the time required by the moving point to 
return to the starting-point, 

Ans. The initial speed is «>, = 4-60 ft. per sec., the rate of change of speed 
is a = — 40 ft.-per-sec, per sec. Let the time count from the start at A, so- 
that «i = 0, when ^ = 0, and let dis- 



tances and motion from A towards P 
be positive. 

(a) We have from eq. (6) for the 
distance from A to the turning-point 
P, where v = 0, 



C - 



^^:SA,A 




^ V 3W 



p'«-0 



« = 



— V 



I 



2a 



-8600 
-80 



= + 45 ft. 



(5) From eq. (5) we have for the distance between the initial and final posi- 
tions after 10 sec. -4P = « = v^t-{^^at* =60x10 — 20x100= — 1400 ft. 
The minus sign shows distance on left of A, The total distance described is 
then 1490 ft. The speed acquired is given by eq. (5) — 1400 = ^-i — X 10 

or « = — 840 ft.-per-sec. The minus sign shows motion from A towards B, 
(e) From eq. (6) the distance between the initial and final positions, whea 

*!. A' AA ** I Ary ©»-«)* 8100 - 8600 ^^ OK 

the speed is — 90 ft. per sec., is -4(7 = « = — - — — = ^ttt — = — 56.2& 

2a —80 

ft. The minus sign shows that G is on left of A, The total distance described 

from the start is then 56.25 + 90 = 146.25 ft. The tune, from eq. (5), is- 

- 56.25 = zM±^t, or t = 8.75 sec. 

(d) The time to reach the turning-point, as we have seen, is 1.5 sec. The 

time to return is, from eq. (5), 45 = -^^ = 1.5 sec. The entire time to go and 

return is then 8 sec. 
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(11) A railtoay train runs at a speed qf 20 miles an hour, and its 
speed is increasing uniformly at the rate of 14 feet-per-min. per min. 
find its speed after li hours, and the distance traversed in that time. 

Ans. 14 feet-per-min. per min. = 9.54 miles-per-hour per hour. From eq. 

(3) « = 20 + 9.54 X 1.5 = 34.8 miles per hour. From eq. (6) the distance de- 

.^ , . 34.3» - 20« .. ^ ., 
scribed is ^ ^^ ^ ^ . =40.7 miles. 
2 X 9.04 

(12) A railway train moving vnth a speed of 50 miles an hour 
has the brakes put on, and tlve speed diminishes uniformly for 1 
minute, when it is found to he 20 miles per hour. Find the rate of 
change of speed, and the distance traversed. Also the tims in which 
it wul come to rest and the distance traversed. 

Ans. From eq. (8), a = lizA =??^= « ISOOmUes-per-hour per hour. 

60 
From eq. (6) the distance traversed is ^^zr^ — = -r^ mile. In order to come 

to rest, t = i = — r57r;i = ^5 hour = 100 sec. The distance in coining to 

a — loOO oD 

-«« -2500 25 ., 
'"^* = -2^ = 38«00 == 86 °^^^"- 

(13) Express a rate of change of speed of 500 centim^ters-per- 
second per second, in terms of the kuometer and minute. 

Ans. 18 km.-per-min. per min. 

(14) T?ie speed and rate of change of speed of a moving point at a 
certain moment are both measured by 10, the foot and second being 
the units. Find the number measuring them when the yard ana 
minute are the units. 

Ans. 200 yards per min. ; 12000 yards-per-min. per min. 

(15) What is meant when it is said that the rate of change of speed 
of a point is + 10, the units being foot and second f If the point were 
moving at any instant at the rate of 7i feet per second, after what 
time would its speed be quadrupled f and whav distance would it de- 
scribe in that time f 

Ans. 2isec.; 42.1875 ft. 

(16) A body describes distances of 120 yards, 228 yards, 336 yards, 
in successive tenths of a second. Show that this is consistent with 
constant rate of change of speed, and find the numerical value if the 
units are a minute and a yard. 

Ans. 38880000 yards-per-min. per min. 

(17) A point is moving at the rate of ^ feet per sec, a quarter of a 
minute after at the rate of SQfeet per sec., half a minute after at 96 
feet per sec. Show thai this is consistent with a constant rate of 
change of speed, and find its value. 

Ans. 3 ft.-per-sec. per sec. ' 







CHAPTEE m. 

DISPLACEMENT. RESOLUTION AND COMPOSITION OF 

DISPLACEMENTS. 

Displacement. — The total change of position, measured in units 
of length, of a point, between its initial and final positions, without 
reference to the path described, is the linear displacement of the 

point. 

Thus if a point moves from the position Ai 
to the position Aa, the distance AiAt is the linear 
displacement, no matter what the path may 
have been from Ai to -4a. 
The term displacement always means linear displacement unless 
otherwise specified. 

Line Representative of Displacement. — The displacenient of a 
point is therefore completely represented by a straight line. The 
length of the line gives the magnitude of the displacement, and the 
direction as denoted by an arrow gives the direction of the dis- 
placement. 

Thus the straight line A1A9 represents by its Ai 
length the magnitude of a displacement, and the 
arrow shows that the displacement is in the direction 
from Ai to A9. ^ 

A displacement then has both magnitude and ^* 

direction, and such a quantity is called a vector quantity. All 
vector quantities can be represented thus by a straight line.* 

Relative Displacement. — Since the displacement of a point is 
change of position, it can only be determined by reference to some 
chosen point of reference. 

Thus if Ai and -Aa are the initial and final positions of a moving 

point A, and Bi is some chosen point of refer- 

^iK TV ence, we call AiA^ the displacement of A with 

N / N. reference to Bi, because to an observer at JBj 

\ / \^ the point A would move from ^i to ^a in the 

\ / >» direction AiAi. 

Bj" As But to an observer on the moving point A 1 

the point Bi would appear to move from Bi to 
Bi , and this is really the displacement of B relative to A. 

That is, any change in the relative position of two points A and 

* As we shall see hereafter, linear velocity and acceleration, angular ve- 
locity and acceleration, moment of linear velocity and acceleration, moment of 
angular velocity and acceleration, are all vector quantities, and the same prin- 
ciples apply to all of them as to displacements. 
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B may he regarded either as a displacememJt 0/ A rekUive to Bar as 
an eqiial ana opposite displacement of B relative to A. 

Relative Displacement — Two Points. — If then the straight line 
AB represents the displacement of a point A 
with reference to a point B, the equal and op- 
posite line BA represents the displacement of IB 
relative to A, 

We shall always denote therefore relative 
displacement by a line, the length of which 
gives the magnitude of the displacement, the 
arrow its direction, and the letters at the end the two points. Thus 
in the figure one line gives the displacement of A relative to B, the 
other gives the displacement of B relative to A, 

Relative Displacement — Three Points. —Triangle of Displace- 
ments.* — Let a moving point A have the dig- 
placement AB with reference to a point B, 
and at the same time let B have the displace- 
ment BC with reference to a point Ci , and let 
Bi, B^he the initial and final positions of the 
points. 

Then it is evident that since the point has 
the displacement AB with reference to B, and 
at the same time B moves from Bito Bay the point moves from A to 
C, and AC is the displacement of A with reference to C 

Conversely, from the preceding article, CA is the displacement 
of C relativelv to A, 

Hence, if two sides of a triangle ABC taken the same way round 
represent the displacements of A relative to B and B relative to C 
respectively, the third side taken the opposite way round will repre- 
sent the aiimlacement of A relative 10 C, and taken the same way 
round, the displacement of C relative to A, 

This is called the principle of the triangle of displacements. It 
evidently makes no difference whether the displacements are 
simultaneous or successive. The same principle holds true in 
both cases. 

Polygon of Displacements. — Let AB, 
BC and CD be the given displacement of \ / 

A relative to 5, J5 relative to C, and C ^ p \ / 

relative to D, Then if we lay off succes- ^ ' 

sively AB and BC in given direction and 
magnitude, the line AU gives the displace- 
ment of A relative to 0. If we lay off 
CD, the line AD gives the displacement of 
A relative to D. 

Hence, if any number of displacements 
in the same plane are represented by the 
sides of a plane polygon, ABCD, etc., taken 
the same way round, the line AD which closes the polygon taken the 
opposite way round will give the magnitude and direction of the re- 
sultant displacement of the first point relative to the last, and taken 
the same way round, of the last point relative to the first. 

This principle is called the polygon of displacements, and it evi- 




* We shall see hereafter that all the principles which follow in this chap- 
ter relating to displacements hold equally good for linear and angxilar veloci- 
ties and accelerations, for the moments of linear and angulai' velocities and ac- 
celerations, and for forces and moments of forces. 
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dently holds good whether the displacements are successive or 
simulianeous. 

Resolution of Displacements. — By the application of these prin- 
ciples a given displacement or any number of given displacements 
may be resolved into two components in any two given directions. 

Thus suppose the displacement of A relative 
to 5 to be given by the line AB, We can re- 
solve this displax^ement into components in any 
two directions given by the arrows a and 6, by 
drawing lines from A and B parallel to these 
directions till they intersect at some point C 
Then the displacements AC and CB taken the 
other way round are the component displacements 
of AB in the required directions. 
If any number of displacements AB, BC, CD, etc., j^ 
are given, we have the resultant displacement AD, 
and this displacement can be resolved as before into 
any two directions required. ^ ^^ 

Rectangular Components.— When a displacement 
is thus resolved into two directions at right angles, 
the components are called rectangular components. 
Unless otherwise specified, when we speak of the components of 
any displ£u;ement, tne rectangular components are always under- 
stood. 

The Component of the Resultant is equal to the Algebraic Sum 
of the Components of the Displacements. —It is evident that the 

resultant of any two given displacements is equal 
.B ^ ^^® algebraic sum of their components in the 

direction of the resultant. 

For it AC and CBare the given displacements,^ 
the resultant AB is equal to the sum of the com- 
^^ ponents AD and DB. 

So also for any number of displacements, the 

resultant AE is equal to the algebraic sum of the 

components of the displacements in the direction 

of AE. 

The component in any given direction, of this 
resultant itself, is then equal to the algebraic sum 
of the components of the displacements in the 
same direction. 

Thus the projection of the resultant AE upon 
the line OP, or the component of AE in the direc- 
tion OP, is the algebraic sum of the components 
Y of AB, BC, CB and DE in 

the direction OP. 

Components not in the 
Same Plane. — The same principles apply for 
components not in the same plane. 

Thus if OA is a given displacement, and we 
^ draw AB perpendicular to the plane of XZ 
meeting it at B, we have the components OB 
and BA, 

Again, we can resolve OB into the compo- 
nents OC and CB. The components then are OC, CB and BA, 

Sign of Components of Displacement. — A sign of (+) or (— ) pre- 
fixed to the magnitude of a component displacement indicates 
direction. Thus for three rectangular axes OX, OY, OZ, a com- 
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ponent displacement in the directions OX, OF, OZ is positive, and 
in the opposite directions negative. 

If polar co-ordinates are used, the com- 
ponent displacement along the radius vector 
IS positive when away from the pole, nega- 
tive when towards the pole. 

Evidently, then, we measure angles in 
the plane -aF from OX around towards 
0Y\ in the plane YZ from OY around 
towards 0Z\ in the plane ZX from OZ 
around towards OX, as shown by the 
arrows in the figure. 

Analytical Determination of the Resultant for Cononrring Dis- 
placements. — ^When the line representatives meet in a point they 
^re called concurring. All displacements of a single point must be 
concurring. The magnitude and direction of any number of such 
concurring component displacements being given, to find expres- 
sions for the magnitude and direction of the resultant. 

(a) When there are Two Given Components. — Let OB = di and 
-B ^.-*-ifv/-SO = da be two component displacements 
^i-^--^*'''^^* JV w DMiJ^g the angle a and in the indicated 
o ^^^^-To /^"^Mg directions. 

dr Then the resultant is OC = dr and is 

given at once in magnitude from the tri- 

(1) 



angle OBC, 

dr^ = {di 4- A cos ay 4- (d« sin ay = di* + 2didt cos a + da*. 
The resultant dr makes with di an angle a, given by 

di + di cos oi 



cosa = 



dr 



(2) 



(b) When there are Any Number of 
Components in any Given Direction. — 
Take three rectangular axes, OX, OY, 
OZ, through the point O, and let the 
component displacements di, da, ds, 
etc., make the angles <3r,, /?,, ;^ ; aa, /?a, 
r a, etc., with the axes of X, F, Z respect- 
ively. 

Then we have for the sum of the 
components in the direction of X, F, 
and Z, 

dx = di cos «i + da cos aa + . . . 




= :Sdcosa; 



dy = di cos fii + da cos fii + . . . = Sdcos/?; 
ds = di cos^i + da cos r* + '- '= ^dcosr- 



(3) 



In these simimations we must take components with their proper 
signs as directed in the preceding Article. 

We have then for the magnitude of the resultant dr, 



dr = Vdx* + dy* + d««. 



(4) 



This resultant makes with the axes angles a, 6, c, respectively, 
given by 

cosa = ^, cos6 = -^, cosc = ~ (8f) 



dr' 



dr 



dr 
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The projections on the planes XF, FZ, ZX make angles with Z» 
F, Zy respectively, whose tangents are 

dy dz dx .-. 

dx' d/ dl'/' ^^ 

Cor. 1. If all the displacements are in one plan& make c{« = 0. 
Then J> 

dr=4/d,'+d/ (7) 

cosa = ~, cos6 = -~; (8) 

dr dr •. 

and, since cos & = sin a, *^ |f> 

tana = ^ (9) 

dx 

CoR. 2. When there are but two displacements, di and d, take 
OX corresponding with d, . Then dx = di + d cos a^dy = d sin a^ and 
we have at once equations (1) and (2). 

CoR. 3. If the twd displacements are in the same direction or in 
opposite directions, a = o or 180°, and 

dr = di ± d. 

That is, the resultant is the algebraic sum of the displacements. 
Cor. 4. If ttie two displacements are at right angles, a = 90** and 

dr^Vdi^ + d^, sina = -^, sin 6 = -.- = cos a, tana = :^* 

dr dr di 

CoR. 5. If the two displacements are equal, di = d and 

dr' = 2d'(l + cos or) =4d' cos* ^, - 

hence dr = 2d cos ^. 

A 1 . ' d sin a . a , a 

Also, sma = = smir, hence a = — 

^ , a 2' 2 

^cos- 
2 

CoR. 6. If the two displacements are equal and a = 120*, then 
dr = d, and a = 60°. 



EXAMPLES. 

(1) A wheel whose radius is r rolls on a horizontal plane until it 
turns through a quarter revolution. Find the displacement of the 

point of the wheel initially in contact with 
the plane relative to the point diametric- 
ally opposite, 

Ans. Let G represent the initial point of con- 
tact of the plane, A the point of the wheel hi con* 
tact with G in the plane, B the point of the wheel 
diametrically opposite A, 

The displacement of B with reference to (7 is 
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given by BiBi. The diaplaoement of A with refereace to (7 is eiven hj A,At, 
and therefore the dieplocement of with refarence to 
B , A\s given by AtAi. We have then, by laying' oH 

theee displacementa, the displttcemeitt of A relative 
to B equal to 2r ^3 , making an angle of 40° with 
the vertical. 

(2) Find the diaplacement of the end of 
the minide-hand unih reference to the end of 
the hour-liand of a clock, betwe^i 3 and 3.30 
o'clock, the length of eaah hand being t. ' 

Ans. The displacement of the minute-hand wit'h reference to Xll is 
1£\M% , and of the hour-hand with reference t« XII, ifi£i ■ 
Therefore the dlsplaceiuj«6t of XII «vith refer- 
ffisBiH,. Lifting off these displace. 




J/H= T t'8~ acosW - 48in«°, 
and for the angle of Jfff with the vertical. 



W"""^ 



i/a-scosis"- 



.. Mf^Arvoerf&Visina.direciionN.Z'&'E., and a boat headed directly 
cta^aSt at right angtea to the current reaches a point on. the other 
ghorefrom -Miich the starting-point is found to bear S^3° W. If the 
^-'~*-^— "—a the starting-point is 500 ft., how far ha» the boat beetti 
hcurrent\amt what is the distance across the river if the 




a given directi(^ relative to a fixed 
S8 relative, to 40 ft. in a direction 
„ . igles to A^s motion. Find the displacement of A relative 
taB. Y * 

^SJ^lnH. SO It. in a direction inclined to A'a motion by an angle whose sin 



n the circumference of ttoo circles of radius 

Both start from the point of contact. One 

'e of IT radians, the other through an angle of 

placement of either relative to the other. 

Ans, If one poiM raoves through the angle it in the small circle and the 
other through ^ in tlie larffe, the displacement is %r ^5, making an angle 
with the vertical whose tangent is 3, 

If one point movee through the angle « in the large circle and the other 

through g- in the small, the displacement is rV^S and it makes an angle with 
the vertical whose tangent is S. 

(6) In the preceding example let the radius of the small circle be 
r, and of the large circle r,. Find the displacement as before. 




1> 
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Ans. V4r.« + 4rar.+3r»« and tangent •--^~» 

or 

|/4r,« + 4r,ri + arT' and tangent ??!i+!l. 



\ 



fi 



(7) T^ displacement of A relative to B is a distance a towards 
the south, and relative to C, c towards the west If C is initially a 
distance h south of B, find the final position of C relative to B. 

Ans. We have CB for the displacement of 
C relative to B. Therefore if Oi is ttie initial po- 
sition, (7a will be the final position, G^C* being 
equal to CB. Hence the distance of C*b final 
position from B is BCt = f^(d + a)« + c«, and 
the direction from Bio C% is east of south an 

angle whose tangent is 





6 + a* 



(8) A's displacement relative to B is a to the west, CPs dispUice- 
ment relative to B is c in a direction 30° west of south. Find the 
displacement of A relative to C, 

Ans. Displacement is ^a* — ac + c'. Tangent of the angle with the merid- 
ian is ^. If this is positive, the angle is west of north; if negative, east 

of north. 



. — "(^ Two trains\A. and B start from the same point and A runs 
60 miles north and 50 miles northeast. Find the disphxcement of B 
relative to A. A 

Ans. 43.104 miles in a direction 34" 52' south of east. 

(11) A point undergoes two component displacements, 100 feet W. 
30° S. ana SO ft. N. What is the resultant f 

Ans. 88.88 ft. 13** south of west. 

|cum2) Three component displacements have magnitudes represented 
oy 1, 2 and 3 and directions given by the sides of an equilateral tri- 
angle, taken the same way around. Find the magnitude of the re- 
sultant. 

Ans. |/3. 

(13) Two railway trains run on parallel roads, one 5 miles north, 
the other 6 miles south. Find the displacement of the last relative 
to the first. 

Ans. 11 miles south. 

JL \*<^ (14) Two railway trains run, the one northeast a distance d, the 
»^ other southeast the same distance. Find the displacement of the 
fijrst relative to the last. 

Ans. d |/2^ direction north. 

(15) A point undergoes three component displacements, N. 60' E. 
4b ft, 8. 50ft, W. 30" N. mft. Find the resultant 

Ans. 10 |/3"ft. W. 

(16) If the diagonal AC of a quadrilateral ABCD is produced to 
E, so tTvat CE is equal to AC, show that AE is the resultant in the 
direction AC of the displacements AD, DB, BC and AC. 

(17) ABCD is parallelogram. E is the middle point of AB. Find 



/ 
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the components, in the directions of AB and AD, of a displacement 
which lids the direction and half the nuignitude of the resultant of 
component displacements represented by AC and AD, 

Ans. AEBJidAD. 

c^ (18) Prove that the resultant of two equal displacements of mag- 
nitude a, inclined 60% is equul to the resultant of a and 2a inclined 
120^ 

(19) Prove that if two component displacements are represented 
by two chords of a circle dravmfrom a point P in the circumference 
perpendicular to eoAiih other, the resultant is represented by the diame- 
zer through the point. 

c^ (20) To an observer in a balloon the starting-pfoint bears N. 20° E,, 
and is depressed 2Q'' below the horizontal. A point at the same level 
as the starting-point and 10 miles from it is vertically below him, 

i * What are the component displacements of the balloon with reference 
to the starting-point f 

Ans. 9.39 miles south, 3.42 miles west, and 5.77 miles up. 

(21) A point has the component displacements in the same plane, 
dj = 40 ft., da = 50/^., ds = 60 ft., maJcing the angles with X and Y, 
a, = 60 , p = 150- ; a, = 120% /?« = SO** ; a. = 120% fit = 150% Find the 
resultant displacement. 

Ans. rfa, = 4- 20 - 25 - 30 = - 85 ft.; 

dy = - 34.64 + 48.3 - 51.96 = - 43.3 ft.; . 



dr = VdJ+ dy* = 55.67 ft. 

cos a = ^ = ^1^, or a = 128" 57' 17"; cos6 = ^ =^is^, or6 = 141" 2' 43". 
dr 55.67 dr 55.67 

ct. (22) A point has the component displacements di = 40 ft., dt = 50 
ft, ds = 60 ft., m/aking with X, Y, Z, the angles a, = 60% /?, = 100% 
r, obtuse; a'a = l00% /Ja = 60% y^ acute; a, = 120% fit = 100% r% 
acute. Find the resultant displacement. 

Ans. We find the angles y^ (page 12) by the equation 

cos' ^ = — cos {cc-\- P) cos (a — p). 
Hence y^ = 148° 2' 31".7, y^ = SV 57' 28".3, yt = 31" 57' 28".3. 

e^ = + 20 - 8.6824 - 30 = - 18.6824 ft. 

dy=- 6.946 + 25 - 10.419 = + 7.685 ft. 

dz =- 33.937 + 42.421 + 50.907 = + 59.391 ft. 

1ft Aft24- 

dr = Vdz' + dy' + dj' = 62.73 ft. cosa = q"!^ , or a = lO?" 19* 86"s 

co86 = iJ^, or 6 = 88° C 88" ; <^e = '^^^. or c = 18* 46' 43". 



CHAPTEE IV. 



VELOCITY. RESOLUTION AND COMPOSITION OF 

VELOCITIES. 



BBCTANGULAR COMPONENTS OP VELOCITY. SIGN OF COMPONENTS OF YELOdTT. 
ANALYTIC DETERMINATION OF RESULTANT YELOCTTY. 

Mean Velocity.— The distance described by a moving i>oint per 
unit of time we have called the mean speed of the point (page 1^. 

The displacement (page 34) of a point per unit of time we call 
the mean linear velocity. Therefore the number of units in the dis- 
plax^ement of a point in any given time, divided by the number 
of units in that time, gives the number of units of mean linear 
velocity — or the magnitude of the mean linear velocity — while the 
direction of that velocity is the same as that of the displacement. 

The term velocity always signifies linear velocity unless other- 
wise specified. 

Mean speed, then, is mean time-rate of distance described (page 
15). Mean velocity is mean time-rate of displacement. 

Thus if a point moves in any path P^APt from 
the initial position P, to the position P« in the time t 
2 units, the magnitude of the mean speed is given by 

£^ — — i ?, while the magnitude of the mean ve- 

locity is given by d«»ptocem6nf P.P, ^^ .^^ ^^^ 

tion by the direction of P,Pa. 

If a point moves witli uniform speed in a circle of radius r units and the 

27tr 
time of revolution is i units, the mean speed is — r- units of speed. But tlie 

mean velocity in the time of one revolution is zero, because the displacement 

in that time is zero. Again, the mean speed in one half a revolution is -jr or 

9tti* 

-—- units of speedy as before, but the mean velocity for the same time has for 

its magnitude rr or — units cf velocity, and the direction is that of a diameter 
from the initial to the final position of the point. 

Instantaneous Velocity. — ^The limiting magnitude of the mean 
speed when tiie interval of time is indefinitely small we have called 

42 
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(page 15) the instantaneous speed. In the same way, the limiting 
magnitude and direction of tne mean velocity when the interval or 
time is indefbiitely small is called the instantaneous velocity. 

The terms speed and velocity should always be understood to 
mean instantaneous speed and instantaneous velocity unless other- 
wise specified. 

Using the terms thus, we see that when ^ is in- 
definitely small, distance described and displacement 
coincide and hence the speed at Pi is the magni- 
tude of the velocity at P, , while the direction of this 
velocity at any instant is that of the tangent to the Pi 
path at that instant. Velocity is directed speed. Speed is magni- 
tude of velocity. 

Unit of Velocity. — Since, then, the magnitude of the velocity at 
any instant is the speed in the direction of the velocity at that in- 
stant, it follows that the unit of velocity is the same as the unit of 
speed (page 15), or one unit of length per unit of time, as, for 
instance, one foot per second. For this reason we have used (page 
25) the letter v for the numeric for speed. 

Uniform Velocity. — When the velocity has the same magnitude 
and direction whatever the interval of time, it is uniform. 

Uniform velocity, then, is necessarily uniform speed in a straight 
line in a given direction. The velocity in such case is the same as 
the mean velocity for any interval of time. 

Variable Velocity. — When either the magnitude or direction of 
the velocity changes it is variable. 

When the maraitude alone changes, we have variable speed in 
a straight line. When the direction only changes, we have uniform 
speed in a curved line. When both change, we have variable speed 
in a curved line. In all these cases the velocity is variable. 

Thus we can speak of a point moving in a circle with uniform speed, but 
we cannot speak of a point moving in any curve at all with uniform velocity. 
If the velocity is uniform, the path must be straight, as well as speed constant. 

A point can be projected with the same speed in many different directions, 
but we cannot speak of the same velocity in different directions. A change of 
direction is a change of velocity whether the speed changes or not. 

Velocity a Vector (Quantity.— Since velocity is speed directed, or 
time-rate of displacement, it has not only sign and magnitude like 
speed (page 15), but also direction like displacement, and is there- 
fore a vector quantity. 

Line Representative of Velocity. — Velocity, then, can be repre- 
sented like displacement (page 34) by a straight line. The length 
of this line represents the magnitude of the velocity, and the direc- 
tion as denoted by an arrow gives the direction. 

Thus the straight line A1A9 represents by its 
length the magnitude of a velocity, and the arrow 
shows its direction. 

Triangle and Polygon of Velocities.— The prin- 
» ciples therefore of page 35 hold good for velocities 
as well as displacements. We have then the 
trian£:le and polygon of velocities. 

Eesolution and Composition of Velocities.^We can also combine 
and resolve velocities in the same way precisely as displacements^ 
and the principles of page 36 apply here also. 
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Bectangular Components of Velocity.— If a point moves in any 

path from Pi to P in the time ^ the dis- 
placement is the chord PiP, and the mean 

, .. . chord P^P 
velocity IS t? = — -^ . 

If Xi and yi are the co-ordinates of Pi, 
and X and y of P, then the horizontal and 
vertical components of the mean velooiU' 
vare V 

_ x-Xi _ y-y. 

If the time is indefinitely short, we have in the notation of the 
Calculus, for the instantaneous velocities, 

dx dy 

Sign of Components of Velocity .—We see that if Vx is directed 
towards the right, we have in the Ist and 4tii quadrants x numeric- 
ally greater than a?i and both are positive. In the 2d and 3d quad- 
rants, if t?j; is directed towards the right, Xx is nimierically greater 
than X and both are negative. In all quadrants, then, Vx will be 
positive when directed towards the right. In the 1st and 2d quad- 
rants, if Vy is directed upwards, y is numerically greater than yi 
and both are positive. In the 3d and 4th quadrants, if Vy is directed 
upwards, Vi is numerically greater than y and both are negative. 
In all quadrants, then, t?v will be positive when directed upwards. 

We have then the following general rule for the signs of the 
components of the velocity in any quadrant : 

If the direction of the line representative is towards the rights 
Vx is positive ; if towards the left, Vx is negative, Jf upwards, Vy is 
positive ; if downwards, negative. 

The sign then as applied to component velocities indicates direc- 
tion of motion. For rectangular co-ordinates (-H) signifies towards 
the right or upward, (— ) towards the left or downward. 

For three rectangular axes OX, OY, OZ, let a point P be given 
Y by the space co-ordinates x, y, z. Let the 

velocity v of the point make the angles a, . 
'.^ fi and r with the axes of X, Fand Z. 

^ Then we have 

Vx = v cos a, Vy = v cos /ff, Vz = v cos y 

X for the components in the direction of the . 



/ 





axes. When the angles cc, fi, y are acute 
or less than 90% these components are posi- 
tive ; when the angles are obtuse or more 
than 90% these components are negative. 
Therefore, as before, Vx towards the right is positive, towards 

the left negative, Vy upwards is positive and downwards negative, 

and Vz in the direction OZ is positive, in the opposite direction 

negative. 

If polar co-ordinates are used, the component velocity along the 

radius vector must he taken as positive when it acts away from the 

pole, and negative when it acts toivards the pole."*" 

* Evidently, then, we measure angles in the plane XFfrom OX around to- 
wards OY; in the plane YZ from F around towards OZ; in the plane ZX 
from OZ around towards OX, as shown by the arrows in the figure. 
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Analytical Determination of the Resultant for Concurring Veloci- 
ties. — When the line representatives meet in a point they are 
called concurring. We have then the same expreissions for the 
magnitude and direction of the resultant of any number of concur- 
ring component velocities as for displacements (pages 36 and 37). 
We have only to substitute v in place of d. 



t 



EXAMPLES. 



(1) To a man driving eastward with a speed of 4 miles an hour, 
th3 wind blows apparently from the north, but when he doubles his 
speed the wind appears to blow from the northeast. Find the real 
direction and velocity of the wind. 

Ans. The wind blows from the northeast with a velocity of 4 ^2" iniles an 
hour. 

(2) A point moves in a straight line from A to J5, 60/^. W. 30° S., 
in 10 sec, and thence in a straight line to C, 30/^. N,, in 20 sec. Find 
the mean speed and the mean velocity. 

Ans. The length of path is 90 ft. traversed in 30 sec, or mean speed is 3 ft. 

per sec. The displacement is 30 f^3 ft. W., or the mean velocity is f^3 ft. per 
sec. W. 

(3) A ship sails N. 30** E. at 10 miles an hour. Find its easterly 
velocity ana its northerly velocity. 

Ans. 5 miles an hour; 5f^3 miles an hour. 

(4) A river 1 mile broad has a current of 5 m,iles per hour, and 
a boat capable of making 10 miles an hour in stilCwater is to go 
sti'aight across. In what direction must the boat be steered f 

Ans. Up stream in a diiection inclined 60" with the bank. 

(5) Find the vertical velocity of a train moving up a 1-per-cent 
gradient at a speed of 30 miles per hour. 

Ans. 0.3 mile per hour. 

(6) A mxin travelling 4 miles per hour east finds the wind to come 
from the southeast. When he stands still it shifts b" to the south. 
Find its velocity. 

Ans. 32.52 miles per hour N. 40** W. 

(7) A point moving with uniform speed in a circle of radium 30 
ft. describes a quadrant in 10 sec. Find the mean speed, the mean 
velocity, the instantaneous speed and the instantaneous velocity. 

fcr 
Ans. The length of path described in 10 sec. is -5- = 47.12 ft. The mean 

speed is then 4.712 ft. per sec, and since this is uniform it is also the instan- 
taneous speed. The displacement is r V^ = 42.42 ft. at an angle of 45° with 
the diameter through the starting-point. The mean velocity is then 4.242 ft. 
per sec. in the same direction. The instantaneous velocity is at any instant 
tangent to the circle at the point at that instant, and equal in magnitude to the 
Instantaneous speed, or 4.712 ft. per sec. 

J 8) A man walks at the rate of 4 miles per hour in a rain-stormy 
the drops fall vertically with a speed of 200 ft. per sec. In what 
direction will they seem, to Mm to fall f 
Ans. Inclined 1°40'.8 to the vertical. 
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(9) A ship sails east with a speed of 12 miles an hour, and a shot 
is fired so as to strike an object which bears N.E. If the gun gives 
tJte shot a mean horizontal velocity of QOft. per sec,^ tovmrds what 
point of the compass must it point f 

Ans. N. 37"* 3' E. 

(10) A man 6 ft. tall walks at the rate of 4 miles per hour directly 
away frma a lamp-post 10 ft. high. Find the velocity of the ex- 
tremity of his shadow. 

Ans. 10 miles per hour in the direction he is walking (see Ex. 14, page 19). 

(11) Two points moving with uniform speed v start at the same 
instant in the same direction from the point of contact of their 
paths. The one moves in a circle of radius r, the other in a tangent 
to the circle. Find their relative velocity at the end of the time t. 

tt 
Ans. 2d sin ^ radians in a direction inclined to the tangent at an angle 



1 / vt\ 



radians. 



(12) A moves N.E. with a velocity v, and B moves S. 16° M with 
the same velocity. Find A's velocity relative to B. 

Ans. D f^3, direction N. 15" E. 

(13) A railway train runs 30 miles per hour north. Another 
running 15 miles per hour appears to a passenger in the first to be 
running at 25 mites per hour. Find the direction of the velocity of 
the latter. 

Ans. N. 56" 15' E. or N. 56" 15' W. 

(14) Two candles A and J5, ea/:h 1ft. long and requiring 4 and 6 
hours respectively to burn out, stand vertically at a distance of 1ft. 
The shadow of B falls on a vertical wall at a distance of IQft. frtym 
B. Find the speed of the end of the shadow. 

Ans. 8 inches per hour. 

(15) A ship hcts a northeasterly velocity of 12 knots per hour 
Find the magnititde of her velocity (a) in an easterly direction; 
(6) in a direction 15° W. of N. 

Ans. (a) 6 f^2 ; (&) 6 knots per hour. 

(16) A boat-crew row 3i miles down a river and back again in 1 
hour 40 minutes. If the river has a current of 2 miles per hour, 
find the rate at which the crew would row in stilt water. 

Ans. 5 miles per hour. 

(17) A steamer goes 9.6 miles per hour in still water. How long 
will it take to run 10 miles up a stream and return^ the velocity of 
the stream being 2 miles an hour f 

Ajis. 2 hours 11 minutes. 

(18) A steam tug travels 10 miles an hour in still water, but 
draws a barge 4 miles an hour. It has to take the barge 10 miles tw 
a stream which runs 1 mile an hour, and then return unthout the 
barge. How long will it take for the job f 

Ans. 4^ hours. 

(19) A vessel makes two runs on a measured mile, one wUh the 
tide in a minutes and one against the tide in b minutes. Find the 
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velocity of the vessel through the ucater, and of the tide, supposing 
both uniform. 

Ans. 30 . and 30 — r— miles per liour. 
ab ab 

(20) A point receives simultaneously three velocities^ 60 ft, per sec, 
N., 88 ft. per sec, W, 30" S,, and 60 ft, per sec. E, SO** S, Give the 
magnituae and direction of the resultant velocity. 

Ans. 28 feet W. 30' S. 

(21) A ship sailing du^ north at the rate of 8 miles per hour is 
carried to the east by a current of 4 miles per hour. Find the ve- 
locity with reference to the land. 

Ans. 8.94 miles per hour N. 26** 34' E. 

J 22) A ship is sailing E. 224° S. at the rate of 10 miles an hour 
the wind seems to blow from the N. W. with a velocity of 6 miles 
an hour. Find the actual velocity of the wind. 

Ans. 15.7 miles an hour W. 30** 55' N. 

(23) A point moves in t seconds from A to By the positions being 
given by the co-ordinates Xx , yi ana Xt^y^, What is the mean ve- 
locity f 



Ans. V 



-_ 1^(g«--^»)' + (y«~yi)', making an angle a witli the axis of x 



y« — yi 

iriven by tan a = . 

(24) A point has four component velocities in the same plane, of 
12, 24, 36, 48 ft. per sec,, ma/cingwith the axis of X the angles of 
16% 29°, 33°, 75° respectively. What is the resultant velocity f 

Ans. Vx = 75.14; Vy = 80.915; Vr = 110.424; angle with axis of aj, o = 47" 
T 10"; angle with axis of j/,b = 42° 52' 50". 

(25) A point has three component velocities in the same plane 
given by v. = 40, t?a = 50, Vt = 60 ft. per sec, making with the axes 
of X and Y angles given by (ti = 60°, /^i obtuse; P% — 30°, aa obtuse; 
c[9 = 120°, fii obtuse. Finathe resultant velocity. 

Ans. We have /?, = 150°, a, = 120°. /5s = 150°. Henc^. ©a? = — 35 ft. per 
sec., «« = — 43.3 ft. per sec. , ©r = 55.67 ft. per sec, making the angles with X 
and r given by a = 128° 57' 17 ', h = 141° 2' 43 ". 

(26) A paint has the component velocities v, = 40, t?a = 50, t?8 = 60 
ft, per sec,, making the angles with X, Y, Z, a- = 60°, /^i = 100°, yi 
obtuse ; a^ = 100°, /?« = 60% yt acute ; a, = 120°, /?8 = 100°, yt acute. 
Find the resultant velocity, 

Ans. "We find the angles y (page 12) by the equation 

cos' y = — cos {a ■\- fi) cos (a — (i). 
Hence y^ = 148" 2' 31".7, y^ = 31° 57' 28 '.3, y^ = 31' 57' 28".3. 
Vx = — 18.6824 ft. per sec., »y = + 7.635 ft. per sec., t>« = + 59.391 ft. per sec, 

ijr = 62.73 ft. per sec, 
making with the axes of X, F, Z, angles given by 

a = 107" 19' 36 ', b = 38° 0' 33", e = 18° 46' 42". 
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ACCELERATION. RESOLUTION AND COMPOSITION OF 

ACCELERATIONS. 

>*C. ANALYTICAIi DETERMINATION OP RESULTANT FOR GONGTTRRINO ACOKLEBA- 
V^ TION8. EQUATIONS OP MOTION. THE HODOGRAFH. TANGENTIAL AND 

NORMAL ACCELERATION. 

Mean Acceleration.— Let P,, P^. etc., Fig. (a), be the path of a 
moving point P, and let the corresponding instantaneous velocities 
Fig. (a). be Vi , Va , etc. 

Each velocity is tangent to the path 

at the corresponding point and is equal 

in magnitude to the speed at that pomt. 

If t is the mmaber of units of tmae in 

passing from Pi to Ps , the mean speed 

for that time (page 15) is ^^^ ^'^\ 

units of speed. The integral change of 
speed in the time t is Ua — Vi (page 24), 
and the mean rate of change of speed 

in the time * is a = — ^^^ — - (page 24). 

V 

If now in Fig. (b) we draw OQi parallel and equal in magnitude 
to Vi and OQ2 parallel and equal to t?a , then the mtegral ch€uige of 
speed is represented by OQi — OQi and the mean rate of change of 

speed by . — ^. 

The change of velocity, however, in the time t is represented in 
magnitude and direction by QiQt , and this we call the integral ac- 
celeration. 

The mean time-rate of change of velocity is given in magnitude 

by ^^, and in direction by QiQi. We call this the mean linear 

acceleration. The term acceleration always means linear accelera- 
tion unless otherwise specified. 

Mean acceleration is then time-rate of change of velocity y whether 
that change takes place in the direction of motion or not. 

Instantaneous Acceleration. — The linutmg magnitude and direc- 
tion of the mean acceleration, when the interval of time is indefi- 
nitely small, is the instantaneous acceleration. 

The limiting direction is not necessarily tangent to the path 

48 
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except in the case of rectilinear motion, and the limiting magnitude 
is not the rate of change of speed in the path, except in the case of 
rectilinear motion. 

The term acceleration always signifies instantaneous accelera- 
tion unless otherwise specified. It is the limiting time-rate of 
change of velocity, whetner that change take place in the direction 
of the motion or not. 

Acceleration may be zero, uniform or variable. When it is zero 
the velocity is uniform, and we have uniform speed in a straight 
line. 

When it is uniform, it has the same magnitude and the same 
unchanged direction, whatever the interval of time. In such case 
the acceleration at any instant is equal to the mean acceleration for 
any interval of time. If its direction coincides with that of the 
velocity, we have uniform rate of change of speed in a straight line. 
If it does not so coincide, we have uniform acceleration and motion 
in a curved line. 

When it is variable, either direction or magnitude changes, or 
both change. 

Unit of Acceleration. — The magnitude of the unit of acceleration 
is evidently the same as that for rate of change of speed, viz., one 
unit of length-per-sec. per sec, as for instance one foot-per-sec. per 
sec. We denote the magnitude of the acceleration thus measured 
by the letter/, to distinguish it from rate of change of speed, which 
we have denoted by a (page 25). 

Line Representative of Acceleration. — Since acceleration is time- 
rate of change of velocity, and is therefore, like velocity and dis- 
placement, a vector quantity, it can be represented like them by a 
straight line, whose lenglih and direction give the magnitude and 
direction of the acceleration (pages 34, 43). Rate of change of speed 
is given by stating sign and magnitude only. It is a scalar quantity 
(page 25). 

Triangle and Polygon of Accelerations.— The principles, there- 
fore, of page 35 hold good for accelerations also, as well as dis- 
placements. We have then the '* triangle and polygon of accelera- 
tions." 

Composition and Resolution of Accelerations. — For the same 
reason we can combine and resolve accelerations in the same way 
as displacements, and the principles of pages 
35, 36 apjply. 

Let UB and OD be the initial and final 
velocities of a point in any given time t. 

Then BD is the integral acceleration and 

BD 

—— is the mean acceleration, or the instan- 

taneous acceleration if it is uniform. If not 

BJy 

uniform, — — -, where t is indefinitely small, gives the acceleration. 

Draw OA and DC at right angles to any line AC through B in 

any given direction. 

BC 
Then — —• is the component of the acceleration in this direction. 

BC AC — AB 
But —— = , and AC and AB are the components of the 

velocities in the direction AC. 

Hence the component in any direction of an acceleration is equal 
to the acceleration of the component velocities in that direction. 
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Sign of Components of Acceleration. — We have the same rule for 
the signs of the horizontal and vertical components /ar and /y of any 
acceleration/, as for the horizontal and vertical components of Vx 
and Vy of any velocity v (page 44). 

If the direction of the linear representative is towards the right 
or upwards, fx and fy are positive; if towards tlie left or down- 
ward, fx and fy are negative. 

The sign, tnen, applied to component accelerations indicates di- 
rection of action. For rectangular co-ordi- 
nates (+) signifies in the direction OX, OY, 
OZ, (— ) in the opposite directions. 

If polar co-ordmates are used, the compo- 
nent acceleration along the radius vector is 
positive (+ ) when it acts away from the pole, 
and negative (— ) when it acts towards the 
pole. 

Evidently, then, we measure angles in the 
plane XY from OX around towards OF, in 
the plane YZ from OF around towards OZ, 
in the plane ZX from OZ around toward OX, as shown by the ar- 
rows in the figure. 

. Take, for instance, the case of a particle projected vertically away from the 
earth with the initial velocity d, and attaining the final velocity v. 

As long as the particle ascends, the direction of v is upwards, and v, Vi are 
both positive. The acceleration due to gravity is always downwards, and 
hence is negative. 

"When the particle is descending with the initial velocity Vi , then both Vi 
and V are negative, and the acceleration is negative as before. 

Analytical Determination of the Eesnltant for Concurring 

Accelerations. — When the line representatives meet in a point, they 
are said to be concurring. We have then the same expressions for 
the magnitude and direction of the resultant of any number of con- 
curring component accelerations as for displacements (pages 37 and 
38). We have only to substitute/ in place of d. 

Equations of Motion of a Point under Different Accelerations. — 
The magnitude of the acceleration in general is not the same as 
rate of change of speed, except in the case of rectilinear motion. 
We have therefore denoted it by /, to distinguish it from rate of 
change of speed, which we have denoted by a. If, then, we denOJfe 
by ft the magnitude of the tangential acceleration, or the tangential 
component of /, we have ft = a, or the magnitude of the tangential 
acceleration is eyial to the rate of change of speed. 

(a) Acceleration Zero. — We have in this _^ 
case the line representative QiQ-i = 0, and _3^"' 
hence the line representative of the velocity 
does not change either in direction or magni- 
tude. 

We have then rectilinear motion with constant velocity, and for 
any interval of time 

S — Si 

«=— ' w 

where s, and s are the initial and final distances of the point from 
any fixed point in the line. This equation is general if we pay 
attention to the sign of displacement and velocity (pages 37 and 44). 

(b) When the Direction of the Acceleration coincides with the 
Direction of the Velocity. — In this case the line representative QiQ% 
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coincides in direction with PQi = vi. We have then rectilinear 
motion with varying velocity. 

If / is uniform, the instantaneous acceleration is equal to the 
mean acceleration for any interval of time. 

Hence, if v, is the initial and v the final velocity, we have for f 
constant 

V — Vi 

f=-i-- ■ ■ • • (2) 

This value of/ is general when we pay attention to the sign for 
velocity and acceleration (pages 44 and 50). 
From (2) we have 

v = Vi +ft (3) 

The average speed is 

— 2~ = ^» + 2-^^ (4) 

The displacement is 

8-8, = ^^t = Vrt + -^ft' (5) 

Inserting the value of t from (2) we have 

«-«. =— 2p- (6) 

Hence v' = t?i' +^/(« — «i) (7) 

[Iffis vcmable, we have from (1), in Calculus notation, 



ds 

V = 

and from (2), 

^ dt " dt* 



/ — ^/ — w/« » V') 



and from (8), 

8-8i= I vdt (10) 



— «, = / vdt, 



The preceding equations can be deduced from these as on page 28.] 
All these equations are precisely similar to those on page 28, except that 
wfijxave / in place of a. 

y^A^^(c) When the Acceleration is Constant in Magnitude and Direction, 
but makes an Angle <p with the Initial Velocity. — In this case we 
have motion in a curve, and QiQi =ft. Hence 

v« = (vi + ft cos <py + (ft sin 0)" = t?,» + 2vift cos <P + /H\ . (11) 

The tangent of the angle Q1PQ2 is 

tan apa = ^^5j^ (12) 

The displacement in the time t is given by 

(P = {v,t + ^ft^ cos (p\+ (|/^'sin ^V; .... (13) 

and the tangent of its angle of inclination to t^i is 

ift' sin 
Ui^ + if ^' cos ^ ^ 
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The Hodog^aph. — Let a point P moving in anv curve have the 
positions Pi , Ps , Pi , etc., and let the magnitude of the corresponding 

velocities be Ui, Va, Va, etc. These 
velocities are tangent to the path at 
Pi, Pa, Ps, and are equal in magni- 
tude to the speed at these points. 

If from a point O we draw lines 
OQi, OQ2, OQi, etc., parallel and 
equstl to Vi , t?9 , v», the extremities of 
these lines will form a polygon. 

If, however, the pomts Pi, Pa, Pi 
are indefinitely near, the polygon be- 
comes a curve QiQiQ*, such that when 
the point P describes the path P1P9P1, 
we can conceive another point Q to describe the curve QiQ^Qi- 
This curve is called the hodograph.* The point O is called the pole 
of the hodograph. The points Qi, Qi^ Qs are called the points cor- 
responding to Pi, Pa, Ps. 

Any radius vector, as 00,, 00a, in the hodograph, represents in 
magnitude and direction the velocity at the corresponding point 
Pi, Pa, etc., of the path. The magnitude of O^i, O^a, etc., is the 
speed Vi, Va, etc., at P, Pa, etc. The direction of OQi, O^a is the 
direction of vi , Va, or that of the tangent to the path at P. , Pa. 

If t is the interval of time in moving from Pj to Pa, then the 
chord* Qi Qi in the hodograph gives the magnitude and direction of 

the integral acceleration for that time, and — ^ V' V« ^ which is 

the mean velocity in the hodograph, gives the mean acceleration in 
the path. 

When the time is indefinitely small, Q1Q2 becomes tangent to 

the hodograph and ^i^^, which is now the instantaneous velocity 

in the hodograph, gives the instantaneous acceleration in the path. 
The tangent to the hodograph at any point, therefore, gives the 
direction of the instantaneous acceleration at the corresponding 
point of the path. The instantaneous speed in the hodograph gives 
the magnitude of this acceleration. 

Hence, the velocity at any point of the hodograph is the accelera- 
tion at the corresponding point of the path. 
^^Jv Tangential and Normal Acceleration.— The entire resultant ac- 
(Jvy celeration / at any ppint of the 



L 



path may be resolved into a com- 
ponent tangential to the path ft 
and a component normal to tne 

path/n, so that/ = Vff + fn. 

The magnitude of the tangential 
component ft is the rate of change 
of speed in the path. Its direction 
is always tangent to the path, or 

garallel to the radius vector of the 
odograph at the corresponding 
point of the hodograph. 

In order to find the normal com- 
ponent fn , let us first suppose a point to move in a circle with con- 
stant speed V. 

* Invented by Sir W. R. Hamilton, 
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Let the radius of the circle be r, and take any two points Pi and 
Pa on the circle. Then the velocity at Pi is v tangent at Pi or per- 

?endicular to r at that point, and the velocity at Pa is r tangent at 
\ or perpendicular to r at Pa. 

' Now construct the hodograph by making OQi parallel and equal 
to the velocity at Pi and OQi parallel and equad to the velocity at 
Pa, etc. 

Evidently the hodograph is also a circle of radius v, and the 
speed in the hodograpn is also constant, since the point P moves 
with constant speed and makes a revolution in the same time as its 
corresponding point Q in the hodograph. Let t be the time of revo- 

2itv 
lution ; then —j— is the speed of § in the hodograph or the accelera- 

■ c 

tion of P in the path ; and since this speed at any point Q, is at right 

angles to OQi or v, it is normal to the path at P or parallel to CPu 

We have then/n = -r-. But the speed in the path is t? = —j-, 

2itv 
Hence t = — , and substituting, we have 



/n = 



V' 



We can obtain the same result as follows : Since the point P 
moves from Pi to Pa in the same time that Q moves from ^i to ^a , 
and the angle PiCPa is equal to the angle QiOQ^ , we have 

fn:V::V:r, or fn= — . 

r 

Since we have supposed v constant in magnitude, the tangential 
acceleration /< is zero, and therefore /n in this case is the magnitude 
of the total resultant acceleration /. 

A normal acceleration, then, has no effect upon the speed, but 
only changes the direction of motion. 

Let us now suppose that the speed v is not constant, the point 
still moving in a circle. Then the nodograph will not be a circle. 

But if the two points P and Pa are indefinitely near, so that the 
arc Pi Pa is indennitely small, the velocities at Pi and P can be 
taken as equal still, and we shall still have 

fn'-v :: V : r, or /n = — . 

r 

Again, if the point P moves in any curve whatever, a circle can 
always be described whose curvature is the same as that of the 
curve at any given point. The radius of this circle is the radius of 
curvature p at the point. 

In this case, then, we should have 

fniviiv: Py or fn = —' 

Therefore, in general, whatever the path may be and whatever 
the speed in the path — 

The magnituae at any instant of the normal component of the 
acceleration is equxxl to the square of the speed at that instant 
divided by the radius of curvature. 
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EXAMPLES. 

(1) A point moves with uniform velocity in a straight line. WKat 
is the hoaograph f 

Ans. A point. 

(2) A point moves with uniform acceleration either in a straight 
line or a curve. What is the nodograph f What is the speed in the 
hodograph f 

Ans. A straight line. Uniform. 

(3) Shotv that the direction of motion of^any point B on the cir- 
cumference of a circle rolling with velocity v on a straight line is 
perpendicular to AB at any instant, when A is the point of contact^ 
of the circle with the straight line at the instant considered. 

(4) AB is a diameter of a circle of lohich BC is a chord. When 
is the moment about A of a velocity represented by BC the greatest t 

Ans. When BG and AC are equal. 

^^ (5) A point is momng with uniform speed of a mile in 2 min, 
40 sec. round a ring of 100 ft. radius. Find the acceleration. 
Ans. 10.89 ft.-per-sec. per sec. towards the centre. 

^^(6) A point moves in a horizontal circle with uniform fmeed v," 
Parting from the north point and moving eastward. Find the 
integral acceleration when it has moved (a) through a qvxxdrant ; 
(6) a semicircle ; (c) three quadrants. 

Ans. {a) V J^li, SW.; (&) 2i?, W.; (c) tJ )/% NW. 

(7) If the component velocities of a moving point are represented 
by the sides of a plane polygon, taken the same way rounds the 
aJgebraic sum of their moments about any point in their plane is 
zero. 

Ans. If the polygon closes, the resultant velocity is zero. If it does not 
close, the line necessary to make it close taken the other way round is the re- 
sultant. In either case the algebraic sum of the moments is zero. 

• 

(8) Show that the hodograph of a point moving with uniform 
speed in a circle is a circle in which the corresponding point moves 
also with uniform speed. 

(9) Show that the locus of the extremity of a straight line repre- 
senting either of the two equal components of a given acceleration 
is a straight line perpendicular to the straight line representing the 
given acceleration and through its middle point. 

(10) Let the velocity of a point moving in a straight line vary as 
the square root of the product of its distances from two fixed points 
in the line. Show that its instantaneous acceleration varies as the 
mean of its distances from the fixed points. 

Ans. Let s be one distance and a-\- a the other. Then from page 51, Chap. 

V, « = -r = k ^B{a + «), where A; is a constant. 
at 

^, dv kad8 4-2k8d8 k^a-\-2k^s k^a4-28) 

Then a = ^-= x^^r— ; ' - — k = k •' 

dt 2dt^a8 + 8' 2 2 

-D **!. *+!. A' 4. ' « + (« + «) a-{-28 

But the mean of the distances is — —- — ' — - = — - — . 

^ 2 
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(11) If the algebraic sum of the moments of the component ve- 
locities of a mxyoing point about any two points P and Q are each 
zero, show that the algebraic sum of their moments about any point 
in the line PQ will be zero, 

(12) A moving point P has two component velocities one of which 
is double the otner. The moment of the smaller about a point O in 
the plane is double that of the greater. Find the magnitude and di- 
rection of the resultant velocity. 

Ans. If a is tbe smaller component and a, /S are the inclinations of the 
greater and smaller components respectively to PO, the resultant is 

a ^6 4- 4 cos (fi 4~ ^)f ^^^ i^ is inclined to PO at an angle whose sin is 

2 sin a -f- sin fi 
|/6 4-4cos(/i^+a) 

(13) The velocity vof a point moving in a straight line varies as 
the square root of its distance s/rom a fixed point in the line. What 
is its instantaneous acceleration f 

ds / — 

Ans. We have v = -=-= k ys, where A; is a constant. Hence 

at 

__ dv^ kds __ kv _ t>' _ A;' 
^ " ^ "" 2dt 4/i "" 2 t^i " 2i " 2"* 

(14) Two railway trains move in directions inclined 60°. The 
^ne, A, is increasing its speed at the rate of ^ft.-per-min. per min. 

The other, B, has the brakes on and is losing speed at the rate of 8 
ft.-per-min, per min. Find the relative acceleration. 

Ans. 4 4/7 ft. per min. per min., inclined to the direction of A at an angle 
whose sin is |/|^and to the direction of B at an angle whose sin is i \/^. 

(15) The initial and final velocities of a moving point during an 
"interval of two hours are 8 miles per hour E. 30** N. and 4 miles per 
hour N. Find the integral and the mean acceleration. 

Ans. 4 ^'6 miles per hour W., 2 -f^S miles-per-hour per hour W. 

y (16) A point moves in a circle of radius 8 inches and has at a 
given position a speed of 4 in. per sec, which is changing at the 
rate of 6 in.-per-sec, per sec. Find (a) the tangential acceleration ; 
(6) the normal acceleration; (c) the resultant acceleration. 

Ans. (a) 6 in.-per-sec. per sec.; (6) 2 in.-per-sec. per sec.; (c) 2 f^lOin.-per- 
sec. per sec. 

(17) Newton assumed that the acceleration of gravity varied in- 
versely as the square of the distance from the earth's centre. He 
then tested this assumption by applying it to the moon. Assuming 
the acceleration at the earth/ s surface 32. 2 ft. -per -sec. per sec., the 
radius of the earth 4000 miles, the distance between centres of earth 
and moon 240,000 miles, and the speed of the moon in its orbit 
around the earth 3375 /it. per sec, show thai Newton'' s assumption is 
in accord with fact, 

Ans. The acceleration of the moon's centre towards the earth is — , or 

r 

' = 0.0089 ft.-per-sec. per sec. 



240000X5280 

But according to Newton's assumption, if g' is the acceleration at the dis- 

tance of the moon, ^ = -^^ = ^. Hence j,' = 0.0089 ft.-per-sec. 

per sec. 



^ 



" u^ 
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(18) Find the resultant of four component accelerationa repre- 
sented by lines drawn from any point P within a parcUkdogram to 
the angular points. 

Ans. If aB the intersoction of the diagonals, PC represents the direction 
of the resultant, and 4PC its magnitude. 

y (19) A ball is let fall in an elevator whifh is rising with an ac- 
jceleration of 7.2 kiiometers-per-min. per min. The accelemtion of 
/the ball relative to tlie earth is 981 cm.-per-sec, per sec. Find its ac- 
celeration relative to the elevator, 

Ans. 1181 cm.-per-sec ])er sec. towards the floor. 

(20) Assuming the mean radius of the earth 6370900 meters^ the 
»peed of a point on the equator 466.1 m. per sec.^ acceleration of a 
fallina body 9.81 m,-per-sec. per sec, finawith what velocity a shot 
mu^t be fired at tlie equator with either a westerly or easterly direc- 
tion in order that, if unresisted^ it shall move norizontally round 
the earth, completing its circuit in 1\ or li hours respectively^ 

Ans. Westerly velocity, 8370.7 meters per sec. ; easterly velocity, 7440.5 
meters per «ec. 

\ju (^1) V different points describe different circles with uniform 
' speeds and with accelerations proportional to the radii of their 
paths, show that their periodic times unll be the same. 

(22) The resultant of two accelerations a and a' at right angles to 
one another is R, If a is increased by 9 units and a' by h units, the 
ma^itude of R becomes three times its former value, and its direc- 

' tion becomes inclined to a at the angle of its former inclination to a'. 

' Find a, a' and R. 

Ans. 3, 4 and 5 units respectively. 

(23) If a tangent be drawn at any point of a conic section, the 
locus of the foot of the perpendicular let fall from a focus on this 
tangent is a circle in the case of the ellipse and hyperbola, and a 
straight line in the case of a parabola. Also the locus of the foot of 
a perpendicular from the vertex of a parabola on a straight line 
drawn through the focus is a circle. 

Assuming tliese properties, show that if a point move in either a 
circle, ellipse, hyperbola or parabola, so that the moment of its ve- 
locity about a focus is constant, the hodograph is a circle. 

(24) Show that if a point moves in an ellipse so that the moment 
of its velocity about the centre is constant, the hodograph is an 
ellipse. [Note that the area of the parallelogram formed by drawing 
tangents to an ellipse at the extremities of a pair of conjugate 
diameters is constant] 

(25) A bullet is fired in a direction towards a second bullet which 
is let fall at the same instant. Show that the line joining them wiU 
move parallel to itself and that the bullets will meet, 

{2Q) Determine whether any of the following equations are pos- 
sible or not : 

(1) lOavst + Sv^s = SgH' ; 

(2) vH — 4as + 3a = ; 

(3) 6t? + 2g''asH' = 'Sd'st*. 

Ans. The first gives us pyvj^- in each term and is therefore possible. The 
second gives us L-J-, i-J- and ~i ^ or each term refers to different kinds of 
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quantities, and the equation is nonsense on its face. The third gives ns p=^, 
[X]* and [X]', and is also nonsense. 

(27) A point moves in a straight line so that the number of units 

of distance sfrom the origin at the end of any number of seconds t 

5 3 6 

is given by s = 2 + -t + -t^ + —t^. Find (a) the number of units of, 

distance from the origin at the start ; (b) the velocity v at any in- 
stant; (c) the acceleration a at any instant; (d) the velocity at the 
start ; (e) the acceleration at the start, 

5 3 15 3 15 

Ans. {a) 2 units of distance ; (b) t> = — + -jr^ + — ?' ; (c) a = - A- jt ; 

5 3 

(d) jT units of distance per sec. ; {e) ^ units of distance-per-sec. per sec. 

(28) A point moves in a straight line so that the number of units 
of acceleration a at the end of any number of seconds t is given by 

a = 7 — 5^* + 2t*. If Vi is the number of units of velocity at the 

starts and Si the number of units of distance from the origin at the 
start, find the velocity arid the distance from the origin at any in- 
stant, ^ 

,=„+.,,+i<.-i?+i^. 

(29) A point mxwes in a straight line so that the number of units 
of velocity v at the end of any number of seconds t is given by 

V = 5 — — f + -t^. Find the accelei^ation a and the distance «, if Si is 

the initial distance, 

A 3 , -5^ 

Ans. a = _ - + -^; 

(30) A point has three component accelerations in the same plane 
given by fi = 40, f^ = 50, fa = 60 ft,-per-sec, per sec., making with the 
axes of X and Y angles given by criz= 60% fii obtuse ; /^a = 30% «» 
obtuse; a, = 120**, /3s obtuse. Find the resultant acceleration. 

Ans. We have /?, = 150% a, = 120% /?, = 150°. Hence 

/a; = — 35 ft.-per-sec. per sec. ; /y = — 43.3 ft.-per-sec. per sec., and 

fr = 55.67 ft.-per-sec. per sec, 

making the angles with X and T given by 

a = 128° 57' 17", h = UV 2' 43". 

(31) A point has three component accelerations, fi = 40, fa = 50, 
ft = QO ft.'per-sec. per sec., making with the axes of X, Y, Z angles 
given by a^ = 60% fix = 100% r i obtuse ; a, = 100% (i^ = 60°, y,^ acute ; 
a% = 120°, /?» = ICK)*, yt acute. Find the resultant acceleration, 

Ans. We find the angles y (page 12) by the equation 

cos* p^ = — cos (a + /^ cos (a — fi). 



I 
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Henee >^i = 148'' 2' 81".7, Xt = 81' 57' 28 '.8, r, = 9V 67 2S'.S; 
/a = — 18.6824 ft.-ppr-sec. p^r sec., /y = + 7.635 ft.-perH3ec. per sec., 
/a = + 59.891 ft.-per-sec. per sec, fr = 62.78 ft.-per-sec. per sec., 

roftking with the axes of X, T, Z angles given by 

a = or 19' 86 '. 6 = 88" 0' 38", c =z 18° 46' 42 '. 

(32) Investigate the motion of a point whose initial velocity in a 
horizontal direction is 0, and in a vertical direction — 22 ft, per sec. 
The horizontal acceleration is fx^ + W ft.-per-sec, per «ec., and the> 
vertical acceleration fy = + 4t ft.-per-sec, per sec. 

Ans. The resultant acceleration is (page 51) 

/= 4/(16)' + W» 
and it makes an angle A with the horizontal whose cosine is 

1 16 

cos A = — . 

1/(16)* + (40« 
and an angle /i with the vertical whose cosine is 

cos Jil = — - , 

VWTW 

The horizontal velocity at the end of any time is 

vx = IQt. 
The vertical velocity at the end of any time is 

t>y = - 32 + 2^. 
The resultant velocity is 

v= i/{my + (2«« - 32)« = 2«« + 88^ 
and it makes an angle a with the horizontal whose cosine is 

8^ 



cos a = 



«»+16' 
and an angle ff with the vertical whose cosine is 

/? <' - 16 
"^'^ = ^-16- 

The distance 8 described in any time is 

« = !«' + m. 

The tangential acceleration is 

ft = a=f:, cos a +/yCos y5 = 16 X ^—^ + 4« X ^5^^ = 4t 

The normal acceleration is (page 52) 

/« = Vf^^J^' = 18. 
The radius of curvature is (page 53) 

t)« (2e« + 32)« 

^=7n=— 16— 

The horizontal distance described is 

X = St\ 
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The vertical distance described is 

y = 1^ - 33*. 
Eliminating t, we have for the equation of the path 

(33) Int^eatigate the motion of a point whose initial velocity in 
the direction of the axis ofx is ^-2 ft, per sec.; in the direction of 
the aocis of y, ; in the direction of the axis ofz, +4 ft. per sec. 
The accelercUion in the direction of the aocis of xisfx = 0] in the di- 
rection of the aocis of y,fy= + sfi.-per-sec, per sec.; in the direction 
of the aocis of z,fz=^+ 5 ft.-per-sec. per sec. 

Ans. The resultant acceleration is (page 61) 

/= |/0« + 3» + 5«= 1^34, 
which makes an angle A with the axis of x whose cosine is 

C08 A = — ■== =0; 

i/34 

with tho axis of y an angle /i whose cosine is 

3 
cos )U = — =rr; 

|/34 
with the axis of s an angle v whose cosine is 

5 



cos V = 



1^34 
The velocities in the direction of x, y and z are 

i?aj = 2; «y = 3*; t>, = 4 -f 5*. 
The resultant velocity is 



t) = |/2a + (3«)« + (4 + 50« = |/34<« + 40« + 20, 

which makes angles a, fi and y with the axes of x, y and z given by 

2 ^ U 

cos a = ; cos p = 



|/34i«-|. 40^ + 20* |/34<a+40« + 20 ' " 

44- 5« 

cos y ^ — — _^— ^^— ^^— — ^— 

4/34^84.40^ + 20* 
The distances described in tho direction of x, y and e are 

i^2t) y = |«'; e = 4« + |««. 
If we eliminate t, we have 

« = 2a; 4- •^'. 

These ore the equations of the projection of the path upon the planes of ^ 
ahda». 
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Besolution and Composition of Moments. — ^The principles, there- 
fore, of pages 35 and 36 hold good for moments of displacements, 
velocities and accelerations, as well as for displacements, velocities 
and accelerations themselves. We have then the triangle and 
polygon of moments. 

Sign of Components of Moments. — ^The signs of the line repre- 
sentatives of the components along the axes of X, F, Z of a moment 

of displacement, velocity or acceleration 
follow the same rule as for comi)onents of 
displacement, velocity or acceleration (pages 
36, 44, 50). 

Hence components in the directions OX, 
OF, OZ are positive' (+), in the opposite 
direction negative (— ). If then we look 
along the line representatives of the compo- 
nents towards tne origin O, the rotation is 
always seen counter-clockwise. Therefore 
rotation from JT towards F, F towards Z^ Z 
towards Xis positive, in the opposite direc- 
tions negative. 

For polar co-ordinates, directions away from the pole are posi- 
tive, towards the pole negative.* 

The algebraic snm of the moments of any number of component 
displacements, velocities or accelerations, about any point in their 
plane, or about any axis, is equal to the moment of the resultant 
displacement, velocity or acceleration about that point or axis. 
Let AB, AC represent 

two component displace- q .r c 

ments, velocities or acceler- ' 

ations of a point A. Then 
the resultant is AR. Let O 
be any point in the plane of 
the components either out- 
side or inside the angle be- 
tween the resultant and either component. 

Then in the first case 

area OAR = area OAB + area BAR — area ROB, 

and in the second case 

area OAR = area OAB + area ROB — area BAR. 

In both cases 

area BAR = area ROB + area OAC^ 

since all three triangles have equal base BR, and the altitude of 
BAR is the sum of the altitudes of ROB and OAC. 
We have then in the first case 

area OAR = area OAB + area OAC, 

and in the second case 

area OAR = area OAB — area OAC. 

♦Evidently, then, we measure angles in the plane XF from OX around 
towards F ; in the plane YZ from Y around towards OZ ; in the plane ZX 
from OZ around towards OX, as shown by the arrows in the figure. 
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But twice the area OAR is the moment of the resultant AR, and 
twice the areas DAB and OAC are the moments of the coinponents 
AB and AC about O. Hence the moment of the resultant is equal 
to the algebraic sum of the moments of the components. 

If we have a third displacement, velocity or acceleration at Ay 
the resultant of this and AR would be the resultant for all three. 
Hence the principle holds for any number of components. 

Again, let AB, BC, CD represent 
the components of a point A. Then 
the resultant is AD, Let OF be an 
axis and XZ a plane perpendicular to 
the axis. Let ab, he, cd be the projec- 
tions on this plane of the component 
velocities. 

We have just proved that the mo- 
ment of ad about O is the algebraic 
sum of the moments of the compo- 
nents ab, be, cd. 

But the moment of each of these 
about O is the moment of AB, BC, CD about the axis (page 60). 
Hence the moment of the resultant AD about the axis is equal to 
the algebraic sum of the moments of the components AB, BC, CD. 
The moment of acceleration of a moving point relative to any 
fixed point in the plane of its motion is equal to the time-rate 
of change of the moment of its velocity about the dame point. 

Let AB = Ui be the instantaneous velocity of 
a point A and J^ its instantaneous acceleration. 
Then in any indefinitely small time dt the 
change of velocity is BC=fdt, and the resultant 
velocity is -AC = v in the plane of r, and /. Take 
a point O in the same plane and drop the per- 
pendiculars li , I and p upon the directions of 
Vi , V and /. 

Then, since the moment of the resultant is equal to the algebraic 
sum of the moments of the components, we have 





vl = vili +/dt . p, or fp = 



dt 



If the path is a circle of radius r, then i = Z, = r, and we have 
relative to the centre 

fp =ftr. 

We obtain the same result as follows : 
Resolve the acceleration / into components ft 
tangent to the circle and /» normal. The latter 
component passes through the centre, and its 
moment is zero. We have then the moment of / 

equal to the moment 
of the other com- 
ponent, or 

fp =ftr. 

General Analytical Determination 
of Resultant Velocity and Moment 
for Any Number of Concurring Com- 
ponent Velocities in the Same Plane. 
—Let the point P be given by the 
co-ordinates a?, y. Let the component velocities of P be Vi , Va , v« , 
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etc., all in the same plane XY and making with the axes of X and 
Fthe angles cti, fix ; ^^a , /^a ; ^^» , /^» , etc. 

Let voe the resultant velocity making the angles a and b with 
the axes of X and Y respectively. 

For the component velocities parallel to Xand Fwe have 

Vx = Vi cos ai + V2 cos era + Va COS a, + , . .= ^rCOSOr; ) 
V» = Vi COS fii + Va COS /^a + t^a COS ^a + . . . = ^U COS /Cf. f 

In these summations components towards the right or upwards 
are positive, towards the left or downwards negative. 
The resultant velocity is then 

Vr = Vvx" + Vy\ (2) 

making with the axes of Xand F angles a and h given by 

cos a = -- , cos h = -^\ (3) 

Vr Vr 

The moment of the resultant velocity with reference to O is the 
algebraic sum of the moments of the component velocities Vx and 
Vy. lip is the lever arm of Vr , we have, paying regard to the sign 
for direction of rotation, for the moment Mz about the axis OZ, or 
the moment in the plane XY^ 

Mz = VrP = VyX — Vxy (4) 

Hence the lever-arm is 

Mz ,^ 

p=irr (^ 

In these equations Vx , Vi, , x and y are positive in the directions 
OX, OF and negative in the opposite directions. With these con- 
ventions the equations are general. 

If Mz comes out positive, the direction of rotation about O is 
counter-clockwise; if negative, the direction of rotation is clock- 
wise as shown in the figure. 

In the first case the line representative is positive and therefore 
passes through O in the direction OZ. In the second case it has 
the contrary direction. In both cases, if we look along the line rep- 
resentative toivards the origin, the direction of rotation will be 
seen as counter-clockwise. 

Since Vr may be considered, so far as the moment at O is con- 
cerned, as acting at anypoint in its line of direction (page 60), 
let us take it acting at ^ the intersection of the line of direction 

of V with the axis of Y. Then we have for the distance OE, 

Mz 
Vx X OE — — Mzj or OE = . The tangent of the angle which 

Vx 

Vr makes with the axis of Xis — . Hence the equation of the line 

Vx ^ 

of direction of the resultant velocity v is 

y=-"-x — —- (6) 

Vx Vx 

If in this equation we make a; = 0, we find the ordinate of the 
point in which the direction of the resultant velocity Vr intersects 
the axis of F, viz., 

OE = y'^-^ (7) 

Vx 



/ 
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If we make j^ = 0, we find the abscissa of the point in which the 
direction of the resultant velocity Vr intersects the axis of X, viz., 

0^ = ^ (8) 

Vy 

General Analytic Determination of Resultant Velocity and Mo- 
ment for Concurring Component Velocities not in the Same Plane. — 

Let the point P be given by 
the space co-ordinates a?, y, z, 
and let the component velocities 
of P be Ui, Vi, v«, etc., making 
with the axes of X, F, and Z the ♦Mjey 
angles «i, A, Yx ; a», /!^a, y% ; as, 
^«, y%^ etc. 

Let Vt be the resultant velocity 
making the angles a, 6, c witn 
the axes. 

We have then for the compo- 
nent velocities parallel to X, F, 
and Z 

t?aT = t?i cos ofi + vvcos at + r>cosai =2vcos«; j 

Vy = Vi cos /?, + Va cos fit + VjCOS /?« = SVCOS/?; V . . (1) 

v« = Vi cosri + Va COS r% + Vt COS y« = 2vcosr. ) 

In these summations components in the directions OX, OF, OZ 
are positive, in the opposite du'ections negative. 
The resultant velocity is then 

making with the axes of X, Fand Z angles a, 6 and c given by 

cosa=— , cos6 = ^^ cosc = ^ (3) 

The moment of the resultant velocity Vr with reference to O is 
the algebraic sum of the moments of the component velocities Vx , 
Vy andt?«. 

We take the positive direction of rotation in each of the co- 
ordinate planes in ttie direction indicated by the arrows in the 
figure. tSius, 

rotation about Z from X to F) 

** " X *' F ** Z > are positive; 

»i »* F " Z " X) 

in the contrary directions, negative. 

We have then for the moments about the axes 



moment about Z parallel to plane XF, Mz^VyX — Vxy\ 

(( ** X ** ** — ~" 



ane XF, Mz = VyX — Vxy\ ) 

** YZ, Mx^vzy-vyz\\. . . (4) 

** ZX, My = VxZ — VyX. ) 



In these equations Vx,Vy, Vz and a?, y, 2; are positive in the direc- 
tions OX, or, OZ, and negative in the opposite directions. With 
these conventions the equations are general; and if Mz Mx, My 
come out positive, we have rotation in each plane counter-clock- 
wise as indicated by the figure ; if negative, clockwise. 

In the first case the Ime representatives pass through Oand 
have the directions OZ, OX, Ox. In the second case they have 
opposite directions through O. In any case the direction of rota- 
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tion is always counter-clockwise when toe look along the line repre- 
sentative towards O. 

The equations of the projections of the line of direction of the 
resultant velocity Vr upon the co-ordinate planes are found as in 
the preceding Article, since each may be considered as acting at 
any point in its line of direction : 



M: 



z 



on plane XY, y = —^x — 

Vx Vx 

Vy Vy 

Vz Vz J 



t * • 



. (5) 



If in these equations we make 2? = 0, we find the co-ordinates of 
the point in which the direction of the resultant velocity Vr pierces 
the plane XF, viz., 

x' = _:«k, ^=^ (6) 

Vz Vz 

If we make a: = 0, we have for the co-ordinates of the point 
where it pierces the plane FZ, 

2?=-^, y= (7) 

Vx Vx 

If we make y = 0, we have for the co-ordinates of the point 
where it pierces the plane ZX, 

^ = -^, af = ^ (8) 

Vy Vy 

Combining the line representatives of the moments given by 
(4) we have 

Mr = Vrp = VMx' + My' + Mz* (9) 

Hence 

P=^ (10) 

Vr 

The line representative for the resultant moment Mr passes 
through O and makes the angles d, e, / with the axes of X, F, Z 
given Dy 

, Mx My J, Mz ,^^v 

cos d = ~, cos e = ^, cos/ = ^^- (11) 

Mr Mr Mr 

Looking along this line representative towards O, the direction 
of rotation is always counter-clockwise. 

The projections of this line representative upon the co-ordinate 
planes make angles with the axes given as follows: 



projection on XF tangent of angle with X= j^; 
** ** YZ " ** ** ** F^ ' 

My ' 

Af.. 

c( (( zx ** ** *' " z = 

Mz 



-. . (12) 



If we makevx = 0, we obtain the equations of the preceding 
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article. If we make x,y^ z zero, we have the equations of i>age 37 
if we put V in place of a. 

General Analytic Determination of Resultant Acceleration and 
Moment for Concurring Component Accelerations. — The equations of 
the last two Articles hold good for a point having component accel- 
erations as well as for component velocities. We have only to sub- 
stitute/in place of V, - 

General Analytic Determination of Kesultant Displacement and 
Moment for Concurring Component Displacements. — The same equa- 
tions hold for a point having component displacements. We have 
only to substitute d in place of v. If we then make a?, y, jz = we 
have the equations of page 37. 



EXAMPLES. 

(1) A point P given by the co-ordinates x= +3/f.,y= +4/f., 
2j = has the component velocities r, = 40, Va = 50, v» = 60 ft. per 
sec., making the angles vnth X, Y and Z, ai = 60", y5i = 150°, y\ = 
90**; «• = 120°, /?. = 30% y^ = 90°; a, = 120% fit = 150% y^ = 90% 
Find the resultant velocity and the resultant moment about the 
origin, 

Ans. The component velocities are in one plane and 

fja; = + 20 — 25 — 80 = — 86 ft. per sec.; 

«» = - 34.64 + 43.8 - 51.96 = - 48.8 ft. per sec. 



The resultant «r = V'^a;* + Vy^ = 55.67 ft. per sec., making with the hori- 
zontal the angle cos a = — = =^-5^ or a = 128" 57' 17", and with the vertical 

angle cosft = ^ = ^^^. or 6 = 141" 2' 48". 

The moment of the resultant velocity Vr with reference to is Mz — — 180 
+ 140 = + 10 sq. ft. per sec. 

The direction of motion of the radius vector in the plane XF is therefore 
counter-clockwise. 

The lever-arm p = ^^-^ = about 0.18 ft. 

The equation of the line of direction of the resultant velocity is ^ = 1.287iB 
+ 0.286 ft. 

The intercepts on the axes are y' = + 0.286 ft., of = — 0.281 ft. 

(2) A point P given by co-ordinates x= + Sft,, y=+ 4ft., z = 
+ 5 ft. has the component velocities v, = 40, Va = 50, vt = 60 ft. per 
sec., making the angles with X, Y, Z, ax = 60% fix = 100% yi obttise; 
a, = 100% /?. = 60", yt acute ; a, = 120", /?« = 100", y% acute. Find 
the resultant velocity and the resultant moment about the origin. 

Ans. We find the angles y (page 12) by the equation 

cos* X = — cos (a + /C^) cos (a — fi). 

Hence yr = 148" 2' 81".7, y^ = 81" 57' 28".3, y, = 31' 67' 28".8. 
«a> =± + 20-8.6824-80= -18.6824 ft. per sec. 
fV = - 6.946 -f- 25 - 10.419 = + 7.685 ft. per sec. 
lb = - 88.987+42.421+50.907 ^ + 59.891 tt. per 
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The resultftnt velocity is 



dr = yvj+vy* + «»• = 62.78 ft. per sec, 
making with the axes of X, F, Z angles given by 

cos a = " ^1;^^ , ora=10ri9'M"; 

-4-7 635 
co8ft = ti^, or b= 83» (yaS"; 

co8c = ±|;?P, or c= 18- 46' 43". 

The moments in the co-ordinate planes are 

Jf. = -f- 22.905 + 74.7296 = + 97.6346 sq. ft. per sec. 
Jf, = + 237.564 - 38.175 = + 199.389 " " " " 
My= - 93.412 - 178.178 = - 271.585 " " " *' 

The resaltant moment is 



Mr = V-^^* + ^v* + Jf«* = 350.78 sq. ft. per sec. 
The line representative makes with the axes of X, Y, Z angles given by 

co8d = g= + ^f" . otd= 66-ai'87"; 

Looking along this line towards 0, the motion of the radios vector is 
counter-clockwise. 

The equations of the projections of the direction of the resaltant velocity «r 
upon the co-ordinate planes are : 

on plane XT, y = - 0.408a5 + 6.226 ft.; 

on plane TZ, e = + 7.778y - 26 115 ft.; 

on plane ZX, a; •= - 0.314s + 4.572 ft. 

The point in which the direction of the resultant velocity pierces the plane 
Xris given by aj' = + 4.572 ft., y' = + 3.357 ft. 

The point in which the direction of the resultant velocity pierces the plane 
YZ is given by y' = + 5.226 ft., «' = -!- 14.56 ft. 

The point in which the direction of the resultant velocity pierces the plane 
ZXia given by «' = - 26.115 ft., x' = + 12.788 ft. 

(3) A point given by the co-ordinates x= + S ft,, y = + ^ ft, 
z = (i, has the component accelerations f = 40, fa = 50, ft = 60ft,-per- 
sec. per sec., making the angles with X, Y ana Z, a^ = 60**, fix obttise, 
y, = 90" ; y5a = 30°, «» obtuse^ y^ = 90" ; a, = 120", fit obtuse, y* = 90". 
Find the resultant acceleration and the resultant moment a^jimt Uie 
origin. 

Ans. (page 64). The component accelerations are in one plane and 

/ay = 4- 20 — 25 — 30 = — 35 ft.-per-sec. per sec. 

fy= -^ 84.64 + 48.8 - 51.96 = - 48.8 ft.-per sec. per sec. 

The resultant fr = Vf^+fv* = 65.67 ft.-per-sec. per sec., making with 
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ihe horizontal the angle cos a = §= ==-5=, or a = 128" 57' 17", and with 

/ 00.07 

ihe vertical the angle cos 6 = '^ = ^^^, or 6 = 141* 2' 48". 

The moment of the resiUtant acceleration with reference to is 
afa = — 130 -4- 140 = + 10 square feet-per-sec. per sec. The direction of mo- 
tion of the radius vector in the plane XT is therefore counter-clockwise. 

The lever-arm p of the resultant is jp = = ahout 0.18 ft. 

The equation of the line of direction of the resultant acceleration is 
y = 1.237ir + 0.286 ft. 

The intercepts on the axes are y' = + 0.286 ft., »' = — 0.231 ft. 

(4) A point given by the co-ordinates a? = + 3/it., 2/= + 4/f., 
= -f 6 /^. has the component accelerations /i = 40, /» = 50, /, = 60 
ft.'per-sec, per sec,, making the angles with X, Y, Z, ai = 60*, 
/Ji = 100°, ri obtuse; a, = 100°, /?, = 60% y^ acute; a. = 120% 
Pt = 100°, y9 acute. Find the resultant acceleration and the result' 
ant moment about the origin, 

Ans. (page 65). We find the angles y (page 12) by 

cos^y = — cos (a + /^) cos {a — fi). 

Hence yi = 148° 2' 81".7, r. = 81" 57' 28". 8, yt = 81° 57' 28".3. 

/a. = + 20 - 8.6824 - 80 = - 18.6824 ft.-per-sec. per sec; 

/„=- 6.9464-25- 10.419 =+ 7.635 *' " ** " ** • 

/^ = ~ 83.937 + 42.421 + 50.907 = + 59.391 " " " " « . 

The resultant acceleration is 



fr = Vfx* +fv +/*' = S2.78 ft.-per-sec. per sec., 
making with the axes of X, Fand Wangles given by 

cos a = "" ^^'!^^ , or a = 107° 19' 86"; 
cos6=:y^, or 6= 88° 0' 88 "; 

cosc = ±ggl, orc= 18° 46' 42". 

The moments in the co-ordinate planes are 

Mz — + 22.905 + 74.7296 = + 97.6346 sq. ft.-per-sec. per sec 
Jfa? = + 237.564 -88.175 = + 199.389 " " " " *' " 
j|fy=- 98.412-178.173 =-271.585 ** " " " ' " 

The resultant moment is 



Mr = 4/JGc' + -3A'' + Jf«' = 350.78 sq. ft.-per-sec. per sec. 
The line representative makes with the axes of X, T, Z angles given hj 

_ Jix +199.389 _ „ . 

cos d = -^ = -^-^s-g— • 01 d= 65° 21' ST'; 

M. -271.686 ,.„..., „„ 

o^'> = ^ = -m:^.ore = 140'U' 8"; 
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Looking along this line towards 0, the motion of the radios vector is coon- 
ter-clockw&e. 

The equations of the projection of the direction of the resultant acceleration 
/ upon the coordinate planes are : 

on pbine XT, y = — 0.408(9 + 5.226 ft; 
on plane 7Z, « = -f- 7 77?y - 26.116 fX.\ 
on plane ZX, a; = - 0.314f + 4.572 ft. 

The point in which the direction of the resultant acceleration pierces the 
plane XT is given by a?' = + 4.672 ft., y' = + 8.867 ft. 

The point in which the direction of the resultant acceleration pierces the 
plane FZis given by v' = + 6.226 ft., s' = - 14.66 ft. 

The point in which the direction of the resultant acceleration pierces the 
plane ZX is given by «' = — 26.116 ft., a;' = + 12.788 ft. 

(5) A point given by the co-ordinatea a? = + 3 ft., y = + 4 ft,y 
2? = has the component displacements di = 40 /t, 3, = 50 ft..^ 
d% = 60 ft, making the angles with X, Y and Z, a, ^ 60**, fi^ o&^uae, 
y, = 90*; A = 30% aa obtuse, r« = 90 ; ai = 120% A obtuse, y% = 90'. 
Find the resultant displacement and moment about the origin. 

(6) A point given by the co-ordinates a? = + 3 ft., y = + 4 /t., 
z = + 5 /r. has the component dispUicem>ents di = 4bft.ydt ^SOft., 
dt = 60 ft,, waking the angles wnh X, Yand Z, ai = 60% fii = 100% 
y 1 obtuse; a, = 100% z^. = 60% r« acute; a, = 120% ft, = 100*, rt acute. 
Find the resultant displacement and moment about the origin. 




CHAPTEE Vn. 

ANGULAR REVOLUTION OF A POINT. ANGULAR SPEED. 

RATE OF CHANGS OF ANGULAB 8PBBD. BQUATIGNS OF MOTION OF A POINT 
UNDEB DIFFBBBNT BATBB OF CHANGS OF ANGULAR SPEED. ANGULAR 
SPEED IN TERMS OF LINEAR TELOCITY. RATE OF CHANGS OF ANGULAR 
SPEED IN TERMS OF LINEAR. MOMENT OF LINEAR TELOCITY IN TERMS 
OF ANGULAR SPEED. MOMENT OF TANGENTIAL ACCELERATION IN TERMS 
OF RATE OF CHANGE OF ANGULAR SPEED. NORMAL ACCELERATION IN 
TERMS OF ANGULAR SPEED. MOTION IN A CIRCLE. 

Angular Bevolution of a Point about a Given Foint.--When a 
point moves in any path whatever from the initial position Pi to 
the final position Pa in any given time, we have called the distance 
PiPa the linear displacement (page 34). 

If we choose any point in space O as a pole 
and draw the radius vector OPi to the initial 
and OP9 to the final position, we call the angle 
P, OPa = 3 the a.ngnlar revolution of the pomt 
P about O. 

Since the angle 6 is measured in radians, it 
is independent of the length of the radius vec- 
tor, or the distance of Pi and Pa from O (page 6). 

It is also independent of the position of the plane of revolution 
Pi OPa in space, or of the direction in space of the angular revolu- 
tion. 

It has, however, magnitude and sign (+) or (— ), according as the 
radius vector moves in this plane in one direction or the other. 

Angular revolution has then magnitude and sign, but not direc- 
tion, it is therefore a scalar quantity like distance described by a 
point, and cannot be represented by a straight line. 

The student must not confound angular revolution with " angular displace- 
ment," which, as we shall see hereafter (page 170). has like linear displacement, 
direction as well as sign and magnitude, and is therefore a vector quantity 
which can be lepresenteid by a straight line. 

Angular Bevolution of a Point about a Oiven Axis.— The angular 
revolution in any given time of a moving point about a given line 
or aocis is the angle between perpendiculars from the initial and 

final positions of the point to the axis. 

Thus let OA be a given axis. Pi and P« 
the initial and final positions of the mov- 
ing point, and Pi-B, Pa C perpendiculars tq 
OA: Then the angle between PiB and 
P9C is the angular revolution about OA^ 
whatever the path between P, and Pa. 

This angle is the same as the an^e 
pCPi, if we complete the rectangle CPi» 
As the straight line pPt is thus the pro- 

71 




72 KINEMATICS— GENERAL PRINCIPLES. [CHAP. VIL 

jection of the line PiP« on the plane PiCp, we see that the angular 
revolution about the axis is the angular revolution of the projection 
p of Pi about the point C. 

Mean Angular Speed of a Point about a Given Point or Axi8.~The 
angular revolution per unit of time is the mean angnlar speed of a 
pomt about a given point or axis. 

Like angular revolution it has then magnitude and sign accord- 
ing to direction of motion in the plane of revolution, but is inde- 
pendent of the position in space of that plane. It is therefore a 
scalar quantity like linear speed (page 16). 

When the mean angular speed varies with the time it is Tariable. 
When it has the same magnitude no matter what the interval of 
time it is uniform. A point moving with uniform angular speed evi- 
dently describes equal angles in equal times. 

Instantaneous Angular Speed of a Point about a Given Point 

or Axis.— The limiting value of the mean angular speed when the 
interval of time is indefinitely small is the instantaneous angular 
speed. If the instantaneous angular speed is variable, the mean 
angular speed has different values for equal intervals of time. 

The term angular speed always signifies instantaneous angular 
speed unless otherwise specified. 

An^lar speed like mean angular speed is therefore a scalar 
quantity, havmg magnitude and sign according to the direction of 
motion in the plsme of revolution, but independent of the position 
of this plane in space. 

The student must not confound axigalaf speed with '* angular velocity," 
which, as we shall see hereafter (page T74)» has direction as well as sign and 
magnitude and is therefore a vector quan^tj. 

Numeric Equations of Angular Speed.— The unit of angular speed 
is evidently one radian per second. We denote the magnitude of 
the angular speed thus measured by the letter gd. 

If then 0, IS the angle measured in the plane of revolution from 
any fixed line to the initial position of the radius vector and 6 to the 
final position of the radius vector, we have for the mean angular 
speed 

"="1- (1) 

When the interval of time is indefinitely small, we have in the 
Calculus notation, for the instantaneous angular speed, 

dO 

"^^di (2) 

Sign of Angular Speed. — These equations are precisely the same 
as equations (1) and (2), page 16, simply substituting 6 for «. The 
sign follows the same rule. Thus when the angle is increasing the 
value of GO is positive (+), and when decreasing it is negative (— ). 

Equation (1) is thus general if we take angles in any one direc- 
tion m the plane of revolution measured from a fixed line in that 
plane as positive, and in the opposite direction as negative. 

Angular speed, then, whether uniform or variable, mean or in- 
stantaneous, IS independent of direction in space. It is entirely 
comparable to linear speed (page 15). 

Change of Angular Speed.— When the angular speed of a point 
varies, the difference between the final and initial instantaneous 
speeds for any interval of time is the integral change of angular 
speed. 
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Mean Bate of Chaiige of Angular Speed. — ^The integral change of 
angular speed per unit of time is the mean rate of change of angu- 
lar speed. 

When the mean rate of change varies with the time it is vari- 
able. When it has the same magnitude no matter what the inter- 
val of time it is uniform. 

Instantaneous Rate of Change of Angular Speed. — The limiting 
value of the mean rate of change of angular speed when the inter- 
val of time is indefinitely small is the instantaneous rate of change 
of angular speed. 

Bate of cnange of angular speed should alwavs be understood as 
meaning instantaneous rate of change unless otnerwise specified. 

Eate of change of angular speed may be zero, uniform or vari- 
able. When it is zero the angular speed is imif orm and the same 
as the mean speed for any interval of time. 

When it is uniform the rate of change of angular speed is the 
same as the mean rate of change for any interval of time. 

When it is variable the mean rate of change has different values 
for equal intervals of time. 

Numeric Equations of Rate of Change of Angular Speed. — The 
unit of rate of change of angular speed is then one radian-per-sec. 
per sec. We denote its magnitude thus measured by the letter a. 

If then ooi is the initial and go the final instantaneous angular 
speed, we have for the mean rate of change of angular speed 

QO — QOi 

'^=-r-' ^^ 

and for the instantaneous rate of cheuige of angular speed 

'' = li = df^ (^^ 

Sign of Bate of Change of Angular Speed. — ^These equations are 
precisely the same as equations (1) and (2), page 25, simply substi- 
tuting GO for V and 6 for 8 and a for a. The value then oi a is posi- 
tive (+) when the angular speed increases and negative (— ) when 
it decreases during the time. 

It is evident that this sign has no reference to position in space. 
Rate of change of angular speed is then a scalar quantity. 

The student must not confound rate of change of angular speed with 
"angular acceleration," which, as we shall see hereafter (page 175), has direc- 
tion as well as sign and magnitude and is therefore a vector quantity. 

Equations of Motion of a Point under Di£Eerent Rates of Change 
of Angular Speed. — We have equations preciseljr similar to those 
for linear speed, page 27. We have only to substitute go for v, a for 
a, for 8. 

(a) Rate of Change of Angular Speed Zero.— In this case if 6 > is 
the initial angle measured in the plane of revolution of the radius 
vector from a fixed line in that plane, and the final angle, we have 

00 = — 7-^» or oot = B --Bi (1) 

Revolution in any one direction in the plane being taken as posi- 
tive, in the other direction it is negative. Then if oo comes out (+) 
it denotes revolution in the assumed positive direction; if (— ), in 
the opposite direction. If t comes out (-H) it denotes time after, if 
(— ) tmie before, the start. 
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(&) Bate of Chancre of Angnlar Speed Uniform. — ^When the rate 
of change of angular speed is uniform, the instantaneous rate of 
change of angular speed at any instant is equal to the mean rate of 
change for any interval of time. 

If €01 and 00 are the initial and final instantaneous angtilar speeds, 
we have then for the rate of change of £uigular speed 

«=-r- ® 

The value of a is (+) when the angular speed increases and (— ) 
when it decreases during the time. 
From equation (2) we have 

00 = ooi + at (3) 

The average angular speed is 

2 — = ^* + 2 ^^^ 

The angle described in the time t is 

S-6. = ^^L^t = ood + ^at\ ... (5) 

Inserting the value of t from (2) we have 

"-"• = -2^ («> 

Hence co' = gdi' + 2a(e — Bi) (7) 

In applying these formulas, a is positive (+) when the angular 
speed increases and negative (— ) when it decreases during the 
tmie, without regard to direction of revolution. 

If angles 6, 0i in one direction are taken as (+), angles in the 
opposite direction are (— ). 

Angular speeds od, gji are positive (+)when motion is in the 
assumed positive direction, and negative (— ) when in the other 
direction. A positive t denotes time after the beginning of motion, 
and a negative t time before. 

[(c) Bate of Change of Angular Speed Variable.]— If the rate of change of 
angular speed is variable, we nave from (1), in Calculus notation, 

""^dV (^) 

doo d^e 

''=M=dF' (») 

and from (8), 

r Qodt (10) 

The preceding equations can be directly deduced from these as on page 28. 

Angular Speed in Terms of Linear Velocity. — If a point moves 

A from Pi to Pa in any path in the time t^ the 

A ^ linear displacement in that time is the 

f^^^^ZZ^^^^ chord P1P2. 
• ^\^^^ — 55^ If w6 take O as a pole, the angular dis- 

/\ y/^ placement of revolution is PiOP% = 9. The T 

Y \y^ mean linear velocity is / 

rjy^ chord P iPa 

and the mean angular speed is -r* 

V 



V 
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From Pi draw PiN perpendicular to OPt, Then if angle PiPJf 
= 0, we have 

PiN= chord PiP. . sin 4>. 

Dividing by f , we have 

PiN__ chord PiP» . sin <p 
t " t 

But PiN= r sin 0, where r is the radius vector OPu Hence 

rsinQ __ chord PiPa . sin 
* " t 

If now the time is indefinitely small, 7~~^ becomes the in- 

stantaneous velocity v, and <p becomes the angle APiV = e between 
the radius vector OPi and the instantaneous velocity v, and sin0 

becomes 3, and -r- becomes the instantaneous angular speed gd. Hence 

V sin e ,^. 

roo = vsiae, or co = (1) 

r 

In general, then, whatever the path or wherever the pole, 

The magnitude of the angular speed at any point is equal to the 

magnitude of the component of the linear velocity at that paint per- 

pendicular to the radius vector, divided by the magnitude of^the 

radium vector. 

If the pole O is taken at the centre of curvature, so that OPi is 

equal to the radius of curvature />, then e = 90° and we have pw = v 

V 

or GO = —. 

P 

Kate of Change of Ang^ar Speed in Terms of Tangential Linear 
Acceleration. — If /^ = a is the magnitude of the linear tangential 
acceleration or rate of change of speed at any point, tiien we can 
prove, precisely as in the preceding Article, that 

/«sine ^ 

r 

where a is the magnitude of the rate of change of angular speed. 

Hence the magnitude of the rate of change of angular speed at 
any point is equal to the magnitude of the component of the linear 
tangential acceleration at that point perpendicular to the radius 
vector, divided by the magnitude of the radius vector. 

If the pole O is taken at the centre of curvature, e = 90* and we 

have pa = ft or a = — . 

P 

Moment of Linear Velocity in Terms of Angnlar Speed. — We can 
resolve the linear velocity v at the point P into a component v cos e 
along the radius vector and a component ^ 

V sin e perpendicular to the radius vector. y<e 

The moment of tiie first relative to the pole , 5^^JL_#.v 

is zero. Shice the moment of v is equal to 
the algebraic sum of the moments of its com- 
ponents (page 62), if we take moments about ^ 
the pole, we have 

vp = v sin € . r. 



I 



I 
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But we have just seen that v sin e = rao. Hence 

vp = r*(o (3) 

That is, the magnitude of the moment of the linear velocity at any 
point relative to the pole is eaual to the magnitude of the angular 
speed at that pointy multiplied hy the square of the magnitude of the 
radius vector. 

Since v sin e is the normal component of t?, v sin e . r is twice the 
areal velocity of the radius vector (page 61). 

Moment of Linear Tangential Acceleration in Terms of Bate of 
Change of Angular Speed. — ^We can resolve the tangential accelera- 
tion ft iiito components along and perpendicular to the radius vector 
and thus ohtain, precisely as in the preceding Article, 

/jP=/«i>t=^« (4) 

Hence the magnitude of the moment of the linear tangential ac- 
celeration at any point relative to the pole is equal to the nuxgnitude 
of the rate of change of angular speed at that pointy multiplied by 
the square of the nvaqnitude of the radius vector. 

Since /« sin e is the normal component of ft , ft sin e . r = r'a is 
twice the areal acceleration of the radius vector (page 61). 

Normal Linear Acceleration in Terms of Angular Speed. — ^We 
have seen (page 53) that when a point moves in any path, the 

V* 

magnitude of the normal acceleration/^ is given hy/^ = — , where 

p is the radius of curvature. 

If we take the pole at the centre of curvature, then, we have v =c 
poot and hence 

fn~^~ P^ = ^^ (5) 

The magnitude of the normal linear acceleration at any point is 
equal to the magnitude of the radius of curvature at that point, 
multiplied by the magnitvae of the square of the angular speea^ or to 
the velocity voo in the hodograph (page 52). 

Since for any path roo = v sin e, we have 

roo 

V = 



i SUl 6 



Hence, in general, 

^ p p sm" € 

where r is any radius vector when the pole is not at the centre of 
curvature, and e is the angle of v with this radius vector. 

Motion in a Circle. — For a point moving in a circle we have 
£ = and r = p. Hence from (1), page 75, we have 

v = r(io, or ol>=- (1) 

r 

If r is unity, we have the numeric equation co = t?, that is, the 
number of units of angular speed is equal to the number of units of 
linear speed at distance unity. 

From (2), page 139, we have 

f 

/^ = m, or a = - (2) 
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If r is unity, we have the numeric equation a=ft, that is, the 
number of units of rate of change of angular speed is eqiuil to the 
number of units of linear tangential a^cceteration at distance unity. 

From (6), page 76, we have in any case 

fn = ^<^^ (3) 

or the normal linear acceleration is eqvxil to the velocity in the 
hodograph (page 62). Inserting the value of v from (1), 

/» = »-«'=y. or «>'=-?^ (4) 

If r is unity, we have the nimieric equation /n = t?" = »', that is, 
the number of units of the normal linear acceleration is eqvxil to the 
square of the number of units of linear velocity at distance unity ; 
or the square of the number of units of angular speed is eqvxil to the 
number of units of the normal linear acceleration at distance unity. 

We have also for the total resultant linear acceleration 

f=Vft'+fn\ (5) 

Since the component /n passes through the centre, the moment 
of /relative to the centre is equal to tiie moment of /^. Hence 

VI' = r*(», (6) 

fp=ftr = r'a (7) 

give the moments of v and/ with respect to the centre. 

If the point starts from rest and acquires the velocity v in the 

'~ V 

^ time *, under constant tangential acceleration, we have /^ = —, 

" = !• 

Graphic Eepresentation of Bate of Change of Angnlar Speed. — 
We can represent intervals of time by distances laid off horizontally 
and the corresponding angular speeds by distances laid off vertically 
and thus obtam the same diagrams as for linear speed given on 
page 29. 

EXAMPLES; 

^ f ^^ (1) The angular speed of a point moving in a plane about some 
assumed point changes from 60 to 30 radians per sec. in passing 
through 80 radians. Find the constant rate of change of angular 
speed and the time of mx>tion. 

Ans. a = -j-r — j-r- = — 10 radians-per-sec. per sec. The minus sign de- 
notes decreasing speed, t = i = 2 sec. 

(2) Draw a figure representing the motion in the preceding 
eocample, and deduce the results directly from it. 

Ans. Average speed = — ^t — = 40 radians 

to 

per sec. Hence 40^ = 80 or * = 2 seconds. Also ^r* ,^ ^ 

80-50 .. ,. »«»-^ 

a = = — 10 radians-per-sec. per sec. 
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(3) A point moving in a plane has an initial speed of 60 radians 
per sec. about an assumed point and a rate of change of meed of 

+ 40 radians-per-sec. per sec. Find the speed after 8 sec.: the time 
required to describe 300 radians ; the change of speed while describ- 
ing that angle ; the final speed. 

Ans. See Example (9), page 31. 

(4) If the motion in the last example is retarded, find (a) the 
angular revolution from the start to tlie turning-point ; (6) the angle 
described from the start after 10 sec. ; the speed acquired and the 
angle between the final and initial positions ; (c) the angle described 
during the time in which the spee/a changes ^o — 90 raduins per sec., 
and this time ; (d) the time require by the moving point to return 
to the initial position. 

Ans. See Example 10, page 82. 

(5) A point moving in a plane describes about a fixed point 
angles of^l20 radians, 228 radians and 336 radians in successive 
tenths of a second. Show. that this is consistent with uniform rate 
of change of angular speed, and find this rate. 

Ans. a = 10800 radians-per-sec. per sec. 

(6) Two points A and B move in the circumference of a circle 
with uniform angular speeds go and a)\ The angle between them at 
the start is a. Find the time of the nth meeting, the angles described 
by A and B, and the interval of time between two successive meet- 
ings. 

Ans. See Example (21), page 21. 

Time of the nth meeting, tn = ^^ r-^ — . 

Angle described hj AisB = ootn. 

** J? is T a. 
Interval of time between two successive conjunctions is 

tt-tr=U^t^z= ^^^,, 

where we take the (+) or (— ) sign for a according as J9 is in front of or behind 
A at start, and (-|-) or (~) sign for oo' according as the points move in opposite 
or the same directions. 

>^|^'^^(7) What is the angular speed of a fiy -wheel 5 ft. in diameter 
/ ' which makes 30 revolutions per minute, and what is the linear ve- 
locity of a point on its circumference f Also find its linear normal 
acceleration and the moment of its velocity vnth reference to the 
centre. 

Ans. 7C radians per sec; 2.57r ft. per sec., tangent tocirc.; 2.6;r' ft.-per- 
sec. per sec.; 6.25;r sq. ft. per sec. 

(8) Find the linear and angular speed of a point on the earth's 
equator, taking radius 4000 miles ; also the linear normal accelera- 
tion. 

It 
Ans. 1585.9 ft. per sec.; — radians, or 15* per hour; 0.112 ft.-per-sec. per 

sec. 

3 

(9) The angular speed of a wheel is --% radians per sec. Find the 

4 

linear speed of points at a distance of 2 ft,, A. ft. and Vd ft* from the 
centre, also the linear normal acceleration. 
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Q 

Ans. ^^r, Sir, 7. 5^ ft. per sec. 

9 45 

s-** -jTr*, -5-;r« ft.-per-sec. per sec. 
' o 4 o 

fu/^) If the linear ^peed of a point at the equator is r, find the 
^peed linear and angular at any tatitvde A, 

It 
Ans. tJ cos A ; -r^ radians per hour, or 15" per hoar. 

(11) A point moves with uniform velocity v. Find at any instant 
its angular speed about a flexed point whose distance from the path 
is a. 

Ans. -5- radians per sec, where r is the radius vector. Uniform velocity 

means uniform speed in a straight line (page 43). 

Hence the angular speed of a point moving with uniform speed in a straight 
line is inversely proportional to the square of the distance of the point from a 
fixed point not in the line. 

(12) The speed of the periphery of a mill-wheel 12 feet in diame- 
ter is 6 feet per sec. How many revolutions does the wheel make 
persecJ 

Ans. 27 — revolutions. 

(13) The time is between 5 and 6 o'clock^ and the hour and min- 
ute hands are together. What is the time f 

Ans. 5 h. 27 m. 16 sec. (see Example (6) ). 

(14) Eocpress in degrees and radians the angle made by the hands 
of a clock at 3.36 o^clock, 

Ans. 102.5 deg., 1.79 radians. 

(15) Find the multiplier for changing revolutions per minute into 
radians per second, 

Ans. 0.10472 rad. per sec. = 1 rev. per min. 

(16) Th>e minute and second hands point in the sams direction at 
12 o'' clock. When, do they next point tn the same direction f 

Ans. 1 min. 1^ sec. after twelve. (See Example (6) ). 

(17) Two clocks are together at XII, When the first comes to J, 
it has lost a second; when the second comes to J, it has gained a 
second. How far are they apart in 12 hours f 

Ans. 24 sees. 

(18) Two men start together to walk around a circular course^ one 
tawing 75 minutes to the rounds the other 90. When unll they be to- 
gether again at the starting-point f 

Ans. 7.5 hours. (See Example (6)). 

(19) ITie hour-hand of a watch is ^ of an inch Jxmg^'the minute- 
hand f of an inchy and the second-hand i of an ihch. Compare the 
lineal speeds of their points and the angular speeds, 

Ans. 6 : 112 : 2800; 1 : 12 : 720. ' t 

(20) Deduce the equivalent of longitude for one minute of time 
and for one second of time, -, 

Ans. 15' to 1 min., 15" to 1 sec. 
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(21) The diameter of the earth is nearly 8000 milea. Eequired 
the circumference at the equator and the linear speed at latituae 60*. 
Ans. 25000 miles; 521 miles per hoar. 

{22) The wheel of a bicycle is 52 inches in diameter and performs 
5040 revolutions in a journey of 65 minutes. Find the speed in 
miles per hour ; the angular speed of any point about the oMe ; the 
areal velocity of a spoke ; the relative velocity of the highest point 
with respect to the centre, 

Ans. 12 miles per hour; 8 : 12 radians per sec.; 19.06 sq. ft. per sec.; 12 
miles per hour. 

(23) In going 120 yards the front wheel of a carriage makes six 
revolutions more than the hind wheel. If each circumference were a 
yard longer, it would make only 4 revolutions more. Find the cir- 
cumference of each wheel. 

Ans. 4 yards and 5 yards. 

(24) If the velocity of a point is resolved into several components 
in one plane, show thai its angular speed about any fixed point in 
the plane is the sum of the angular speeds due to the severat compo- 
nents. 

(25) A point moves with uniform speed vin a circle of radius 

r. Show that its angular speed about any point in the circumfer- 

. V 
ence is -— . 
2r 

(26) Show that the angular speed of the earth about the sun is 
proportional to the apparent area of the sun^s disk. [The radius 
vector from the sun to the earth sweeps over equal areas in equai 
times.] 

(27) A point P moves in a parabola with constant angular speed 
about the focus S. Show that its linear speed is proportional to 

SP^' 

h/^ (28) A point starting from rest moves in a circle with a constant 
-J - rate of change of angular speed of 2 radidns-per-sec. per sec. Find 
the angular speed at the end of 20 sec. and the angular displacement 
of revolution; also the linear speed and distance described and 
the number of revolutions : also the linear tangential acceteration 
and the normal linear acceleration at the end of 20 sec. 

400 
Ajis. 40 rad. per sec; 400 radians; 40r ft. per sec.; 400rft.; - — revolu- 

I tions; 2r ft.-per-sec. per sec. tangential acceleration; 1600r ft.-pe^sec. per sec. 
normal acceleration. 

(29) A point moving vnth uniform rate of change of angular 
speed in a circle is found to revolve at the rate of 8i revolutions in 

1 the eighth second after starting and 7i revolutions in the thirteenth 
second after starting. Find its initial angular speed and its uni- 

\form rate of change of angular speed ; also the initial linear speed 
and rate of change of speed; also the initial normal acceleration. 

Ans. 20.27r radians per sec; — 0.4;r radians-per-sec. per sec; 20.2;rr ft. 
per sec; — 0.47rr ft.-per-sec. per sec; 408.04;rV ft.-per-sec per sec. 

(30) A point starts from rest and moves in a circle with a uni- 
form rate of change of angular speed of 18 radians-per-sec. jper sec. 
Find the time in which it makes the firsts second and thira revolu- 
tions. 
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CHAPTER Vni 



DIFFERENTIAL EQUATIONS OF MOTION OP A POINT.* 



Free Hotion of a Point — Bectangnlfir Co-ordinatei.— Let a mov- 
ing point have a position at any instant given by the oo-ordiaatos x, y and 
z, and let the distance described in the interval of time dt be ds, and let 
the direction of motion make the angles a, fi, y with X, ¥, Z. Thtoi we 
have 



die 



The magnitade of the velocity if 



_dj/ 



dt 



(1> 



and its components is the direction of the axes are 
tte=fCOBar = — 008 a = — 



' 1I, = P008/J = — COB /3 = 



_ ^y . 



= DC08ys 



m" 



■ dt' 




"We have Vx positive towards the right, negative towards the left; «« posi- 
tive npwards and native downwards ; v, positive in the direction OZ, 
negative In the opposite direction (page 44). 

Squaring equationa (8) and adding, since cos' a + cos' fi -H cos' y = 1, 
we have 



= V -H^' + «^' 



=(!)■= ©■-©■- (I)- 



<*) 



•=i-/(ir-(i)"-{sy 



Let the acceleration be / and \ta components in the direction of the 
les-T, r, 2beA,A,/.. then wehave 



* This Chapter most be omitted by tboee not familiar with the Calculus. 
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The acceleration / is then 

/=^/VWTZ.=^(^7.(g)V(g)-. . . m 

We have fx positive towards the right, negative towards the left; /, 
positive upwards, negative downwards; f% positive in the direction OZ^ 
negative in the opposite direction. 

The tangential acceleration /( = a is the rate of change of speed, or 

•^' = '' = 5f = d? ® 

Differentiating (4) 2^^ substituting (6), we have 

vdv = f±dx + fydy + f^z, 1 

Hence I 

/r- • • • W 
(faddx + fydy + fs4z) + Const. [ 

ds d?8 

Dividing by cfo, since ^ = ;37» a^id dv = — , we have from (8) 

^' = '''=dt=d^='^^di ""^"Hi ^^'di 

~' ds dt^^dB d^^ ds d^' ' ^^"^ 

The normal acceleration /«, as we have seen (page 76), is /» = — , where 

P 
p is the radius of curvature at the point. We have from analytical 

Geometry 



Hence 



1 _ (d:'xy (cPyy /^«\' 



/.=KI)"=»(I)"U5)"- (&)■-©■• • • '""> 

and the acceleration/ is 

f=i/ft'+fn' (116) 

If we denote by S the angle which the acceleration / makes with the 
radius of curvature p, and by e the angle which it makes with the tangent 
to the curve, we have <5 + e = 90° and 



«' 



iW 



tan ^ = ^ = -7:^ (12) 




The moment of the velocity about the origin is the sum of the mo- 
ments of the components. The moments in planes parallel to JTF, ZZ, 
ZJTare : 



about 2. Mz =: —-• X ' v: 

' * dt dt ^' 

II T,^ dx dz 

y, My=-^.»-^.X. 



(18a) 
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The moment about the origin of the resultant velocity v it p is its 
lever-arm is then 



vp = Jf = |/ifa.« + My" + Mz"" (136) 

The line representative of this moment makes the angles ei^, e, /with 
the axes of X, F, .^ given by 

, Mx My _j, Mz 
cos d = — -r, cos e = —5, cos/ = -^r=r (14) 

M M M 

Looking along this line representative towards the origin, the direction 
of rotation is always counter-clockwise. 

In the same way the moment of the acceleration about the origin is 

the sum of the moments of the components. We have then precisely the 

d^x d^v d^z 
same equations as (13), (14), only we put -r-^-, -~, -— in place of 

dZ) at Cw 

djQR d^ dz 

T-i ^> 37 ^ order to find the moments in the co-ordinate planes. 

at dt dt 

Application of the Preceding Formulas.— Equations (3) and (6) are 
the general equations by which the motion of a point is determined. 
Applications of the use of the equations just deduced will be given here- 
after. We can only indicate here the general application. 

If 2r = 0, we have motion of a point in a plane only. The correspond- 
ing equations are at once obtained by making z and dz zero wherever they 
occur in the general equations. 

If we also make yS = and ^ = 0, we have motion along the axis of x 
only. Hence taking a? = «, we have from (3) 

ds d^s 

v=-; from (6),/=/, = a =^; 



which are equations (8), (9) of page 51. 

If the velocity v in any case is given, it can be resolved by (3) into its 
components % , Vy, Vz. Then by differentiating as indicated by (6) the 
components /a?, fy^/z of the acceleration / can be found, and the accelera- 
tion / can then be found by (7). 

If the component accelerations are given, we find by integration the 
component velocities and then the resultant velocity. 

If the path is required, each of equations (6) must be integrated twice, 
thus introducing two constants of integration for each. The constants 
of the first integration will depend on the initial velocity, those of the 
second on the initial position. We thus obtain equations involving x, y, z 
and ^, and by eliminating t we obtain an equation between x and y, or y 
and 2r, or z and a?, that is, the equation of the projection of the path on 
the co-ordinate planes. 

Differential Polar Equations for Motion of a Point in a Plane. — 
Let X and y be the rectangular co-ordinates, and 
r and the polar co-ordinates, of a point P in a 
plane. Then 

aj = rco8 0, y = rsin0 (15) 

Differentiating and dividing by dt, we have 

dx dr ^ , ^dQ 

dt dt dt 

dv dr . dQ 

Vy = ^ = —8iue+rooBQ^ (17) 

dt dt dt ^ 
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Squaring and adding, since sin* + cos' = 1, we have for the magni- 
tude of the velocity 

- = m- m* i^)' »« 

dr 

If r is constant, the path is a circle. In this case -r— is zero and v = 

at 

dQ 
r— = roo, where oo is the angular speed (page 76). 

The velocity along the radius vector is 

-T7 = -T-cosO + -^sinO (19) 

dt dt dt 

The velocity perpendicular to the radius vector is 

r-j7 = -rf cos rrsin® (20) 

dt dt dt 

Since by (6) --^ and — ^ are the horizontal and vertical oomponenti 
of the acceleration, we have, by differentiating (16) and (17), 

The acceleration oZow^' the radius vector is then /a? cos +/ysin0, or 



— sin + — cos = T\ — 1 

5» ^ dt^ df \dt) 



d^T 

If r is constant, the path is a circle. In this case -=r^ is zero, and the 

acceleration along the radius vector is /n = — ^a>', where oo is the angular 
speed (page 76). The (— ) sign denotes direction towards the centre 
(page 50). 

The acceleration perpendicular to the radius vector is 

/ycoso — AsinO, 
or 

_|cose-^8m9 = 3--+r_ (M) 

dr 
If r is constant, the path is a circle, and ;=-- is zero, and the acceleration 

perpendicular to the radius vector is /f = ra, where a is the rate of 
change of angular speed (page 76). 
Equation (24) may be written 



2 h r — 

dtdt dt^ 



=M'-I) <^ 



From equation (13a) we have, by inserting the values of Xy y and -^rt 

alt 
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^ from (16), (17), for the moment of the velocity with reference to the 
pole, if p is the lever-arm, 



dt 



(26) 



where <» Is the angnlar speed (page 76). 

From equations (14) and (21) and (22) we have in like manner, for the 
moment of the acceleration, 



^ f^dr dQ d^\ 
We see from (25) that this may also be written 



(37) 



(28) 






(29) 



where ft is the tangential acceleration and a is the rate of change of 
angular speed (page 76). 

Applications of the use of these formulas will be made hereafter. 

General Polar Equations of Motion of a Point in a Plane — Ac- 
celeration CentraL — When the acceleration is always directed to or from 
a fixed point it is called central acceleration, and the fixed point is 
called the centre of acceleration. Let this fixed point be the pole. 

Then, since the direction of the acceleration always passes through the 
pole, its moment with reference to the pole is zero, and we have from (28) 

.(^f)=0. or 

where c Is a constant of integration. 

dJb 
;^ow -=- = (» = angular speed, and from page 75 we have 
dt 

Too = V sin e, 

where e is the angle which the velocity 
at any point makes with the radius vector. 
Therefore 

r'-r- = r*<» = ro sm e = c. 
dt 

From page 76 we see that r'^oo is the mo- 
ment of the velocity and is equal to twice the 
areal velocity of the radius vector. 

Hence in central acceleration, the moment of 
the velocity about the pole is constant, the area described by the radius 
vector in a unit of time is constant^ and t?ie radium vector th&refore de- 
scribes equal areas in equal times. 

The constant c is twice the area described by the radius vector in a unit 
of time (page 61). 

If p is the perpendicular let fall from the pole upon the direction of the 
velocity, we have 




From (80) we have 



vp = r'-— = r*c» = re sm 6 = 0. 
dt 



dS c ., e 

--=(» = _ and t> = -. 
<w r* p 



(30) 



(81) 
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Hence for central acceleration the angular speed at any point of the 
path is inversely as the sqtuire of the radius vector^ and tJie linear vdocOy 
at that point is inversely as the perpendicttlar distance from the centre €f 
acceleration to t?ie tangent to the path at tJiat point. 

If /is the centra] acceleration along OP, then the component of /nor- 
mal to V i8/n=/Bin €, or, since from (30) sin e = — ,/n=/^. But from 

r T 

page 58 we have seen that /n = — , where p is the radios of curvature. 

p 
Hence 



/^=*l, or *' = ^xlf3^^V 
r p 4\ r / 



But 2p sin e = 2p— is the length of the chord of curvature 2PB through 

the pole. (See figure page 85.) 

From page 28 we have for a point moving from rest with uniform rate 
of change of speed a, t?" = %a{s — Si). Therefore, for central accelera- 
tion the speed at any point of the path is equal to that acquired by a 
point moving from rest vjith constant rale qf change of speed f through a 
space eqwal to one fourth tJie chord of curvature through tJie centre qf 
acceleration. 

If the acceleration is central, its component perpendicular to the radius 
vector is zero, since the pole is the centre of acceleration, and we have 
from (24) 

^dr de d^Q 

^-S3t^''W = ' <82) 

The component along the radius vector is equal to the acceleration 
itself, if the pole is the centre of acceleration, and we have from equation 
(23), if the acceleration is towards the centre, 

i-it)'=-f. « 

where the (— ) sign for /denotes motion towards the centre (page 50). 

Equations (32) and (33) express all the conditions of central accelera- 
tion towards the pole, and therefore determine the motion. 

If the acceleration is away from the pole we have + / instead of — / 
(page 50). 



From (30) we have 



and equation (33) becomes 



de "r*' 



^ = ^— /=r»'— /. (34) 

But we have seen, page 76, that roo'^ is the central acceleration for a 

point moving in a circle of radius r with the speed roo, 

dj^ 
The rate of change of length of the radius vector ^, we see from (34), 

is then the difference between the central acceleration /at any instant and 
the central acceleration at the same instant of a point moving in a circle 
of radius r with the same angular velocity. 

This rate of change of velocity along the radius vector is called the 
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paracentric acceleration. Its integral or ^ is* the velocity of approach or 

recession along the radius vector and is called the paracentric velocity. 

(a) To find the ipeed at any point of the path. — Central aooeleration. 
If we multiply (32) by rdB and (33) by dr and add, we have 

or 

Integrating, we obtain 

^cx-^ffdr, (86) 

where Ci is a constant of integration. 

If the law of variation of /is given in terms of r for any given case, 

we can perform the integration denoted by / fdt. 
From (18) we have 

dt^" dt^ • 
Hence 

t>" = Ci - 3 Cfdr. (87) 

We have also from (80) 

t> = ^ (38) 

Since in (37) the value of v depends only upon r, we see that the speed 
for central cuxideration at any two points of the path is independent of 
thepathf and is the same for any points equally distant from the centre, 
ths law of acceleration remaining the saws, 

ip) To find the time of describing any portion of the path.— Central accelera- 
tion. 

Substituting (81) in (36), we have 



dt 
Hence 



dr'^ & /» 
5- + p = «,-2y/(fr. (39) 



"=X;^*-- - 



^ ^ 



\ j'fdr 
We have also from (31) 

'AUs'^ (*« 

from which r must be eliminated by means of the equation of the path and 
the integration performed in reference to 0. 
(c) To find the equation of the path. 

r^dJ^ 
Substitute in (89) for di? its value from (31), dt^ = --j-, and we have 
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Thla equation may be simplified by patting r = —, and it then beoomes 

(df) To find the law of the aeeeleration for any glTen path. — Central aeeelan- 
t&on. 

Differentiating (43) with reference to de, we have 

/=<^.(g-+«) (44) 

f^dB* 
Substituting in (38) for df its value from (81), d^ =: — 3— > we have 

which is the same as (44) if we put — = u. 

T 

r*dB* 
From (30) we have jf = -j^, and from (18) ffd^ = di* + r^dJ^. 

Therefore 

,___rW_ * ^ 



Substitute this in (42) and we have 
Differentiating with respect to p, 



(47) 



/=^. (48) 

p*dr 

The law of acceleration is given by (44) or (45) or (48). 
From (83) and (35) we have 

^ 2drdB 

an expression which will often be found useful in reductions. ^•'' 

Differential Equations for Constrained Motion of a Point in a 
Plane. — For free motion of a point in a plane we have from {^) for the 
horizontal and vertical components of the accelerj^tion .*^ /* / 

Under the action of these components, the point, if free to move, de- 
scribes some curve. 

But if it is constrained to move in a given curve, these components 
will be changed by reason of tfee normal acceleration JV due to the given 
curve. 

If thus /is the acceleration ef a free point P^ fx and /y its horizontal 
and vertical components, N the normal acceleration due to the given 
Y ^ curve, and fi the angle of the tangent at P 

u y / with the horizontal, we have 

'^"|.=/„-iV^sine; . . . (50) 




dt 



dt 



3 =fy + iVcos 0. . . . (51) 
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If iV is zero, the motion is unconstrained and we have (6). These two 
equations, together with the equation of the given curve, are sufficient to 
determine the motion completely. 

In applying them, /» is positive towards right, negative towards left, 
and the horizontal component of If follows the same rule. We have fy 
positive upwards and negative downwards, and the vertical component of 
iV follows the same rule. 

If we multiply (50) by 2dx and (51) by My and add, we have, since 

dv ^ ax 

smO = -?- and cos = — , 
d% as 

2dxcPz + 2dyd^y «, - , ^ , v 
^, ^ ^ = 2(fxdx +fydy). 

The first member of this equation is the differential of "t. = 

dt* 

d^ 

— = tj», or is equal to 2vdv, Hence 



vdi)z=fxdx +fydy, 
or 



)• = 2 1 {fxdx -{-fydy) + Constant. 



(52) 



This is precisely the same result as that obtained for free motion, equa- 
tion (9). 

Hence we conclude that if there is no acceleration except that of if due 
to the curve alone, or if A = 0, /y = 0, the speed on the curve is constant 
and unaffected by the curve. 

If there is an acceleration besides that due to the curve, the speed will 
be unaffected by the curve and the same as if the point were free. 

If the acceleration of the free point is parallel to the axis of ^, we have 
/a; = and 

tj« = 2 ifydy + Constant (53) 

If in this last case fy is constant, we have 

«• =2/yy + Constant (54) 

If the distance of the point from the origin y = «i when t? = t?i , we 
have 

t>« =«!« +2/y(y-«i), (55) 

which is precisely the same as for uniform rate of change of speed for a 
free point, as given by eq. (7), page 56. 

Regard must be had to the signs in applying these equations to any 
special case. Velocity and acceleration upwards are positive, downwards 
negative ; to the right positive, to the left negative. 

(a) To find the time of motion of a point on a given curve. 

ds * 

In all cases el^ = — . Hence when the nature of the curve and the 

speed at any point of it are known, the value of v may be found from (52) 
and sul^tituted, and then t may be found by integration. 

If the acceleration of the point is constant and equal to /and parallel 
to y, we have from (55) 

.<K= , ^ (56) 
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(6) To find the normal Mooloration dot to tht ennro. 
If we multiply (50) by £- and (51) by j- and subtract, we have, smoe 

8ine = ^, cofle = — , and da^ + dy* = di\ 
as Of 

Eliminating cU by the equation « = --, we have 

dt 

j^_ ^dy .dx ^^ dMPy-dyd^ 

But if p is the radius of curvature of the constraining curve at the 
point Xy y, 

^ (fa' 

^ "" (tod'y — dyd^x ' ^ . 

Hence * 

^"'^'d^'^'^di^J 

=/»sinO— /ycose + — (67) 

The first two terms give the normal component of / for free motion. 
The last term is the normal acceleration due to the curve. 

If A and/y are zero, the only acceleration is that due to the curve and 

iV = ^ (page 76). 
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CHAPTER L 



RECTILINEAR MOTION OF TRANSLATION. 

FALLHiG BODY. ACCELERATION INYER8ELT AS THE BQUABE OF THE 

DISTANCE. 

Translation. — We have defined translation (pa^ 13) as motion 
of a rigid system, such that every straight line joining any two 
points remains always parallel to itself, llie paths of all the points 
are therefore parallel at everjr instant and equal for any given 
interval of time, and the velocities of all the points at any instant 
EU'e equal and parallel. 

If these velocities are uniform, that is, if all points move in 
parallel straight lines with e^ual speed, the translation is uniform. 
11 these velocities change either in magnitude or direction, the 
translation is variable. 

When, then, a body has motion of translation only, the motion 
Df the body is the same as that of any one of its points, and the 
3tudy of the kinematics of a point is therefore the study of the 
translation of a body. 

Rectilinear Motion. — If the direction of the acceleration of a 
point does not change and always coincides with the direction of 
the velocity, then the velocity may chanj^ in magnitude but can- 
not change in direction, and we have motion in a straight line. 

In such case the magnitude of the velocity is the speed in a 
straight line, the magnitude of the acceleration is the rate of change 
of speed and may be either uniform or variable, and the equations 
of pages 28 or 51 apply. 

Acceleration is Proportional to Force. — Although we aie now 
studying change of motion without reference to its cause, it will be 
well for the student to keep in mind the fact that no material body 
can change its own motion. Any chan^ of motion is always found 
to be due to the action of other bodies. This action of external 
bodies upon the body considered to which change of motion or ac- 
celeration is due is called force. 

91 
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The student may figure to himself such a force as the pressure 
or pull of an imponderable spiral spring upon the body, tlie axis of 
the spring having always the direction of the acceleration, and the 
spring moving with the body, so that its pressure or pull is exerted 
during the entire time of acceleration and is always proi>ortional 
to the acceleration. 

If the acceleration changes in direction, the axis of this spring 
changes, so that it is always in the same direction as the accelera- 
tion. 

If the acceleration changes in magnitude, the pull or push of the 
spring changes correspondingly. 

If the acceleration is uniform, that is, does not change either in 
direction or magnitude, the axis of the spring does not change in 
direction and its pull or push is constant. 

The force of gravity upon bodies near the surface of the earth is 
like the action of such a spring. Its action is practically constant 
in intensity and direction. 

The student should note that the direction of the force or accel- 
eration 18 not necessarily that of the motion^ except in the case of 
rectilinear motion. 

Thus in the case of a point moving with uniform speed in a 
circle, the direction of motion at any instant is taneent to the 
circle, but the acceleration is always du'ected towards tne centre. 

Central Acceleration. — When the acceleration is thus always 
directed towards or away from a fixed point, it is called central ac- 
celeration, and the fixed point is called the centre of acceleration. 

If the direction of the acceleration is towards the centre, the ac- 
celeration is negative (page 50) and the force attractive. If away, 
it is positive and the force repulsive. 

Uniform Acceleration — Motion Rectilinear — Force Attractive. — 
When the direction of the uniform acceleration coincides with that 
of the motion, we have motion in a straight line with uniform rate 
of change of speed, and equations (2) to (7), page 28 or 51, apply. 

The most common instance of such motion is that of a body fall- 
ing freely near the earth's surface.* In this case the acceleration 
due to gravity is known to be practically constant and is always 
denoted by g. We have then simply to replace a or / by g in equa- 
tions (2) to (7), page 28 or 51. We shall take gr = 32.2 ft.-per-sec. 
per sec. or 981 cm.-per-sec. per sec. unless otherwise specified. 

Value of (/. — The value of g is usually given in feet-per-sec. per 
sec. or in centimeters-per-sec. per sec. 

It has been determined by much careful experiment and found 
to vary with the latitude A and the height h above sea-level. 

* Strictly speaking there is no known instance in nature of a uniform ac- 
celeration (or of a force which does not vary in magnitude and direction). The 
acceleration g due to gravity (or the force of gravity) varies inversely as the 
square of the distance from the centre of the earth for a body outside the 
earth, and directly as the distance for a body inside, i.e., in a shaft or well. 

But, as we shall see, the variation due to this cause is insensible for all 
ordinary distances. The decrease of ^ at a distance of a mile above the earth's 
surface is only about the 2000th part of its value at the surface. Also two 
radii of the e'arth are sensibly parallel when near together. It is therefore 
customary and practically correct to speak of ^ as a constant acceleration at any 
place. 

It should be borne in mind, however, that even then the resistance of the 
air very materially modifies the results for falling bodies. We can therefore 
only assume g as constant for fall in 'oacuo* 
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The general value is given by 

g = 32.173 - 0.0821 cos 2A - 0.000003^, 

where h is the height above sea-level in feet, and g is given in f eet- 
per-sec. per sec, or 

g = 980.0056 - 2.5028 cos 2X - 0.000003A, 

where h is the height above sea-level in centimeters and g is given 
in centimeters-per-sec. per sec. 

It will be seen that tne value of g increases with the latitude, and 
is greatest at the poles and least at the equator. It also decreases as 
the height above sea-level increases. 

The following table gives the value of g at sea-level in a few 
localities: 

Latitude. 

Equator 0° 0' 

New Haven 41 18 

Latitude 45' 45 

Paris 48 50 

London 51 40 

Greenwich 51 29 

Berlin 5230 

Edinburgh 55 57 

Pole 90 

United States ||^ ^ 

For calculations where great accuracy is not required it is cus- 
tomary to take fif = 32 ft. -per-sec. per sec. or g = 981 cm. -per-sec. 
per sec. 

For the United States g = 32^ is a good average value and is 
therefore very often used. 

In exact calculations the value of gfor the place must be used. 

Formulas for a Body Projected Vertically Up or Down. — We 
have then, for a body projected vertically upwards in vacuo, 
simply to put —gin place of / in equations (2) to (7), page 51. We 
thus obtain 

t<? v = vi—gt; (1) 



9 


9 


F. S. Units. 


C. S. Unite. 


32.091 


978.10 


32.162 


980.284 


32.173 


980.61 


32.183 


980.94 


32.182 


980.889 


32.191 


981.17 


32.194 


981.25 


32.203 


981.54 


32.255 


983.11 


32.162 


980.26 


32.12 


979.00 



1 



♦s 



* = HlZL?; (2) 

i g 

I . 

i +«i V « — «i = ^\^' t = Vit — -gt*\ (3) 

I 2 2 



^ _ 2(8 — 8x) _ Vi± Vvi" — 2g{8 - 8i) . ^ ^^^ 

V + vi g 
_ t?' = t?i* — 2gr(«— «i); (5) 

« — «i = 5 (O) 

2g 

If the starting-point is below the origin, we should change the 
sign of 8u 

If the body is projected downwards, we should change the signs 
of v,Vi, 8 and «i. We see that this is equivalent to simply chang- 
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ing the sign of g in all equations, leaving the signs of the other 
quantities unchsinged. 

When the final velocity v is zero, we have from (2), for the time 
of rising to the highest pomt or the ** turning-pointy^'' 

9 

For the time of rising to the highest point and returning to the 
starting-point we make 8 — 8i = in (4) and obtain 

2T = ^. 
9 

Hence, the times of rising and returning are equal. 

For body falling we have T = •*, the minus sign denoting 

time before the start necessary to acquire the velocity Vu 

The dist£tnce from the starting-point to the turning-point is 

foimd from (,6), by making v = 0, to be ^— . 

The distance W- or „- is called the height due to the velocity Vi or 

v; that is, the distance a body must fall from rest in order to ac- 
quire the velocity Vi or v. 

When the distances in rising and falling are equal we have 

« — «i = 0, or g^ = g-, or Vi = r; that is, the velocity of return is 

equal to the velocity of projection, 

Vi 

If the time of rising is less than T = — , the displacement « — «i 
is equal to the distance described. But if the time of rising is 
greater than 2' = — , the body reaches the turning-point and then 
falls from rest, and the entire distance described is 

distance described = ^ + i-g(* - T)« = ?il - 8 = ^^' "^ ^ - (7) 

[Application of Galoaltu to the preceding Case.] — We can deduce the pre- 
ceding equations frouoi our general equations (8) to (10), page 51. 

Thus from equation (9) we have, for acceleration directed downwards and 
therefore (— ), (page 50,) 



Integrating, we have 






^0= -=r=^—Qt'\- Const. 
at 



When ^ = 0, let i? = + tJi , the (4-) sign denoting motion upwards. 
Then we have Const. = »i, and 

•=-=«.-^ (1) 

which is equation (1), page 93. 
Integrating again, 

8 = lilt — ^gt» + Const. 
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Let « = + «i when ^ = 0, tlie (-|-) sign denoting distance upwards. 
Then we have Const. = Si , and 

s-.Si=Vit- ^gt*, (3) 

which is equation (3), page 93. 

From equations (1) and (3) we can deduce all the others page 93. 

The student should note especially that these equations have been deduced 
for body projected upwards or Vi positive. 

If we suppose motion towards the centre or downwards, we should have Vi 
negative. 

Also if the starting-point is below the origin, we should change the sign of 

In all cases we take g minus, as long as the acceleration is directed down- 
wards. 

EXAMPLES. 

Unless otherwise specified p = 32.2 ft.-per-sec. per sec. or 981 cm.-per-sec. 
per sec. All bodies supposed to move in vacuum. 

(1) A point moves with a uniform velocity of 2 ft. per sec. Find 
the distance from the starting-point at the end of one hour, 

Ans. 7200 ft. Motion in a straight line. 

(2) Two trains have equal and opposite uniform velocities and 
each consists of 12 cars of 50 ft. They are observed to take 18 sec. 
to pass. Find their velocities. 

Ans. 22.73 miles per hour. 

(3) Two points move with uniform velocities of 8 and 16 ft. per 
sec. in directions inclined "90° . At a given instant their distance is « 
10/^. and their relative velocity is inclined 30° to the line joining \ 
them. Find (a) their distance when nearest; (p) the tim^ after the 
given instant at which their distance is least. 

5 ,- 
Ans. (o) 5 ft. ; (&) t« V^ sec. 

(4) A body is prqjected vertically upwards with a velocity of 300 
ft. per sec. Find (a) its velocity after 2 sec.; (b) its velocity after 
15 sec.; (c) the time required for it to reach its greatest height ; 
(d) the greatest height reached ; (e) its displacement at the end of 
15 sec.; (/) the space traversed by it in the first 15 sec. ; (g) its dis- 
pUzcem^ent when its velocity is 200 ft. per sec. upwards; (h) the time . •, j,L 
required for it to attain a displacement of 320 /^.* *^ Vo P 

Ans. (a) 285.6 ft. per se(.; (&) 183 ft. per sec. downwards; (6)9.3 sec; 

(d) 1397.5 ft.; (a) 877.5 ft. upwards; (/) 1917.5 ft.; {g) 776.3 ft. upwards; 
(A) 1.18 sec. in ascending, 17.5 sec. in descending. 

(6) A bcM is projected upwards from a window half way up a 
tower 117.72 meters high, unth a velocity of 39.24 m. per sec. Find 
the time and speed (a) with which it passes the top of the tower 
ascending; (6) the same point descending; (c) reaches the foot of 
the tower. 

Ans. (a) 3 sec.; 19.62 m. per sec.; (b) 6 sec; 19.62 m. per sec; 

(e) (4 + 34/7) sec; 19.62 4/7 m. per sec. 

* If the student will refer to the Examples, page 114, he will gain an idea 
of the effect of the air in modifying the motion of falling bodies, and will 
better appreciate the delusive nature of all problems which ignore, it. 
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(6) A atone is dropped into a well and the splash is heard in 3.13 
sec. If sound travel in air with a uniform velocity of BS2 meters 
per sec., find the depth of the weU, 

Ans. 44.1 meters. 

(7) If in thepreceding example the time untU the splash is heard 
is T arid the velocity of sound in air is V, find the d^h. 



Ans. Depth = ^[{Tg + V)- VV(2Tg+ F)J 



(8) Show that a body prqjected vertically upwards requires twice 
as long a time to return to us initial position as to reach the higher 
point of its path, and has on returning to its initial position a 
speed eqvul to its initial speed. 

^^ fJiA^ (9) A stone projected vertically upwards returns to its initial 
^ position in 6 sec. Find (a) its height at the end of the first second, 
and (6) what additional speed would have kept it 1 sec. longer in the 
air, 

Ans. (a) 80.5 ft.; (h) 16.1 ft. per sec. 

(10) A body let fall near the surface of a smaU planet is found to 
traverse 204 ft. between the fifth and sixth seconds. Find the ac- 
celeration, 

Ans. 20.4 ft.-per-sec. per sec. 

(11) A particle describes in the nth second of its fall from rest a 
imace equal to p times the space described in the (n — 1)^^ second. 
Pind the tvhole space described. 

gi\ - 8p)« 



Ans. 



8(1 -p)«- 



(12) A body uniformly accelerated, and starting without initial 
velocity, passes over bfeet in the first p seconds. Find the time of 
passing over the next o ft. 

\\ Ans. jo( |/2^ — l) sec. 

J^V^ (13) A ball is dropped from the top of an elevator 4.905 meters 
high. Acceleration of gravity is 9.81 msters-x^er-sec. per sec. Find 
the times in which it will reach the floor (a) when the elevator is at 
rest; (b) when it is moving with a uniform, downward axiceleration 
of 9. SI m.-per-sec. per sec.; (c) when moving with a unifoirm down- 
ward acceleration of 4.905 m.-per-sec. per sec. ; id) tohen moving with 
a uniform, upward acceleration o/ 4.905 m.-per-sec. per sec. 



Ans. (a) 1 sec. ; (b) co; (c) 4/3^sec. ; (d) y , 



I sec. 



(14) If Si, Si are the heights to which a body can be prelected 
with a given initial vertical velocity at two places on the eartfi/s sur- 
face at which the accelerations of falling bodies are gfi and g% respec- 
tively, show that Sigfi = «agf9. 

\ }C^^ (16) A stone A is let fall from the top of a tower 483 ft, high. 
At the same instant another stone B is let jail from a window 161 
ft. below the top. How long before A will B reach the ground f 

Ans. ( |/6 — 2)|/5~sec. 
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(16) A hall falling from the top of a tower had descended a foot 
when another was let fall at a point b below the top. Show that if 

they reach the ground together, the height of the tower is - — "^^—^ft. 

(17) If two bodies are projected vertically upwards with the same 
initial velocity V, at an interval of t sec, prove that they unll meet 



ataheight^\^-^-—j. 



(18) Thvo stones are falling in the sam^ vertical line. Show that 
if one can overtake the other, it will do so after the same lapse of 
Um£, even if gravity ceases to a^t. 

(19) Bodies are jf>rqjected vertically dovmwards from heights hi , 
hi , h» with velocities Vi,v%,v%, and all reach the ground at the same 
moment. Show that 

h\ — hi hi — hi hi — h^ 

Vx —Vi Vi — Vi Vs — Vi ' 

(20) Two points move in straight lines with uniform accelerations. 
Show that if at any instant their velocities are proportional to their 
respective accelerations, the path of either relative to the other will 
be rectilinear. 

(21) Upon the top of a tower 200 feet high is placed a flag-staff of 
2^ feet ; a bullet is let fall from the top of this flag-staw, and at the 
instant of its passing the bottom of it a stone is l^ fait from a win- 
dow 44 feet from the top of the tower. At what distance from the 
bottom of the tower will the bullet overtake the stone f Show also 
that this distance is independent of the value of a. In what time 
after the dropping of the stone do they meet f In what time after 
the dropping of the bullet f How far does the. stone fall before meet- 
ing f Take acceleration due to gravity 32.16 ft. -per-sec. per sec. 



t449 ~] 
44 + jTTgg = 137.385 ft. 



Time from falling of stone 1.07 sec. Time from falling of bullet 2.34 sec. 
The stone faUs 18.615 ft. The bullet falls 88.615 ft. 

(22) A body falls a distance a from rest when another body is 
let fall from a distance a + b below the starting-point of the first. 
How far will the latter body fall before it is overtaken by the for- 
mer f What is the time of fall of the latter body f 

Ans. X = T-; time = 4/ jt — . 

j^f^ (23) A body is projected upward with a velocity which would 
take it to the height a, and at the same instant a body is let fall 
from a distance above the point of projection of b. At what dis- 
tance below the latter point will the bodies m^eet f In what time f 

Ans. * = ^; time = /|^. 



(24) A body is thrown vertically upward with a velocity Vi. Find 
the time at which it is at a given height h in its ascent. 

Ans. , = ?i±i5IE^. 

ff 

The lower sign gives the time when the body is at tlie height h in ascend- 
ing, the upper in descending. 
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(25) A body is projected vertically upward and the interval be- 
tween the times of its passing a point whose height ishin its ascent 

. and descent is 2t Find the velocity Vi of projection and the wMe 
time T of motion. 

(26) A body falling to the ground is observed to pass thfough 
eight ninths of its original height in the last second. Find m 
height, 

9 

Ans. Tj^ = 86 ft. nearly, 
o 

(27) A body falling under the action of gravity is observed to 
describe 144.9 feet ana 177.1 feet in two successive seconds. Findg 
and the time from the beginning of the motion to the first of the two 
seconds. 

Ans. ^ = 82.2 ft.-per-sec. per sec,, < = 4 sec. 

(28) A falling body is observed at one portion of its path to pass 
through nfeet in t sec. Find the distance described tn the next t 
seconds. 

Ans. n-{-gt* feet. 

» 

(29) A body is projected vertically upwards with a velocity 8(7. 
At what times will its height be 4g, and what wiU be its velocity at 
these times f 

Ans. It will be at the height 4g at the end of 2 sec. and again at the end of 
4 sec. Its velocity at both these instants is g ft. per sec. upward at the end of 
2 sec. and downward at the end of 4 sec. 

(30) Find the velocity with which a body must be projected up a 
'^ >- smooth inclined plane, the height of which is h and lengtn Z, to reach 

^' the top. 

Ans. The vertical acceleration is g. The component acceleration parallel 

to the plane is a= y. Therefore v = ^2al = ^2gh, or the same as the ve- 
locity required to project the body to the height h. 

(31) Find the tims of falling doum the whole length of a smooth 
inclined plane of length I and height h. 

^jjg ^4/— • For constant height h the time is directly as the length. 

^ gh 

(32) Find the speed attained by a body in falling down a smooth 
inclined plane the height of which is h and length I. 

Ans. i/2gh, the same as in falling through the height h. 

(33) A body is projected down a smooth plane the irtclination of 
which with the horizontal is 45**, with a velocity of 10 ft. per see. 
Find the space described in 2i seconds {g = 32; . 

Ans. 95.7 ft. 



r 



\ ^^^ (34) A locomotive starts down a smooth incline with a velocity of 
\^ 7i miles an hour. If the ratio of the height to length is s^rj:, find the 



spo/ce traversed in two minutes (g = 32). 
Ans. 2472 ft. 



S •'^.'^bc 



\ 
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Acceleration Inversely as the Square of the Distance from a Fixed 
Point — Hotion Bectilinear — Force Attractive.— This is the case of 
a body at a great distance from the earth, under the action of the 
force of gravity, since in such case the acceleration is towards the 
centre of the earth and varies inversely as the square of the dis- 
tance from the centre of the earth.* 

Dat 8i be the initial distance &om the centre of acceleration, the 
velo)|^ at this point being Vi , and 8 the distance to any other posi- 
tion at which the velocity is v. 

If the acceleration is towards the centre or force attractive, it is 
negative (page 50). 

Let a' be the known acceleration at a distance r\ and a the accel- 
eration at any distance s. Then we have 

a : a' : : r'" : «*, or a = — r-. 

8 

Thus for instance, in the case of the earth, a' is g, and r' is the 
radius of the earth at the locality where g is known. 

We have then, if r is an indefinitely small time, for acceleration 
towards the centre 

^ = a = -^' (1) 

r 8 

The mean velocity for an indefinitely short time is — ^— ^, and 
the distance described in this time is 

a — 8i = — -— r, or v + vx= -^ '. 

2 r 

Multiplying by (1), 

t>»— Vi* = r— (« — 8i). 

8^ 

But if the time is indefinitely small, 8* will equal 88i , and hence 

or 

«• = t?i« - 2a'r'»^- - -^ (2) 

If the body falls, 8i is greater than s and the last term becomes 
essentially positive. If the body is projected upwards, «i is less 
than 8 and the last term is essentially negative. Equation (2) holds 
good, then, without change in either case if the acceleration is 
towards the centre, or force attractive. It also holds for any path 
_ _ . . 

* This is the ' law of nniversal gravitation " as discovered by Newton. It 
is also known as the law of the inverse sqtLo/res, 

It is regarded as rigidly true for every particle of matter acting npon every 
other particle. But, as we shall see, it is not rigidly true for bodies of finite 
dimensions acting npon similar bodies, nnless those bodies are homogeneous 
spheres or spherical shells. 

The earth is not a sphere and is not homogeneous. Therefore it is not 
rigidly true that it attracts external bodies with a force inversely as the square 
of the distance from the centre. The deviation from this law for bodies at 
great distances is, however, insensible. 



I. 

I 
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straight or curved if 8, 81 , r' are measured cUong the path, and a' is 
the tangential acceleration or rate of change of speed at distance r', 
and V and Vi are the speeds final and initial. 

If the acceleration is away from the centre, or force repulsive, 
we should have the sign before the last term (+) instead of (— ), or 
the sign of a' is changed in (1) and (2). 

'If the body falls from rest from a distance Si , we have from (2), 
by making Vi = 0, for a body falling from rest, 



t?" = 2a'r'*(^ - -\ falling. 



(3) 



If the body is projected upwards and the velocity v is zero at 

the height «, we have from (2), for a body projected upwards to a 

distance 8, 

/t 1 \ 

(4) 



Vi* = 2a VM j rising. 



Cor. 1. If the distance «i is infinite, we have from (3) the velocity 
acquired in falling from an infinite distance, 



v = -|/. 



2a'r" 



8 

and from (4) the velocity of projection in order to go to an infinite 
distance is 



t,. = + ^^'-" 



81 



In the case of a body attracted by the earth we have a' = g. If 
then in the first case 8 = r' and in tne second case «i = r^, we have 
for the velocity acquired in falling to the surface of the earth from 
an infinite distance, or the velocity necessary to project a body to 
an infinite distance from the surface of the earth, in vactio. 

If we take g = 32^ ft.-per-sec. per sec. and the mean radius of 
the earth 3960 miles, we have 

/64i X 3960\i ^ ^ ^^ ., 
v = Vi = [ — ^^^7; — = T 6.95 miles per sec. 

\ 5,^o0 / 

The (— ) sign for falling and the (+) sign for upward projection. 
Cor. 2. If we put equation (3) in the form 



"'=^^'-"(^)' 



we see at once that if 81 — s is a small distance compared to 8, so 
that the entire fall takes place near the earth^s surface, 881 will be 
practically equal to r'^ and we shall have 

t?« = 2g{8i — 8). 

This is the same formula as for uniform acceleration g towards 
the earth, the initial velocity being zero (page 93). 

[Application of GalonlaB to the Preceding Case.] — We can deduce the preced- 
ing results from our general equations (8) to (10), page 51. 
Thus for acceleration towards the centre we have, as before, 
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For acceleration away from tlie centre we shoold have (4-) instead of (— ) 
(page 50). 

Multiply by ds, bqtb sides, and then, since ^ = «, we have 

a'r'*d8 
vdv=: 5 — . 

Integrating, we have 

"2 = "7- + ^^^• 

When 8 = 81, let c = + «i for body projected upwards and « = — «i for 

body projected downwards. Then in both cases Const. = -^ , and in 

both cases 

t,' = «.'-aaV.(l-i) (8) 

These are the equations (1) and (2) of the preceding Article. They hold, as 
we see, for motion towards or away from the centre, provided the acceleration 
is towards the centre. For acceleration away from the centre we change the 
sign of o'. These equations also hold for any path, straight or curved, if s, 
Si, r' are measured aJUyrvg the path, and a' is the tangential acceleration or rate 
of change of speed at distance /, and v and «i the speeds final and initiaL 

If the initial velocity is zero, we have for a hodj falling from rest 



d8 

Since « = — , we have from (8) 
at 



«» =r 2a'r"(^ - -Y 



(3) 



=I=-<MR)' 



where we take the (— ) sign for the radical to denote motion towa/rds the centre 
^age 44). This can be put in the form 

8d8 



_ «« V 81 



^8x8 — 8 

To put this in a form convenient for integration, add and subtract \8\ to the 
numerator of the first term. We then have 



^818 — «• 2 ^818 - «" 2 ^818 - «" ^ Si 

Integrating, we have 

{8^8 - «*)^ - # versm-* -- = l^^^t + Const. ... (4) 
» 81 \ 81 j 

Let < = when « = «i , then Const. = ^, Hence* for the time of falling 

* We have tc — versin"' — = ;r — cos" Vl 1 = cos~V 1 ). 

From trigonometry, 3 cos* y — 1 = cos %y. Let 2^ = cos~M 1 ] . Then 

cos 3y = 1 and cos>y = — , or y = cos"*^/ — *^d ?y = 2 cos"*^/ — . 

•1 ^1 ' 8\ V 8x 



y 81 



Hence 3 cos"*4/ ~ = ;r — verein"* — 

81 
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from net we have for acceleration towards the centre 

'=(8^)' )<--'>'+ -«•-(;)*} » 

If we had taken motion otoajr from th« eentre, we should have obtained, 
instead of (4), 

— («i«— «^ +5-ver8in — = ( )'<-{- Ckmst. 

Let t = 0, when 8 = 0, and Const. = 0, and we have 

Equation (6) applies to a bodj projected upwaids to any height 9^ $1 being 
the height at which It would come to rest. 

If we make 8 = 81 in (0), or « = in (6), we find the time of reaching the 
turning-point in rising or reaching the centre in railing from iMt 



2t^2a>^ 



. 4 



CHAPTER n. 



ThiBfl 



Simple Harmonic Motion.— The motion of a^toint moving in any 
path in such a manner that the tangential acceleration is directly- 
proportional to the distance, alon^ the path, from a fixed point in 
the path is called simple barmonic motion. Such motion may be 
rectilinear or curvilinear. 

The vibrations of such bodies as a tuning-fork or a piano-wire 
are approximate examples of such motion, and hence the term 
" harmonic." The vibrations of an elastic body, such aa the air, are 
examples of such motion. 

It is also, as has been stated (note, page 92), the motion of a 
body under the action of gravitation, within a homogeneous 
sphere, as it can be shown that in this case the acceleration due to 
gravity is proportional to the distance from the centre. 

The motion of the piston c' - "' ^~ " ~' — ~ 

crank and connecting-rod ap] 
rotation of the crank is unite 
the longer the connecting-rod. 
lowng Article. 

Simple Harmonic Motion in a Straight Line — force Attraotive^ 
Let a point M move with uniform speed in a 
circle of radius CM= r. 

Then the acceleration /« is always direct- 
ed towards the centre and equal to /n = ra>', 
where m is the constant angular velocity 
(page 76). 

The projection of f,, upon the diameter*' 
CA is aa'r COS MCP. But r cos MCP is the 
distance CP^a of the projection P of M upon the diameter CA. 
Therefore the projection of fn upon the diameter is a = <B''fl,"or, 
since aa is constant, a is directly proportional to the distande 
CP= 8. The motion of P is therefore harmonic- 

If then a point M moves with uniform speed in a circle, its pro- 
jection P i4pon any diameter moves with harmonic motion fn the 
diameter, the centre of acceleration being the centre of the circle. 

Let a' be the known Eicceleration in the line AC of Pat a given 




dietance r' from the centre. Then a 



u'r* and 



.^^$. 



and the 
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speed of -Jf is roD = ry^. The projection of this speed on the 
diameter is j/^ r cos CMP = MP/^^, 



r' 



But MP = yV—^ ; hence we have for the velocity of the point * 
P in the line AC at the distance 8 = CP from C, 

r« = ^'(r«-8«), (1) 

or, if Vi is the initial velocity, ' 

t?« = v^' + ^(r» - «•), 

where a' is the knoTvn acceleration of P at a given distance r' from 
C 

Thus the point P starts from rest at the distance 8 = r from C, 
The velocity increases as the distance a decreases, till P arrives ' 
at the centre C where the velocity is a TnAYiTmiTn and equal 

to v = r Y~r' Th^i^ the velocity decreases and finally becomes 

zero when P arrives at A' at the distance « = — r on the other side 
of C Equation (1) holds good for motion towards or away from 
the centre if the acceleration is towards the centre, or force attract- 
ive. It also holds for any path straight or curved if «, r, r' are 
measured along the path and a' is the tangential acceleration or 
rate of change of speed at distance r', and v and v' the speeds final 
and initial. 

Cor. 1. Since the uniform speed of 3f in the circle is ri/— , the 

^ r 
time occupied by P in passing from A\x> A! and back to A is 



y^ ^ a! 00- 



But if a is the acceleration at any distance «, and/n is the ac- 
celeration at the extreme distance r, we have for harmonic motion 

r' __ r _8 _ J^ 

a' ~ fn~ a ~ GO*' 

Hence the time Tof a complete oscillation is 

GO ^ a 

The time T of a complete oscillation depends therefore only 

upon the constant ratio ^^= -^ and is independent of the range r 

or amplitude of the oscillation. For this reason the oscillations are 
said to be isochronous, or made^in equal times, no matter what tiie 
range or amplitude. 
(pAAJtrCoR. 2. Since the motion of a body under the action of gravity 
in a homogeneous sphere is harmonic (page 92), if we put g for al 
and let r' be the mean radius of the earth, we have from (1) the 
motion of a body falling under the action of gravity towards the 



*' 
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centre of the earth in a well or shaft, assuming the earth to be 
a homogeneous sphere and neglecting resistance of the air. 
In such case (1) becomes 

v^ = ^(r + 8){r - 8). 

If the fall takes place for a short distance compared to r' and 
near the surface, we have r + 8 practically equal to 27^ and hence 

V* = 2g{r — s), 

which is the same as for uniform acceleration g, the initial speed 
being zero. 

We obtained the same result (page 93) for a body external to 
the earth. The equations of page 93 hold good, therefore, in all 
practical cases, whether the fall takes place above the earth or 
within the earth, neglecting resistance of the air. 
V^ Amplitude — Epoch — Period — Phase. — The range r = CA = CA' 
on either side of the centre of acceleration, 
in harmonic motion, is called the amplitude. 

A complete oscillation is from A to A' and 
back to A, The time of an oscillation, as we 
have seen, is independent of the amplitude. 
From A to A or A' to A is a vibration. A 
vibration is half an oscillation. The time of 
a vibration is half that of a complete oscillation. 

If Pi is the initial position from which the time is counted, or 
the position of P at zero of time, the time of passing from -4. to Pi 
is called the epoch. The epoch may also be defined with reference 
to the auxiliary circle, as the angle ACMi in radians. This is the 
epoch in angular measure. 

The epocn in angular measure is then the angle described on the 
auxiliary circle in the interval of time defined as the epoch. 

The epoch locates the position of P at zero of time. 

The entire time which elapses from anv instant until the moving 
point again moves in the same direction through the same position 
is called the period. The time from Pi to A , then back through 
Pi to A, and finally back from A to Pi , is a period. It is evidently 
the time of a complete oscillation from A back to A. 

That fraction of the period which has elapsed since the moving 
point P last occupied A is called the phase. Measured on the 
circle, it is the ratio of the angle ACM radians to 2ic radians. 

The phase locates the position of P at any instant. 

It therefore varies with the time or with the position of P. The 
phase at zero of time, then, multiplied by 2?^ radians gives the 
epoch in angular measure, and multiplied by the time of an oscilla- 
tion gives the epoch m time. 

[Application of Calcnlns to Harmonic Motion. — ^We may deduce the 
results obtained for simple harmonic motion (page 104), as well as others, from 
the general equations (8) to (10), page 51. 

We have, as before, a = -?« (page 104). For acceleration awaj from the 

T 

centre we have a positive, for acceleration towards the centre a negative (page 
50). 
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^ I. AottUnitimi toward! tk« Otstrt.-^Iii this oftM wo hare 

dt d^$ a* 






gm ^ dim 

^ ^, Moltiplj both sides by d» and then, since :r- = «, we have 



•ao = — ^ 
Integrating, we obtain 



Mto = -%d%, 

r' 



«' = --^ + Con8t (a) 

When « = r let « = «i. We have then 

Const. = «i* + ---., 
and hence 

If the initial velocity Vi is zero, this beoomes 

t,« = ^(r«-.0. (2) 

which is the same as equation (1), page 104, already obtained, for Initial velocity 

zero and range r. 

ds 
Since « = -r-, we have from (1) 



« 



=1 = =^ /'■*+?('- -'•^ 



where we take the (+) sign for motion away from the centre and the (— ) sign 
for motion towards the centre (page 44). 
This can be written 

ds , fa* 

-7=7= = ±r?* (8) 

If we integrate this between the limits of t and < = when $ =zr, we have 

sin * — ■ ^ , ; = ± < y -7 + sin — -- , 

Hence* 

« = rcos«|/^±t>,|/^sm«|/^ '. (4) 



r 



* Let ^ = ± « -^-i, B = sin-' -y -_ . 

Then — - — = sin (^ + -S) = sin 4 cosB+ cos ^ sin ill 



7* _ _^ 



But sin j5 = r=, and cos B = 4/I — sin" 5. Substituting these 



ui» 



values and reducing, we obtain equation (4). 
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If motion is towards the centre, we take the (—) sign ; if tway from the 
centre, the (-|-) sign. 

If «i is zero, or there is no initial velocityi we have 



s ] 



cos — . 

r 



(5) 



$ = rcoBt 

If we make « s= in (1), we have for the amplitude 

This reduces to ± r when i>it=0. 

If we integrate (8) between the limits of t and t = when $ = B, that is, if 
we count the time from the end of the amplitude where Vi = 0, instcMd of from 
# = r, we obtain _ 

(6) 



'^-'i=^*^?+h 



and hence 



« = i2cos«i/^; 




t 



'^, 



-1 9 



• ••••• 



. (7) 



If in (6) we make « = — r or in (7) make « = — JR, we have in both cases 
for the time of a vibration, ^y 3-> '^^ hence for the time of a complete 



oscillation T 



= 2*4/^. 



Therefore the time ofaiMaU<fn or vibration ii not 

affected by the initial v^oeUy. 

All these equations (1) to (7) hold for motion either towards or away from 
the centre, provided the acceleration is towards the centre. 

They aJso hold for any path, straight or curved, provided f', r and e are 
measured along the path and a' is the rate of change of speed at the distance /. 

II. Aeoeleration Away from the Centre. — ^In this case we have the accelera- 
tion positive and hence 

df> , a' 

de 
Multiplying by (f«, we have, since 37 = «» 



Integrating this, we have 



vdf) = -ysde. 



•■s^+Const. 

r' ^ 

When « = 0, let « = «i. Then Const. = vi* and 



From (8) we have 



r 



(8) 



de . ./ , , a' 
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where we take the (4-) sign for motion away and the (— ) sign for motion 
towards the centre. We can put this in the form 



%=-v1- 



If we integrate this between the limits of t and ^ = when « = 0, we have 
logn (*+ 4/«' + $».') = ± tf^ + logn v,^. 



Hence 



a T o-l /j; I 



9) 



where 6 is the base of the Naperian system of logarithms. 



EXAMPLES. 

g = 32.16 ft.-per-sec. per sec. or 980.23 cm.-per-8ec. per sec. 

(1) If the radius of the earth is 6370900 meters and the accelera- 
tion of gravity 9.81 meters-per-sec. per see., what should be the valv/d 
of a'r^ m eq. (2), page 99, if s and Si are given in kilometers f 

Ans. 398171.88 cubic kilometers-per-sec. per sec. 




(2) A body falls to the earth from a point 1000 miles above the 
^rface, Fina its speed on reaching the surfax^e, neglecting resist- 
ance of the air and taking the earth's radius 4000 miles. 

Ans. tj = 3.12 miles per sec. 

(3) In the last example find the distance from the earth's surface 
when the speed is 2 miles per sec, 

Ans. 535.2 miles. 

(4) With what speed must a body be projected vertically at the 
earth's surface so that it may never return f {Assume the earth to 
have no atmosphere and not to be rotating,) 

Ans. The speed is the same as that which a falling body would have fall- 
ing from an infinite distance, or i? = 6.95 miles per sec. 

(5) At what point on a line joining the centres of the earth and 
moon would the rate of change of speed of a body be zero f (At the 
moon's surface a = 5.5 ft.-per-sec. per sec; raaius of moon 1080 
miles ; distance between centres of earth and moon 240000 miles.) 

Ans. Let x = distance of point from earth's centre and Xi from moon's 
centre, and M earth's radius, r moon's radius. Then oj + oji =240000, and 

^ = ^. Hence x = 215893 miles. 
Xi^ x^ 

(6) A point tvhose motion is simple harmonic has velocities 20 
and 25 ft. per sec. at distances 10 and 8 ft, from the centre of ac- 
celeration. Find (a) its i^eriod, (b) its acceleration at unit distance 
from centre. 
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Ans. We have 625 = %{r^ - 64) and 400 = ^r,« - 100). Therefore 

r T 

f/;; = -g-aiidpenod=— = — sec. a = -_ = __=_ 6.26 ft.- 

per-sec. per sec. 

(7) 2%« period of a simple harmonic motion is 20 sec. and the 
maximum velocity is 10 ft, per sec. Find the velocity at a distance 

of — ft, from the mean position. 

Ans. — -= = 20 sec, therefore -r = t;^. Where « = 0, ri = — dt, 
./a' r 100 jr 



„ , ;r>/100» 60«\ 

Hence tj' = — ( — = -»- 1 or t) = 8 ft. per sec. 

100\ ^* ^ y *^ 



(8) A point moves from rest towards a fixed point 10 meters dis- 
tant, its acceleration being everywhere 4 tim£S its distance from a 
fixed point. At what distance will it have a velocity of 12 meters 
per secf 

Ans. 8 meters. 

(9) Find the mean speed of a point executing a simple harmonic 
motion during the time occupied in moving from one to the other 
extremity of its range, its maximum speed being 5 ft, per sec. 

Ans. The distance is 2r. The time — -=. The mean speed ^ t^' 

r r 

When « = 0, we haver 25 = -r^, or r 4/ -, = 5. Therefore mean speed is — 

r r Tt 

ft. per sec. 

(10) If Tbe the period and a the amplitude of a simple harm>onic 
motion, and ifvbe the velocity and s the distance from the centre at 
a given instant, show that 



«=(-4;?-+*j- 



(11) A point oscillates about a centre, its acceleration being pro- 
portional to its distance. Show that the ratio of its maximum ve- 
locity to the sQuare root of the excess of the square of its maanmum 
velocity over the square of the velocity which it has when at a given 
displacement from the centre is equal to the ratio of its maanmum 
displaoement to the given displacement. 

(12) A point has a simple harmonic motion whose period is 4 

1 
min, 12 sec. Find the time during which its phase changes from — 

to^ of a period. 

Ans. 21 sec. 

[Body Prcgeetad in a B«risting Madirnn— AeMleration Proportional to tho 
Square of the Yolodtj— Motion Boetilinoar.]— When a U) ly moves in a resisting 
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medium such as air or water it loses velocity or has a minns aoceleratioc.^ 
which is usually assumed to vary as the square of the Telocity. 
We have then 

where <; is a constant depending upon the shape and dimensions of the hod;^ 
and the density, or mass of a unit of volume, of the body and medium. " 

This constant is called the coeffiderU of renttanee. For instance, for s- 
sphere, if (2 is the diameter and ^ the density of the medium and d the 
of the body, we have, as is proved in Vol. II, Statics, 

^ 8 



We can put (1) in the form 



^""T* Sd' 



df> 
cdt= -~. 



Let = «i when t = and integrate, and we have 

From (2) and (3) we can find the time for any velocity or the reverse. Since 

V = -7r> we have from (8) 
at 

^. _ ^idt 

l+CVit 

Integrating and making 8=sO when t = 0, we have 

8=—logn{l + cVif); (4) 

or using common logarithms, 

2.302685- ,, , ,^ 
s = log(l + oo,0 (5) 

c 

From (4) we have 

< = (6) 

CVi ^^ 

where e = 2.718282 = base of the Naperian system of logarithms. 

From (5) and (6) we can find the distance for any time or the reverse. 

From (6) we have evit = 6^—1, and substituting this in (8) wa have 



*=-iJr W 

or 

• =-logn-; (8) 

or using common logarithms 

2.302585 , 9i 

' = — 7— ^^^7 W 

From (7) and (0) we can find the velocity for any distance or the r^v^irse. 

From (8) we see that when the velocity becomes zero the s^aoe traversed is 
infinite, and from (2) the time is infinite. Although then the veloeity dimin- 
ishes as the time in^sreiifies, as we see from (8), it cannot become yeio in any 
finite distance or time. 
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[Body Falling undtr the Action of Gravity in a Bodftinff Medium.]— Let /be 
the uniform acceleration due to any attractive force. In tne case of gravity we 
have* 

where A is the density or mass of a unit volume of the medium and ^ is the 
density of the body. The acceleration /acts away from the starting-point and 
tHe retardation t^ acts towards the starting-point. If then we take this point 
as origin, we have 

1-=/-' (^> 

where c is the coefficient of resistance and has the same value as in the preced- 
ing Article. 

Let k be that velocity for which the retardation is equal to/, so that/ = cl^, ^mm 

Then « = pt ^nd equation (1) becomes JL ^ ^ jSi 



^ We ean write this In the form V ^ ^ 



=f-L* (8) /■ 



(2« ""-^ *• 



^ ^=lif^ <») 

Integrating, we have 

When <= 0, let « = •!. Then Const. = — ^ logn r^JlZi. Henoe 

y ^(*-t>K*+e.) ^*' 

or nsing common logarithms, 

_ 2.802686* ,._ (A;+oXJfe-t».) ,^ 

'-~ir-^'^ (*-.K*+..) ("^ 

From (4) we have, if 6 = 2.718282 s= base of Naperian system of logarithms, 






From (5) and (0) we can find the time for any given velocity or the reverse. 

* As we shall see hereafter, the mass of a body multiplied bv a gives the 
weight of the body, that is, the force of gravity. It is also a well-known fact 
that a body immersed in a fluid has its weight diminished by the weight of an 
equal volume of the medium. 

If then Fis the volume of the body, V^g is its weight in vacuo and YAg 
is its loss of weight due to the medium. Hence Y^g — YAg is the weight 
wlipn fmmersed.' Since Yh is the mass, 



FV» YBg - YAg, or f^g{\ - ^V 






i 



A^ 
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Since « = -3f . we have ^^^ ^ ^^» , ^, »^ 

and therefore from (8) we have A^eMA v*-J - - "J. xt 1^ 



or nsing common logftrithms, 



*=—^^'^-F^^ ® 

From (7) we have 

«»=:*«-(A:«-»,t)^ *• , (9) 

where e = 2.718282 = base of the Naperian system of logarithms. 

From (8) and (9) we can find the distance for any velocity or the reverse. 

We see from (9) that when 8 is great, v approaches k, and k is the limiting 
value of V. If tlie initial velocity is zero or less than k, v wlU continually ap- 
proach k, but can never exceed k. If the initial velocity is g^reater than k, « 
will diminish continually down to k and can never become less than k. 

[Body Projeetod Upwards nnder the Aetion of Gravity in a Sediting X*- 
dium.] 

In this case we have, taking k as before, since /is negative and the resist- 
ance is negative, 

« = J = -/-^ (« 

which can be written dt = — 3- ^ ^ . 

Integrating and determining the constant by the condition that when < =0, 
V = Vi = initial velocity, we have 

t = !l t^-i!^siA (2) 

/ •*" k^ + Wx ^^^ 

We have also as before ^ = ~^, and therefore, from (1), 



Integrating this, and making « = 0, when t; = «i , we have 

k^ , k^ + vi 



s = ^logii .J.. ; (3) 



or in common logarithms, 

2.302585A:* , A;« + «,« 

' = — 2r~ ^'^ 1^+^ <^> 

The time in which the velocity becomes zero and the body reaches the turn- 
ing-point is, from (2), 

•^ ^ '-f ^ftJl' 'T~f • • • • (Sy 

and the corresponding value of 8 is, from (4), 

^ 2.802585A;' , /, . t>»«\ 

^ = — 7— ''M^ + ^J ^^^ 
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At the end of the time T the body begins to return and falls from a state 
of rest, or Vi = 0. 

We have then from the preceding Article, making Vi = 0, 

, _, 2.802585*. k-^v 

'-^=— ^r~'"^*^' <^ 

and 

2.80268ak« k^ 

*-*= — ^^^^^FUT* ^®> 

Let u be the velocity with which the body returns to the starting-point. 
Then putting « = in (8) and o = i^, we have 

^ = 1-.*-; _ 



tJ,« 



or substituting for h its value, 

!^ = _*L_ (9) 

Hence 

-V - -^ = ^ (10) 

We see then that u is less than «i, or the body returns to the point of pro- 
jection with a velocity less than the velocity of projection. 

Values of -r and c. — For motion in a resisting medium, under 

the action of gravity, we have f=g(l — j\ where ^ is the density 
of the medium and d that of the body. 

For iron in water we may take j = ''•'^• 

** " »» air ** " " Z =" 5^^•^• 

" mist or ram in air " " " | = 813.82. 

" lead in water " ** "3= ^^•^*^- 

»* " air " '* " 1 = 9423.61. 

The coefGlcient of resistance for a sphere (Vol. 11, Statics) is 

where r is the radius of the sphere. 
For a cone we have 

where r is the radius of the base and h the height. If the cone 
terminates in a cylinder of length Z, we have 
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EXAMPLES.* 

g = 32.16 ft.-per-sec. per sec 

(1) A lead bullet 1 inch in diameter ie prqiected vertically with a 
velocity of 2000 ft. per sec. Find (a) the time of ascent with and 
without resistance of the air ; (6) the distance to which it a^^ends 
with and without resistance of the air; (c) the velocity and time of 
return with and without resistance of the air, 

St 

Ans. We have in this case ^ = 9428.61, ib = 67888.1852 and k = 259.49 

ft. per sec., / = 32.1556 ft.-per-sec. per sec. 
(a) The time of ascent in vacuo is 62.19 sec. 

, . - 259.49 , , 2000 .^^^ 
^"^ ^=3-2l556^"'259:49=^^'^«^ 

(&) The height of ascent in vacuo is 62189 ft 

2.302585 X 67338.1852 



In air A = 



i X 07338.1852 / 400000 \ 

3a.l55« ^°« \^ + 67ml86a j = ®^ "• 

(c) The velocity of return in vacuo is 2000 ft. per sec. 

4000000 
In air /i« = iooOOOO"' ®' ^ = 357 ft. per sec. 

^ + 67338.1852 

(d) The time of return in vacuo is 62.19 sec. 

T . . /r 2.302585 X 259.49 , 259.49 + 257 ^, ^^ 
Inair«-!r= 2x32.1556 ^^^ 259.49 - 257 = ^^'^^ ^' 

(2) A lead bullet 1 inch in diameter is let fall in the air. Find 
the velocity at the end oft = l sec., 2 sec,, 3 sec., 10 sec., 20 sec., with 
and without the resistance of the air. 

Ans. We have k = 259.49 ft. per sec; /= 32.1556 ft.-per-sec. per sec.; 

(m \ 

k\6 * — 1/ 

e = 2.718282; and from eq. (6), page 111, making «i = 0, « = — ^ -. 

6 * -4- 1 
Let f = 1, 2, 3, 10 and 20, and we have v = 31.98, 63.03. 92.83, 219.3 and 
255.86 ft. per sec.; while in vacuo we would have « = 32.16, 64.32, 96.48, 
321.6 and 643.2 ft. per sec. 

(3) In the previous example what is the greatest velocity the bullet 
can attain f 

Ans. k = 259.49 ft. per sec. As we have seen, this velocity is attained 
quite early, after which the velocity is uniform. 

(4) An iron cannon-ball 1 ft. in diameter is projected vertically 
upwards in the air with a velocity of 2000 ft. per sec. Find (a) the 
time of ascent; (b) the distance to which it ascends ; (c) the velocity 
with which it returns ; (d) the time of return. 

Ans. We have in this case ^ = 5983.28, k^ = 513040, k = 716.268 ft. per 
sec.,/ = 32.1546 ft.-per-sec. per sec. 

* An examination of these problems will give the student an idea of the 
effect of the air in modifying the motion of a falling body and enable him to 
realize the inaccuracy of neglecting it. 
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(a) The time of ascent is T = 27.82 sec.; in vacuo, 62.19 sec. (See Ex. 

(1).) 

(6) Tlie distance of ascent is A = 84680 ft.; in vacuo, 62189 ft. 

(c) The velocity of return iau = 674.8 ft. per sec.; in vacuo, 2000 ft. per 
sec. 

(d) The time of return is i — T = 88.9 sec.; in vacuo, 62.19 sec. 

(5) An iron cannon-ball 1 ft in diameter is let fall in the air. 
Find the velocity at the end oft = l sec, 2 sec.y 3 sec,, 10 sec., 40 sec, 
60 sec. 

Ans. We have k = 716.268 ft. per sec.,/= 82.1546 ft.-per-sec. per sec. and 
Vi = 0. Hence from eq. (6), page 111 : 

Fort = 1 2 3 10 40 60 sec. 

« = 82.12 64 95.85 801.6 677.8 709.7 ft. -per-sec. 

In vacuo we would have 

V = 82.16 64.82 96.48 821.6 1286.4 1929.6 ft. per sec. 

(6) In thepreviotis example, what is the greatest velocity the can' 
non-hall can attain f 

Ans. k =■ 716.268 ft. per sec. And this is attained in little more than a 
minute. 

(7) In Example (5) what are the distances passed through f 

Ans. From eq.- (8) we have, making «i = and taking the values of v 
already found. 

For f = 1 2 8 10 40 60 sec. 

« = 16.08 64.29 144.2 1561 18000 81992 a 
In vacuo we would have 

« = 16.08 64.82 144.72 1608 25728 57888 ft. 

(8) A lead shot i inch in diameter is let fall in the air. Find the 
greatest velocity it can attain, and the velocity and space traversed 
in f = 1, 2, 3, 4, 5, 6, 7 and 8 sec. 

Ans. We have -^ = 9428.61, /= 32.1556, k^ = 8417. 

Greatest velocity = A; = 91.7 ft. per. sec. 

For t= 1 2 8 4 5 6 7 8 sec. 

t) = 80.89 55.49 71.76 81.28 86.85 89.01 90.35 91.08 ft. per sec. 

In vacuo, 
« = 82.16 64.82 96.48 128.64 160.8 192.96 225.12 257.28 a per sec. 

• = 15.67 60.27 128.56 199 283.3 870.7 458.1 545.5 a 

In vacuo, 

16.08 64.82 145.72 257.8 402 578.8 787.9 1029.12 ft. 

(9) What is the greatest velocity a rain-drop i inch in diameter 
can a^cquire, falling in the air f 

Ans. We have -^ = 818.82, / = 82 12, * = 27 ft. per sec. 

(10) An iron cannon-hall 1 ft. in diameter is let fall in water. 
Find (a) the greatest velocity it can attain; (b) the final velocity 
and the spaee parsed through in f = 1, 2, 3 sec. 

Ans. We have -j- = 7.2, /= 27.7. 

Therefore, (a) k = 28.06 ft. per sec. 

(&) Fori = 1 2 8 sec. 

« = 19.22 22.68 23.02 ft. per sec. 
« = 11 88 32.8 58.94 ft. 
We see that the maximum velocity is reached in about 8 sec. 
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In the preceding examples it is assumed that the de: . ity of the 
medium is unchanged, and that the acceleration of gravity is con- 
stant. Near the earth's surface both assumptions are practicall/ 
true. We have also assumed that the acceleration varies as the 
square of the velocity. Experiments would seem to indicate that 
this is not strictly accurate. 

The effect of resisting media upon the mption of projectiles is 
therefore best taken account of by means of empirical formulas 
based upon experiment. 

We have given the preceding examples in order to call attention 
to the fact that the influence of the medium, even of the air, is such 
as to very materially modify the results of the formulas of page 
93, which hold good only in vacuo and are not even approximately 
true except for large ana heavy bodies for the first few seconds of 
fall. The examples of page 95 are therefore devoid of practical 
value except under such limitations. 

For very ^eat distances the density of the air and the accelera- 
tion of gravity are not constant, so that our present assumptions 
are then no longer in accord with f 6tct. 
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CHAPTEE in. 



TRANSLATION IN A CURVED PATH 



DIBEGTION OF AOCELBBATIOK OOKSTANT. PARABOLIC MOTION. 

PBOJBCTILB IN A BESISTINO MEDIUM. 



MOTION OF 



Curved Path. — ^When a point moves in a path such that the di- 
rection of the acceleration coincides with the direction of motion 
and does not change, the motion is rectilinear, no matter what the 
law of variation of the magnitude of the acceleration may be. Such 
motion we have discussed m the preceding Chapters. 

If the direction of the acceleration, however, does not coincide 
with that of the motion, then, whether it is constant in direction 
and magnitude or not, we have motion in a curved path. 

When a rigid body composed of many points moves so that 
every straight line tnrough any two of its points remains parallel 
to itself in all positions or the body, it has a motion of translation 
only, and we may treat the body as if it were a point. 

For motion in a curved patn the differential equations of page 
81 apply. 

Uniform Acceleration Inclined to Direction of Motion.— If the ac- 
celeration is uniform, that is, constant in magnitude and direction, 
its component in any given direction is uniform, and the equations 
for rectilinear motion, page 93, apply to the component motion in 
that direction. 

The most common case of curvilinear motion under uniform ac- 
celeration is that of a body projected with any given velocity in 
any given direction at the surface of the earth, neglecting the 
^resistance of the air. In such case the acceleration due to gravity 
'^is practically uniform and equal to g ft.-per-sec. per sec. 
u Let the initial velocity of projection Vi of the point P make the 
tingle APB = ai with the hori- 
zontal. 

Let the co-ordinates of any 

Eoint Jlf of the path or trajectory 
e PB = X and BM^ y. 
Let the angle MPB = 0. Let 
/be the uniform vertical accel- 
eration (in the case of gravity/ 

= g)' • , 

If we make Op parallel and 

equal to the velocity Vi at P, and 
Cm parallel and equal to the ve- 
locity V at any point M of the 
trajectory, then pm =ft is the 
integral acceleration for the time 
t during which the point i)asses 

from P to Mj and the straight line pb is the hodograph (page 52) 
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for motion from P to the point C, where the velocity is horizontal, 
and Ob is the velocity at tnis point. \ 

The velocity of p in the hodograph is the acceleration in the 
path (page 52). Therefore the point© moves with uniform velocity 
/ from p to 6, while P moves from i^to O. 

We see at once that the horizontal component of the velocity Oi 
is 06 = t?x, or 

06 = tJx = Vx cos at (1) 

The horizontal distance passed over in any time t^ while the 
point P moves from P to Af, is then PB = a?, or 

PB =zx = Vit cos ai (2) 

The vertical component of the velocity Vi is bp = Vi sin ai up- 
wards. But the acceleration / is downwards. Hence tiie verti(»l 
velocity at the end of the time ^ is 6m = 6p — pm = Vy, or 

bm = Vy=ViBiaai'^ft (3) 

The vertical velocity at the be^nning of the time t iavi sin au 
The mean vertical velocity diurmg the time t is then 

2Vi sin ai —ft . 1 ^ 

— 5 ^ = Vi sm ai — —A. 

« 2 

The vertical distance passed through in the time t is then 
BM^y^ov 

BA-~AM=BMx=:y=zVitmiai-\ft^ (4) 

If we combine (2) and (4) by eliminating ^, we have for the equor 
tion of the trajectory 

y = x\^siax — '—-f — (6) 

2vi' cos' ax 

This is the equation of a parabola. 

The time of reaching the highest point C is the time of describ- 
ing the vertical distance DC. Call this time Tv . Since at this point 
the vertical velocity is zero, we have, by making % = in (3), 

rp __ Visinai 

n — J—. 

If we substitute this for t in (2) and (4) we obtain the co-ordinates 
of the vertex C of the parabola, 

pn — — t;i' sin ai cos ax _ t^i' sin 2ax , 

/ 2/ 

Dr7 = t/ -- t^i'sin'ori __ x^f 

^' 2f 2vx^ cos' ax * 

The parameter of the parabola is then -^ = — ^ — -z- — ^. The di- 

2yo f 

rectrix is parallel to PD at a distance above the vertex C equal to 

one half the parameter or — — -- — - , or at a distance of -^ above 

2f 2f 

P. That is, distance of the directrix above P is the height due to the 

velocity Vi. 

If we had taken the origin at the vertex C and let Xe and yc be 

the new co-ordinates, then the horizontal velocity at C would be 
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Vi COS a, and the horizontal distance pctssed over in any time t would 
be o^e = Vitco§fau The mean vertical velocity would be —ft and 

the vertical distance ye = ^ft*. Combining and eliminating f, we 

obtain 

^ , 2t?i' cos* ai 
occ' = J yc. 

which is the equation of a parabola referred to its diameter CD and 
the tangent at the vertex 0. The parameter is as before ^' ^^ ^\ 

To find the velocity at any point of the trajectory. — ^The magnitude 
of the velocity at any point M is the resultant of the vertical and 
horizontal velocities, or, from (1) and (3), 

r» = vx^ + vy* = Vi* — 2vift sin ^i + f*t* (6) 

The same result is obtained at once from the hodograph from 
the triangle 0pm, 

Insertmg the value of y from (4), 

v^ = vi*-2fy (7) 

If the acceleration is due to gravity, we replace / by gr, and have 

^r- = — y. But we have just seen that -z-- is the distance of the 

2g 2g ' •* 2g 

mm * 

directrix above P. Therefore -^ y is the distance of the direc- 

trix above any point M, and — is the height due to the velocity v. 

Hence, tlie speed at any point ta the same as that a^cquired by a body 
falling from the directrix to that point. 

To find the direction of the velocity v at any point M, the mag- 
nitude of which is given by (6) and (7), let a be the angle which it 
makes with the horizontal. Then we have directly from the hodo- 
graph, since angle mOb = a, 

9sina = risinai —ft ; 

t;co6a = t7iC06ai. 

Therefore, from (2), 

tana=tana:i =2 — = tanai — ^, ... (8) 

ricosai X ^ \ 

or 

fx 

tan a = tan ax r^^ — ; — (9) 

Wi'cos'ai ^ ' 

To find the time of fli^rhtin a horizontal direction, and the horizontal 
range.— If in (4) we make y = 0, we have for the time Th in which 
the body reaches the line PX^ or the time of flight in a horizontal 

direction, 

-_ 2vi sin Oil 

Th = ^^ ^^^^ 

Inserting this value of f in (2), we have for the horizontal range 

PX 

„ dOi'sina, cosa, ri'sin2ai ,.^. 

-Rfc = 7 = J (11) 



120 KrarBMATICS OF A POnSTT— TBAJSTSLATIOlSr. [CHAP. EL 

This is twice the distance PD, 

The greatest value sin2ai can have is unit^, and this occurs 
when 2a I = 90° or on = 46°. Therefore the horizontal range, neg- 
lecting resistance of the air, is greatest for an angle of elevation of 

45% and is equal to ^. 

To find the greatest height attained, and the corresponding time.— 
Put the vertical velocity given hy (3) equal to zero, and we have 
for the time of attaining the greatest height 

r„ = .Hi^ (12) 

or just half the whole 4ime of flight as given hy (10). 

Insert the value of the time given hy (12) in (4), and we have for 
the greatest height attained, CD = H, 

£r=HL^ (^3j 

Equations (13) and -Rh given hy (11) give the ci-ordinates of the 

vertex C 

To find the displacement in any given direction, and the cor- 
responding time. — Let be the angle which any displacement PM= 
R makes with the horizontal, then we have Bm = y = x tan 6. Sub- 
stituting this value oi y in. (5), we have for the abscissa of the 
point m 

_ 2vi* cos ai sin (ai — 6) _ t?i'[sin (2ai — 6) — sin Q] .^. 

~ /coso /coss ; • ^ ^ 

and therefore for the displacement or range PM= R, 

P _ 2vi^ cos tf 1 sin (<^i -- 6) _ t^i'[sin (2ai — Q) — sin B] 

/cos^e /cos^'G • • ^^^^ 

If in (15) we make = 0, we have the horizontal range Rh as 
given by (11). 

If we divide (14) by the horizontal component of the velocity, 

Vi cos ai , we have 

X X' jfji* I.J. 2viSin(ai— e) 

t = time of flight = f^^ ' (16) 

This reduces to (10) for 6 = 0. 

To find the angle of elevation which gives the greatest range in 
any given direction. — ^The range R given by (15) is a maximum when 

sin (2ai — 0) is a maximum, or when2ai — e = 90*^ or ai = - [90' + 6 ]. 

The direction of projection for the greatest range makes therefore 

with the vertical an angle 90 — ai = - f 90 — © j, that is, it bisects the 

angle between the vertical and the range. 

To find the elevation necessary to hit a given point. — ^To deter- 
mine the direction of the velocity Vi in order that the path may 
pass through a given point given by x and y, we substitute for 

— 5 — the equivalent value 1 + tan^ ai in equation (5), and obtain 

cos CCi 

at once 
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AIbo from (14) we have 



or, since B cob 6 = a;, 



5-+S 



.//iBcose , - A 1 



We Bee from (17) that a, has two values. If ax is aa angle such 
that sin (2ai' - S) = ein &a, ~ 8), then 2a/ - 6 = 180° — C2ai - 8) or 
a,' = 90 — («i — 9) and^either a,' or cri will satisfy equation (14). 

With a ^ven acceleration and initial velocity of projection of 
given magnitude, there are therefore fuioiitrecdons of tne initial 
velocity, ax and 90 — (m — 6), and therefore t%tm paths by which ^^^ 
body may attain the same point. ^^Bi 



If in (17) we put | 



Smaller values of vi make tan ai imaginary. Larger values of 
Vi give two values for tan a,. In the first case the point cannot be 
attained. In the second case it would be attained either in the rise 
or fall of the projectile. 

To find t£e envelope of all the trajectoiieB coiresponditig to 
different values of ai for a ^ven initial speed Vi. — Equation (5) 
gives the equation of the trajectory corresponding to the angle of 

elevation ai. If we substitute 1 + tan' ni for — ; — , equation (B) 



fx\l + tan' a,) 



where x and y are the co-ordinates of any point of the i>ath. 

For another angle of elevation ni', and the same initial speed Vi, 
we have 

. /x.'(l+tan'^.') 




If we make x = Xi and p = y,, we have for the point of intersec- 
tion of the two trajectories, by equating these two equations, 

^(tan «i -f tan a,') = 1. 
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If the aneles ax and cxx approach equality, this expression ap- 
proaches the limit 

=^tana, =1, or tana. = ^ (20) 

Equation (20) gives then the value of tan ax whe^i I3ie two tra- 

J'ectories starting from the same point Pwith the saeme SI)e^d Vi 
lave angles of elevation at P whose difference is indefinitely small. 
Substituting this value of tan ocx in (19) we obtain 

y = ^-f^ :>Vr* (21) 

Equation (21) is then the. equation of a curve which passes 
through all the points in -which every two trajectories starting 
from the same point P at angles of elevation whose difference is 
indefinitely small cut each other. It is therefore the equation of 
the envelope or curve which touches all the trajectories or parab- 
olas described from the same point P with the same initial speed 

Equation (21) is the equation of a parabola ACA\ whose axis PC 
is vertical, whose focus is the point P of projection, and whose 
vertex C is in the common direction of the trajectories. 

With the ffiven initial speed Vi, the projectile can reach any 
point within tnis envelope by two angles of elevation and two tea- 
jectories, as proved jpage 121. It can reach any point in the en- 
velope by onlv one elevation and path. It cannot reach with any 
elevation and with the given velocity V\ any point outside this 
envelope. 

The point, therefore, where this envelope cuts the plane of any 
given range gives the maximum range in that direction for any 
given Vu /* 

Thus the maximum range on a horizontal plane is found nx)m 

(21), by making 2/ = 0, to be -^. The sanfe- result is given by (15) 

when we make a\ = 45° and = 0. 

Questions of maximum range may thus be readily solved by the 
equation for the envelope. 

From (2) we have cos a = -—, and from (4) sin ax = y-Z-SL, 

Vit Vit 

Since cos' ai + sin'* «i = 1, we have 



+ {y + lfi"J= ^"^ 



X' + {y + |/n = ViT (22) 

This is the equation of a circle whose radius is Vxt and whose 
centre is situated vertically below P at a distance PD = —ft\ 

The circumference of this circle is reached in the same time by 
a point starting from P with the velocity Vx in any direction. 

[Application of the Calculus.] The same results are obtained by the applica- 
tion of the differential equations of motion, page 81. 

Thus in the present case we have for the horizontal component of the 
acceleration, since /is vertical, 



/ dx 
A = :^ = «> cos «!• .| (1) 
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and for the vertical component 

w = --f- <» 

Integiating (a), since f or < = 0, ^r- = «i cos a„ we have 

t^^=».co-n.. 
t = 0, aj = 0, we hayel 
= Vitcoaai. . . , I (2) 
dy 
Integrating (6), we have, since when t = 0, ^ = Vi ^n ai, 

«»=5f = «isma, -yt (3) 

Integrating again, since for £ = 0, y = 0, we have 

y = vxt sin or, — -^« (4) 

Combining (3) and (4) by eliminating t, we have for the equation of the 
trajectory 

y = a? tan or — 5— « "i — (5> 

'^ 3©i' cos' ai ^^ 

We have also 

' = (!)■+ ©■• 

or, f'Y)m (1) and (2), * 

J, «« = «i« - !?/Ui>i sin a, +/««« (6) 

Inserting the value of y f rofi (4), 

«» = «i3-yy (7) 

If we differentiate (5)» we have, for the tangent of the angle which the 
velocity at any point makes with the horizontal, 

tan a = J^ = tan ai ^-^ — (8) 

dx «i* cos* ax ^ ' 

These are the same equations as already given, and from them all the others 
are deduced. 

EXAMPLfiS. 



^ = 82.16 ft.-per-sec. per sec. Resistance of air neglected. 

(1) Stuyu) that for parabolic motion the hodograph is a straight 
line. 

(2) The sights of a gun are set so that the hall may strike a given 
object. Show that when the sights are directed to any other object 
in the same vertical linCy the ball vnll also strike it. 

(3) Two bodies projected from the same point in directions mak- 
ing angles /S, fi' with the vertical pass through the sams point in 
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the horizontal plane through the point of projection. ]f t and t an 
the times of flighty show that 

8in{fi- fi') ^ r-^ 

sini^ + fl") t^ + f' 

(4) With what velocity must ajprqjectUe he fired at an elevation 
of 30" 80 as to strike an object at the distance of 2500 ft. on an ascent 
of 1 m 40 ? 

Ans. 811.5 ft. per sec. 

(5) Find the direction and mxignitvde of the velocity of projection 
in order that a projectile may reach its maximum height at a point 
whose horizontal and vertical distances from the starting-point are 
b and h respectively. 



Ans. tanoi = — , t,. = |/— ^-^. 



2h 

(6) A gun is fired horizontally at a height of 144.72 /f. above the 
surface of a lake and the initial speed of the mil is 1000 ft. per sec. 
Find (a) after what time, and (b) at what horizontal distance^ the 
ball strikes the lake, neglecting resistance of the air. 

Ans. (a) 3 sec. ; (6) 3000 ft. 

(7) In the parabola described by a prcjectHe, its speed at any 
point is that which it would have had nod it fallen to that poim 
from the directrix. 

(8) A particle projected at a given elevation with an initial speed 
V\ reaches the top of a tower hft. high and 2hft, from the point of 
projection in t seconds. Find (a) the initial speed of another par- 
ticle which, being projected at the same elevation from a point dis- 
tant 4h ft. from the tower, will also reach its summit, and (by the 
time it wilt require. 

Ans. (a) ^-^ ^^ : (b) A^EttK\ ' ' 

Vh-i-gt* Vg 

(9) A ball is projected with a velocity of 100 ft. per sec. inclined 
75" to the horizon. Find (a) the range on a horizontal plane ; (b) the 
range on a plane inclined 30° to the horizon ; (c) what other direc- 
tions of the initial velocity would give the same ranges. 

Ans. {a) 155.5 ft.; (6) 207.3 (|/3"- 1) ; (c) 15° and 45°. 

(10) Show that with a given initial speed the greatest range on a 
horizontal plane is just half as great as the greatest range down an 
incline of 30°. 

(11) Show that if two particles meet which have been projected 
tvith the same initial speed, in the same vertical plane, at the same 
instant, from two given points, the sum of their elevations must be 
constant. 

(12) On a small planet a stone projected with a speed of 50 ft. per 
sec. is found to have a maximum range on a horizontal plane of 
400 ft. Find the acceleration of falling bodies at the surface of that 
planet 

Ans. 6 25 ft.-per-sec. per sec. 

(13) Two stones thrown at the same instant from points 20 yards 
apart, with initial velocities inclined 60° and 30°, respectively, to the 
horizon, strike a flag-pole at the same point at the same instant. 
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Show that the initial speeds are a« 1 : V3 ; and that the distance of 
the pole from the nearer point of projection is 10 yards, 

(14) At what elevation must a body he projected toith a speed of 
310.8 /f. per sec, that it may hit a balloon 600 ft. from the earths 
surface and at a distance of 1000 ft, from the point of projection, 

Ans. 39° 17', or 80'' 48'. 

(15) A body is projected with an initial velocity of 30 ft, per sec, 
inclined 60° to the horizon. Find the velocity after 20 sec, 

Ans. 617.3 ft. per sec. inclined 148° 36^6 to tlie direction of the initial 
velocity. 

(16) If from a point A bodies are projected at the same numient 
and in the same vertical plane at different angles of elevation, with 
the same initial speed, Vi, the locus of all the posiiions occupied at 
the end of a given time t is a circle whose radius is vit ana whose 

centre is situxited vertically below A at a distance ^gt^* 

(17) A jet of water rises with a velocity of 20 ft, per sec, at an 
angle of elevation of 66% Find (a) the height due to the velocity ; 
(b) the greatest height of the jet; (c) the horizontal range; (d) the 
tims of rea^ching the horizontal plane ; (e) the height corresponding 
to the norizontal distance Sft, 

Ans. (a) 6.2 ft.; (6) 5.17 ft.; (c) 9.24 ft.; ((Q 1.14 sec.; (e) 4.52 ft. 

(18) A Jet of water discharged horizontally at a height above a 
horizontal plane of lift, has a range on the horizontal plane 9/6i 
ft. Find the velocity of projection, 

Ans. 15.92 ft. per sec. 

(19) Prove that the anaular velocity of a projectile about the focus 
of its path varies inversely as its distance from the focus, 

(20) Show that the envdojye of all the parabolas which correspond 
to a given velocity of projection is equm to the trajectory for which 
the airection of projection is horizontal, 

(21) A particle is projected over a triangle from one end of the 
horizontal base and, grazing the vertex, fails upon the other end of 
the base. If fi and y are the base angles and a the angle of projec- 
tion, show that tan a = tan fl + tan y, 

{22) For the greatest range on an inclined plane through the 
point of projection the direction of motion on leaving is at right 
angles to that on reaching the plane, 

(23) A particle is projected horizontally with a speed of 32. 16 ft, 
per sec, from a point 128.64 /ee^ from the ground. Find the direc- 
tion of its motion when it has fallen half way to the ground, 

Ans. Ihclination to the horizontal = tan ~ ^ 2. 

(24) The greatest range on a horizontal plane of a projectile 
with a given initial speed being 500 meters, show that the greatest 

range on a plane inclined 60° to the horizontal is 2 — Vs kilometers, 

(25) A stone is let fall in a railway-carriage travelling at the 
rate of 30 miles per hour. Find its displacement relative to the 
road at the end of 0.1 sec, 

Ans. 4.4029 feet, inclined 2° 5'.5 to the horizon. 
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(26) J%e velocities of a projectile at any two paints of its pai)i 
being given^ find the difference of the attitudes ahave a horizontal 
plane. 

Ans. g- — , where V\ and V% are the magnitude of the giyen yelocities. 

(27) A given inclined plane passes throughthe point of prqjectim 
of a projectile which eventuatly strikes the plane at rtgkt angles. 
Pinathe range of the projectile on the inclined plane^ the velocity 
of projection being given, 

Ans. If 6 is the inclination of the pUme and «i the velocity of projection, 
the required range is — ^^g^^^^ ^ 

(28) A particle begins to slide from rest down an inclined plane 
AB, At the same instant another particle is projected from A 
FHnd the condition that the particles may meet^ and ascertain when 
and where this occurs. 

Ans. The second particle must be projected at right angles to the plane. 
If 6 is the inclination of the plane and Vi the velocity of projection, the time 

before meeting is t = -, and the distance of the point of meeting from A 

ff cos V 

^cos^ Q 

(29) Prove that the components of the velocities at the extremities 
of any chord of the path of a projectile, at right angles to the chord, 
are equal. 

(30) Swift of foot was Hiawatha ; 

He coula shoot an arrow from him. 

And run foncard with such fieetness, 

That the ai*row fell behind him I 

Strong of arm was Hiawatha ; 

He could shoot ten arrows upward, 

Shoot them with such strenmh and swiftness. 

That the tenth had left the bow-string 

Ere thejirst to earth had fallen. 

Supposing Hiawatha to shoot an arrow every second, and^ when 
not shooting vertically, to have aimed so that the flight of the arrow 
might have the longed range, find his speed. 

Ans. About 99 miles an hour. 

(31) If any number of bodies are projected from the same point 
in different directions ivith the same initial speed Vi, show that the 
foci of the parabolas they will describe will tie on the surface of a 

sphere whose radius is ^ . 

(32) The elevation of a projectile is that for maximum horizontal 
range. Find the time of reaching a point whose horizontal and ver- 
tical distances from the point of projection are h and k respectively, 

^ ff 

(33) If AB is the range of a projectile on a horizontal plane, and 
t the time from A to any point Pof the trajectory, and t' the time 

from P to B, show that the height of P above AB is ofl^- 
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(34) A projectile is fired from an elevation of 1.8 meters above a 
horizontat plane with a horizontal velocity of 10 meters per sec. 
How long before it strikes the plane and what is the range ^ (gf = 9.81 
meters^per-sec. per sec,) 

Ans. 0.6 sec. ; 6 meters. 

(35) A projectile is fired at an angle of 30** at a target distant 1200 
meters in a norizontal direction, (jgf = 9.81 meters-per-sec, per sec.) 

(a) Find the initial velocity, 

(b) The time of striking. 

(c) The highest point (rf the trajectory, 

(d) The velocity of striking. 

Ans. (a) 116.6 meters per sec. ; (&) about 12 seconds; (c) 178.21 meters; (d) 
same as the initial velocity. 

(36) A projectile is fired with an initial velocity of 150 meters per 
sec. from a point 100 meters below a target which is distant horizon- 
tally 1526 meters, (a = 9.81 meter s-per-sec. per sec.) 

(a) Find the angle of elevation. 

(b) The velocity of striking. 

(c) The time ojfiight. 

Ans. (a) dS** 28' 60" for bomb, 26° 16' for ball; (h) 148.8 meters per sec. ; 
{c) 27.715 sec. for bomb, 11.24 sec. for ball. 

(37) A projectile is fired at an elevation of 45°, and strikes a tar- 
get at a horizontal distance of 800 meters arid 70 meters lower, {g = 
9.81 meters-per-sec. per sec.) 

(a) Find the initial velocity. 

(b) The final velocity. 

(s) The angle of striking. 

Ans. (a) 84.95 meters per sec. ; (h) 92.6 meters per sec.; (c) 49° 88'. 

[Motion of a Projeetile in a Besiiting Medium. 1 — In the preceding examples 
the motion is assumed to be tn vacuo. It should be borne in mind that the re- 
sistance of the air completely changes the results of the theoretic formulas. 

The motion of a projectile, taking into account the resistance of the air, is 
best given by empirical formulas ba»9d upon experiment. 

If, however, we assume that the magnitude of the acceleration decreases 
directly with the square of the velocity, we may deduce by means of our gen- 
eral differential equations, page 81, Chap. VIII, the equation of the trajectory 
for very small angles of elevation. The same method which we shall use 
holds good for any other assumption as to the law of acceleration. 

The assumption is not strictly accurate, but will serve to illustrate the 
method of deduction. 

Let / be the constant acceleration due to gravity, the value of which is 

given page 111, and let e be the coefficient of resistance, so that c has the 

value given page 118. 

ds 
Thus, since the velocity at any point is « = -=-, we have the retardation 

CUv 

— •) by assumption. We have then from equation (6), page 81, 
dt I 

cLoR 
since cos a = -=-, for the horizontal component of the tangential acceleration 

d?x _ fdsydx . 

5?"""""V«/^' 

and, since sin a = ^, for the vertical component of the tangential accelera- 
tion 
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dsP 
Diyidmg (1) by — , we have 



cPx dt^ 

dT ^ :^ = - ^- 

Integrating this, we have 

I dx 

logn^- = -cs + C, (3) 

where C is a constant of integration. Let «i cos a, be the oomponent of the 
initial velocity «„ parallel to w, a, being the angle of elevation at the point of 

projection; then when « = 0, — = «, cos a,, and (7 = logn Vi cos a. There- 
fore, from (3), 

dx 

^ =«"**«! cos a„ (4) 



where e is the base of the Naperian system of logarithms, 2.718282. Hence 

dy dy dx -m dv 

■— = ;,-• -jT- = « «i cos a» -/- (5) 

dt dx dt dx ^ ' 

If we multiply (2) by dx, and (1) by dy, and subtract, we have 

'^^'^-/'^y =-/<to (6) 

Inserting the value of dt^ from (4), we have 

d^y dx - d^xdy _ f^ ^ ^ 

^5 "t^.^cos^a, ''•• ••*••. (7) 

dy 

The first member of (7) is equal to d-^. We have also 

CLX 

\^da^) 
Substituting these values in (7), we have 

/. , dy^\^^dy fe^ ^ 

If we asffume the angle of projection ai as very small, so that the trajectory 
is very flat, we have approximately in such case 



d8 = dXf and 8 = x, and 
Therefore (8) becomes 



(•+S)*='- 



d^=- /"'^ (to (9) 

dx vr cos^ «! ^ ' 



dtj 
Integrating (9), since when x =0, -— = tan ai , we have 

dx 



^ = taiia.-5-^-— (e'«°-l) , (lO) 

dx 2c«i^cos*ai\ J ^ ' 

Integrating (10), we have, since for jb = 0, y = 0, 
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Equation (11) is tlie approximate equation of the path. 
If we expand the last term in a series, we have 

fa? fca? 
y = a?tanai — -5— f — 5 -3— | — (12) 

If the terms containing c are omitted, and/= ^, equation (12) is that of a 
parabola, which is the path of the projectile in vacuo. 

The ordinate of the actual curve is therefore less at any distance x than that 
of the parabola for the same distance. 

From equation (4) we have 

dx ..^ 

-TT = « ^^1 cos ax ; 
at 

and integrating, since for a; = 0, ^ = 0, we have 

ct)iCosai^ = 6***'- 1, (18) 

which gives the time in terms of the abscissa. 
From (13) we have 

X = — logn (c«i cos axt + 1), 



or, in common logarithms, \ (14) 

X = logievi cos ait-\- 1), 

c 

which gives the abscissa x in terms of the time. 

''The general problem of the path of a projectile in a uniform resisting 
medium, where the resistance varies as the square of the velocity, was pro- 
posed by Keill as a trial of skill to John Bernoulli, by whom the challenge was 
received Feb. 1718. Keill, trusting to the complexity of the analysis, which 
had probably deterred Newton from attempting any regular solution of the 
problem in the second book of the Principia, was in hopes that the exertions of 
Bernoulli would prove unsuccessful. Bernoulli, however, having expeditiously 
effected a solution, not only of Keill's problem, but likewise of the more general 
one where the resistance varies as the nth power of the velocity, expressed a 
determination not to publish his investigation until he had received intimation 
that his antagonist had himself been able to solve his own problem. He gave 
Keill till the following September to exercise his talents, declaring that u he 
received by that time no satisfactory communication, he should feel himself 
entitled to question the ability of his adversary. At the request of a common 
friend, Bernoulli consented to extend the interval to the first of November. 
It turned out, however, that Keill was unable to obtain a solution. At length 
Nicholas Bernoulli, Professor of Mathematics at Padua, communicated to John 
Bernoulli a solution of KeilFs problem, which the author afterwards extended 
to the more general one. Finally, on the 17th of November, information was 
received by John Bernoulli from Brook Taylor, to the effect that he had ob- 
tained a solution. John Bernoulli published his own analysis, together with 
that of his nephew Nicholas, in the Acta ErudU. Lips. 1719 mai., p. 216." 
(Walton, Problems in Theoretical Mechanics.) 



CHAPTER IV. 

CURVILINEAR MOTION OF TRANSLATION— CENTRAL 
ACCELERATION. HARMONIC AND PLANETARY MOTION. 

Central Acceleration.~If the acceleration of a moving point is 
always directed towards a fixed point or centre of acceleration, the 
acceleration is said to be central. 

The velocity of the moving point at any instant is the resultant 
of the velocity at the preceding instant and of the integral accelera- 
tion during the intervening time. 

But if the acceleration is always directed towards the centre, or 
fixed point, its moment with reference to that point is zero. Since 
the moment of the resultant of any two components about any 
point is equal to the sum of the moments of the components, and 
since in this case the moment of one of the components, viz., the 
acceleration, is zero, it follows that the moment of the velocity abaui 
the centre^ in the case of central acceleration^ is constant. 

Conversely, if the moment of the velocity of a moving point 
about any fixed point is constant, the acceleration mvM always he 
directed towards that point. 

If r is the distance of the moving point from the fixed point, p 
the lever-arm, and go is the angular speed at any instant, we have 
for the moment of the velocity pv = r^ao = c, equal to twice the 
areal velocity of the radius vector (page 76). 

Therefore, in all cases of central acceleration -^r^oo is constant, or 

the area described by the radius vector in a unit of tims is constant. 

It follows also that in all cases of central acceleration ca = — , or 

the angular speed is inversely as the square of the radius vector. 

Cases of Central Acceleration. — The two most important cases 
of central acceleration are those of harmonic motion^ where the 
central acceleration is directly proportional to the distance from the 
centre, and planetary motion^ where it is inversely as the square of 
the distance. 

When the velocity is in the same straight line as the central 
acceleration we have in both these cases rectilinear motion. The 
first is simple rectilinear harmonic motion, the second is rectilinear 
planetary motion or that of a body at great distances from the 
earth. Both these cases have been considered in Chaps. I and II. 

When the velocity is not in the same straight line with the 
central acceleration we have compound harmonic motion and 
planetary motion in general. The first is of great importance in 
the study of sound, light, heat, etc., as well as m ordinary kinetics. 
The second is the motion of planets about the sim and of sateUites 
about their primaries. 
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Ga4ies of Harmonic Motion. — ^We have defined simple harmonic 
motion, page 103, as the motion of a point moving in any path in 
such a manner that the tangential component of the acceleration, a, 
is directly proportional to the distance, measured along the path, 
from a fixed point in the path. 

Such motion may be rectilinear or curvilinear. In the first case 
it is simple rectilinear, in the second simple curvilinear. 

If the whole acceleration itself , or/i is central, that is, always 
directed towards a fixed point not in the path, and is alwaj^s propor- 
tional to the distance from this fixed point, the motion is central 
harmonic, or compound harmonic, so called, because it is the result- 
ant of two simple rectilinear motions, as will be proved in the next 
article. 

Simple rectilinear harmonic motion is also central^ because the 
fixed point is in the path. 

Any Central Harmonic Motion may be Resolved into Two Simple 

Eectilinear Harmonic Motions at Bight Angles. — Let C be the 

centre of acceleration, and P the position of the moving point at 

any instant. Let the velocity r of Jr make 

an angle a with the axis of X, and let the 

motion of P be harmonic so that the ae- 

a' 
celeration of P is — ^r, where a' is the ac- 

r 

celeration at a known distance r', and r 

is the distance CP, 

The velocity v may be resolved into 

V cos a and v sin a in the directions CX 

of 

and CY, and the acceleration may be resolved into —pv cos PC A or 




a 



a' 



a' 



■zj-CA, and -7-r cos PCB or -rCB, in the same directions. 

The component accelerations are therefore directly as the dis- 
tances CA and CB, and the component velocities are in the direc- 
tions of CA and CB. The central harmonic motion of P, whatever 
the direction of the velocity v, is therefore the resultant of two 
simple harmonic motions in the lines CA and CB at right angles. 

If then any central harmonic motion is resolved into two com- 
ponents at right angles, the component motions are rectilinear har- 
monic. 

Conversely, tfie resultant of two rectilinear harmonic motions at 
right angles is a central harmonic motion. Central harmonic mo- 
tion is therefore called compound harmonic motion. 

Composition of the Simple Rectilinear Harmonic Motions in Dif- 
ferent Lines. — ^Let the point M move in a circle AMA' of radius r = 

CA = CAf with a constant angular 
velocity go. Then the motion of the 
projection P in the line AA is 
simple rectilinear harmonic (page 
103). 

Let the point Mi move in the 
circle CBMi of radius ri = CB = 
A CMi , with constant angular veloci- 
ty ooi. Then the motion of the pro- 
jection Pi in the line CB is simple 
rectilinear harmonic. Let the angle 
BCA between the planes of the 
circles be a. 
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Let the time count from the instant when Mi is at J9, so that the 
epoch of Pi is zero (page 105). At this instant let the epoch of Pbe 
€, Then e is the difference of epoch, or, in angular mectsure, the 
angle of M above or bielow A at the beginning oi the time. In any 
time t, Ml will have moved from B through the angle osit measured 
from CB, and M through the angle oot ± e measured from CA, 

By the preceding Article we can resolve the harmonic motion of 
Pi into a simple rectilinear harmonic motion at right angles to CA, 
and another along CA, 

The displacement of Pi from C for any time ^ is ri cos (<»i^), and 
this displacement may be resolved into ri cos a cos (ooit) along CA, 
and ri sm a cos {ooit) perpendicular to CA. The displacement of F 
from C in the same tune t is r cos (oot ± e). 

If a point undergoes these displacements simultaneously, its re- 
sultant displacement along CA will be 

x = r cos {oot ± e) *\- Vi cos a cos (ooit), .... (1) 
and perpendicular to CA 

2/ = ri sin acos (ooit) (2) 

The equation of the curve in which the point moves, referred to 
rectangular co-ordinates with C for the origin, will then be obtained 
by combining (1) and (2) so as to eliminate t. Such combination 
(page 131) gives always a central or compound harmonic motion 
about C, the radius vector from C passing over equal areas in equal 
times (page 130). 

Equations (1) and (2) enable us then to find the curve resulting 
from the combination of any two simple rectilinear harmonic mo- 
tions inclined at any angle a. 

If the component motions are at right angles, a = 90*. If the 
amplitudes are equal, r = ri. If the periods are equal, oo = ooi, the 
difference of epoch is constant, and, since the epoch equals the pro- 
duct of the phase at zero of time by 27c radians (page 105), when the 
periods are equal the difference of phase is constant. When, then, 
the periods are equal and e = 0, or the epochs are equal, the phases 
are also equal at any instant. (For definitions of amplitude, period, 
epoch and phase, see page 105.) 

Two Component Simple Rectilinear Harmonic Motions in Differ- 
ent Lines with the Same Period.-— In this case go = goi and e is con- 
stant, or the difference of epochs is constant and difference of 
phase at any instant is constant. 

We have then, from (1) and (2), 

x = r cos {oot + €) + vi cos a cos {oot), y = r sin a cos (oot). 

Combining these two equations by eliminating oot, we have 

(ri' sin'* a)x* — 2ri sin a{r cos e + ri cos a)xy + 

(r" + 2rri cos € cos a + Vi^ cos" oc)y^ = r'ri" sin" a sin' e, (3) 

This is the equation of an ellipse referred to its centre and rect- 
angular axes. 

Hence if a point has two component simple rectilinear harmonic 
motions in any directions, of any amplitudes, and any difference of 
epoch, if the periods of the two components are ths same, the result- 
ant motion of the point will be central harmonic in an ellipse, the 
centre of acceleration at the centre of the ellipse. The areal velocity 
of the radius vector about the centre is constant (page 130). 

Such motion is called elliptic harmonic motion. Elliptic har- 
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monic motion, then, ia compoimd harmonic motion when the 
periods of the components are the same. 

Equation (3) gives all cases of compound harmonic motion for 
equal periods of the components. 

It will be instructive to derive from it special cases. 

(a) Two Component Simple Rectilinear Motions in Different Ziinei 
with tbe Same Period and Phase. ~ln this case we make in (3) e = 0, 
and therefore the phases are equal, and we have at once 



^ 



This is the equation of a straight line passing through the centre 
C- The resultant motion is therefore » 

central harmonic in a straight line, or 
sinmle rectilinear harmonic. 

If CA and CB are the amplitudes r 
and r, inclined at the angle a, the result- 
ant motion has the amplitude CR, in 
direction and magnitude the diagonal of 
the parallelogram whose adjacent sides are j 
the angle a. 

Conversely, a simple rectilinear harmonic motion whose ampli- 
tude is CR may be resolved, by completing the parallelogram, into 
two others in any two directions, of the same period, epoch and 
phase. 

Jt a= 90°, we have y= ~x. Therefore the projection of a 

simple rectilinear harmonic motion on any straight line is also 
a sunple rectilinear harmonic motion of the same period, epoch 
and phase. 

If the component motions are more than two, they may be com- 
pounded two and two, and therefore any number of component 
simple rectilinear harmonic motions in any directions, of the same 
period, epoch Eind phase, give a single resultant rectilinear har- 
monic motion of determinate direction and amplitude, which may 
be resolved into two components in any two directions, of the same 
period, epoch and phase. 

(b) Two Component Simple Rectilinear HoUons in the Same Line 
with the Same Period and Different Epochs and Phases. — In this case 
we make in (3) a = 0, and obtain 
at once 

(r' + Zrri cos e + r,')]/' = 0. 
But since for « = 0, y = 0, {see 
Fig. 1,) we have 
r'+ 8rr, cos 




In Fig. 3 the points P and Pi 
move in the line A A' with sim- 
ple harmonic motion and the 
diagonal CR = Vf" + 2rri qob e + n', where e is the constant differ- 
ence of epoch and phase. 

Since * is constant and CR is constant, its inclination to CM or 
C3fi is oonetant. At any instant the resultant displacement is 
CPi + CP=CS, and the motion of <$ is therefore the resultant 
motion uid is simple rectilinear harmonic, with the amplitude CR, 
the diagonal of the parallelogram on r and r,. The epoch and 
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phase are intermediate between the epochs and phases of the com- 
ponents. 

If the epochs and phases are the same, e = and the amplitude of 
the resultant motion is r + ri , or the sum of those of the compo- 
nents. If the difference of epoch or phase ib € = x radians, the am- 
plitude is r — ri or the difference of tnose of the components. 

By taking CMi and CM of proper lengths we can make IfCP and 
MxCii what we please without changing CR. Therefore any simple 
rectilinear harmonic motion may be resolved into two others inzhe 
same line^ with any required difference of phase and one of them 
having any desired epochs the periods being the same. 

Three or more component smiple rectilinear harmonic motions in 
the same line and with the same period may be compounded two 
and two, and the resultant will be rectilinear harmonic with the 
same period. 

If the periods are different, the angle MiCM= e will vary and 
CR will vary. When e = 0, CR will have its maximum value r +ri. 
When the difference of epoch € is ^r radians, CR has its minimum 
value r — ri. The angular velocity of CR is also variable. The di- 
rection of CR will oscillate back and forth about CM, the maTimiim 

inclination being sin ~ — . The resultant motion is therefore not 

simple rectilinear harmonic, but a more complex motion. It is, as 
it were, simple harmonic with periodically increasing and decreas- 
ing amplitude, and periodical acceleration and retardation of phase, 
or epocn. 

(c) Two Component Simple Rectilinear Harmonic Motions at Eight 
Angles with the Same Period and Different Phases or Epochs. — ^^e 
general equation for this case is given by (3). If the directions 
are at right angles, we have a = 90**. Suppose in addition the am- 
plitudes equal, so that r = ri, and the difference of epoch e = 90". 
We have then, from (3), 

ar' 4- 2/" = r". 

Since the motion is central harmonic, according to page 130 the 
areal velocity of the radius vector is constant ; ana since me radius 
is constant, the speed in the circle is constant. We have already 
seen, page 103, that the projection of the motion of a point moving 
with uniform speed in a circle, upon a diameter, gives rectilinear 
harmonic motion. The projection upon two diameters at right 
angles gives then two component rectilinear harmonic motions of 
the same period, with a difference of epoch of 90°^ or of phase of 
i, since, wnen one component has its greatest displacement, the 
other is at the centre with displacement zero. 

It follows also that two component simple rectilinear harmonic 
motions at right angles, with the same period and equal amplitudes, 
differing in epoch by 90° or in phase by one quarter of a period, will 
give, as a resultant, uniform motion in a circle whose radius is the 
common amplitude of the components. 

If the amplitudes are not equal, but a and € still 90°, and periods 
the same, we have, from (3), 

ri^af + r^y^ = r^ri\ 

which is the equation of an ellipse referred to its centre and axes. 
The resultant motion is therefore central harmonic in an ellipse, 
whose semi-diameters are r and ri, the centre at the centre of the 
ellipse. 
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The same result is evidently obtained by projecting the circle in 
the preceding case upon a plane, so as to obtain the required ampli- 
tude ri, r remaining unchanged. 

{d) Three or More Component Simple Rectilinear ELarmonic Mo- 
tions in Different Lines with the Same Period but Different Phases or 
Epochs. — ^We have seen from equation (3) that the resiiltant of two 
simple rectilinear component harmonic motions in any two direc- 
tions, of the same period and different epoch or phase, is elliptic 
harmonic motion. 

We have also seen from (a) that any simple rectilinear harmonic 
motion may be resolved into two others of the same period and 
phase or epoch in any two given directions. Any number of given 
simple rectilinear harmonic motions, then, of the same period and 
different phases or epochs may each be resolved into its own pair 
in any two given directions. These pairs constitute a number of 
simple rectilmear harmonic motions in two given lines, all of the 
same period and different phases or epochs. 

According to (6), all in one line may be compounded into one re- 
sultant, and all in the other line into another resultant, these two 
resultajits having the same period and different phases or epochs. 
The resultant of these two is, according to equation (3), elliptic har- 
monic motion. 

Hence the resultant of any number of component simple rectili- 
near harmonic motions of the same period^ whatever their ampli- 
tudes, directions, phases or epochs, is elliptic harmonic motion, 
the centre of the ellipse being then centre of acceleration, and the 
radius vector describing equal areas in equal times. 

In special cases this becomes, as we have seen, uniform circular 
motion or simple rectilinear harmonic motion. 

Since the above holds whatever the inclination of the two result- 
ants, elliptic harmonic motion may be considered as the resultant 
of two component simple harmonic motions of the same period 
and different epochs or phases at right angles. 

Graphic Eepresentation. — We may exhibit graphically simple 
or compound rectilinear harmonic motion by a curve in which 
the abscissas represent intervals of time, and the ordinates 
the corresponding distance of the moving point from its mean 
position. 

In the case of a single harmonic motion we have (page 132) 
0? = r cos {oot ± e). If the distance a; is to be zero when f = 0, we 

must have the epoch e z= — radians, or one fourth of the periodic 

time. This gives x = t sin aot. 

Since a? = -^, where T is the periodic time, we have for f = 0, 

a? = 0; for f = ir, a; = r; for f = iT, a; = 0; for t = iT,x = — r; for 

* = r, a? = 0. 




The curve is the curve of sines, or the curve which would be de- 
scribed by the point P (page 103) if, while M maintained its uniform 
circular motion, the circle itself were to move with uniform speed 
in a direction perpendicular to CA, 
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It is the simplest possible form assumed b^ a vibrating striiif, 
when it is assimied that at each instant the motion of every particle 
of the string is simple harmonic. 

If the rectilinear harmonic motion is compound, we have (page 
132) in general 

x=ir cos (wf ± e) + ri cos (mt ± ex). 
If the displacement of one of the motions is zero when ^ = 0, we 
have €=s-;if€i = e + n*, we have 

x^r sin <ot + Vi sin (ooit + nie). 

If the period of one motion is twice that of the other, for instance, 
we have a>i = 2g0, and 

a; = r sin (oot) + ri sin {2oi>t + nn). 

If the difference of phase is zero, n = 0; and if the amplitudes 
are equal also, we have 

a; = r sin a>t + r sin (2oDt). 




This gives a curve as shown in the figure. 
Periods Unequal. — We have in general 

X = r cos (oot + e), y = Vi cos (ooit + ei) 

for the two component rectilinear harmonic motions at rieht angles. 
The elimination of t in any case gives the curve of resmtant com- 
pound harmonic motion. 

If the periods of the components are as 1 to 2, and e is the 
difference of the epochs, we have for equal amplitudes 

X = r cos (2oot + e), y = r cos oot. 
Eliminating t. 



X 



= .|(|!-l)cos. + f/l-^.sine}, 



which is the general equation of the curve for any value of e. 
Thus for e = 0, or equal epochs, 






which is the equation of a parabola. For ^ — —^ 



|=2|/l-^, or T-ai' = 4y'(r' - »^, 



r r ' T^ 

which is also the equation of a parabola. 
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If we make e in succession, 0, 1, 2, etc. , eighths of a circumf erence, 
we obtain a series of curves as shown. 



£— o 



e^'Xjt 



e-Hn e-'JiTt 



e^ft 



CbdodUa 







In the same way we can find the curve for any ratio of periods 
and difference of epoch. Thus if the periods are as 1 to 3 or 2 to 3, 
and we make e in succession 0, 1, 2, etc., eighths of a circiunf erence, 
we obtain the following series of curves : 



e-o 



ff-VW 



S'-Htt 



B'-Xlt 



E^TC 



Period 1:8 







£erioa 3:8 




Blackburn's Pendnlnm. — The motion of a pendulum which 
swings through a small arc is, as we shall see hereafter (page 164), 
simple harmonic, and the proiection of the bob on 
a horizontal plane moves with simple rectilinear 
harmonic motion. 

Curves similar to those "just given are therefore 
traced by Blackburn's penaulwm,. This consists of 
two pendulums, CED and JB/J5, arranged so as to 
swing in two planes at ri^ht angles. 

Any difference of period may be made by ad- 
justing the lengths or the pendulums, and they 
may be started with any difference of epoch. If 
the bob B is made to trace its path on a horizontal 
plane, we have, approximately, the compound 
harmonic curve. 




B 



[Applioation of the Calcalas to Harmonic Motion — Let a' be the known 
acceleration at the known distance ?*'. Then the acceleration at any other dis- 



a 



tance is -;r, where r Is the distance from the centre. 
r 

For the acceleration in the direction of the axis of Xwe have then 



d^ ~ r'*' 



(1) 



a' 



and in the direction of the axis of F, 

d*y 

the minus sign denoting direction towards the centre. 



(3) 
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Multiply {l)hj dx and we haye 

(Pw. a 
■T-^dx = 

Integrating, 

tLn of 

Let -- = 0, when x = r, then Const. = 5— r* and 



^ w, ^-^-..~,, — -«.. ^, 



f^y=?;(r«-a:«), OP dti/l = -^ , 



(3) 



(5) 



(6) 



where we take the minus sign to indicate that x diminishes as t increases, or 
motion towards the centre. 

dp 
In the same way we obtain from (2), i^ ^ = 0, when y = Vi, 

^Jl = -^=^_, (4) 

where we take the plus sign to indicate that y increases as t increases. 
Integrating (8) and (4), we have 

if/J+C =cos-i|, or a! = rco8|<y^ + C t. . . 

<|/p + <7. =sin-i^, or y = r. sinj «-^ + ft ^. . . 

where G and d are constants of integration. 
Equations (5) and (6) may be written 

aj = r cos Ccos^y ^-rsin Csin«|/^= Ax coaty%+A%wity^» 

y =riCos(7, sin«|/^ + ri sin Cx co8 ty^ = Bi 8mty% + Bt coaty- 

where Ai = r cos 0, -4a = — r sin C, Bi = Vi cos Ci, B^ = Vi sin d. 

If we find from these equations the values of sin and cos in terms of x and 
y and add their squares, we have, by eliminating t, 

x\B^^ + W) + y'iAi' + A^^) - 2xy(A^B, + A^B,) = (AxBi - ^,B,)« . (7) 

This is the equation of an ellipse referred to its centre and rectangular 
axes. 

If we take one of the principal axes corresponding with the axis of X, and 

count the time from the end of this axis, we have for ^ = 0, y = and — = 

dt 
and X = r. Therefore, from (5) and (6), (7=0 and Ci = 0, and therefore 

^a = 0, Ai = r, Bi = Of jBi = ri, and (7) becomes 

or the equation of an ellipse referred to its principal axes. 
We have also, from (5) and (6), 

x = rcoatYp and ^ = - r |/^ sin « |/^', 
y = nsin«|/^ and ^ = riy^costy^. 
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Therefore elliptic harmonic motion can be considered as the resultant of two 
simple rectilinear harmonic motions at right angles of the same period and 
different amplitudes, so related that the velocity of one is zero when the ye- 
locity of the other is a maximum, i.e., one is at the centre when the other is at 
its greatest range. 

They therefore differ in epoch by 90*. 

The time of a complete oscillation is for each of these component motions 

Uni/ —,, and this therefore is the periodic time in the ellipse. 

Planetary Motion. — Velocity Inclined to the Central Accelera- 
tion — Acceleration Inversely as the Square of the Eadins Vector — 
Hodograph a Circle. — Since the acceleration is central, we have 

(page 130) r^oo = c, or <» = ^, where c is a constant and equal to 

IT 

twice the areal velocity of the radius vector. Also by assumption 
we have 



/= 



ar 




where a' is the acceleration at a known distance r'. 

Let P be a point which has the ve- 
locity V, and central acceleration direct- 
ed always towards the point O, the 
radius vector being OP = r. 

Take (y as the pole of the hodograph 
(page 52), and draw (70 parallel and a'. 
equal to v. Then the tangent to the 
hodograph at Q is the direction of the 
acceleration / at P and is parallel to 
OP=r. 

Since the angular velocity eo at P is 
the angular velocity of the radius vec- 
tor r, the angular velocity of the tan- 
gent at @ is also oo. 

Let C be the centre of curvature of 
the hodograph, so that CQ is perpendic- 
ular to the tangent at Q and C§ = p = 
radius of curvature. Then since the linear acceleration / of P is 

the linear velocity of O, we have/= poo, or p = — . 

GO 

But (» = 3 and /= --^-. Hence p = . The radius of 

T^ r^ c 

curvature p is therefore constant and the hodog^raph for planetary 

motion is a circle. 

The path which, in consequence of aberration, a fixed star seems to de- 
scribe is the hodograph of the earth's orbit, and is therefore a circle whose 
plane is parallel to the plane of the ecliptic. 

The Path for Planetary Motion is a Conic Section. — Draw OR 
perpendicular to C(^ and therefore |>araQel to r. (JR is the com- 
ponent of the velocity v in the direction of the radius vector. Draw 
§iV perpendicular to OCB. Then^QN is the component of v per- 
pendicular to the fixed line CB. 

But by similar triangles 
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that is, the ratio of the velocity along the radius vector to the 
velocity at right angles to any fixed Ime parallel to (yCB is con- 
stant and equal to e. 

If then Vi and r% are the initial and final values of r for an in- 
definitely short time, and dx , d% the corresponding distances of P 
from any given fixed line A' A panJlel to O'CB, we have 

W"5^^=^"^' '''' n - r. = 6(di - A). . . . (1) 
Since this holds whenever we take the fixed line A!B\ let us 

take the initial distance di such that di = - , or € = ^. 

^ di 

Then, from (1), cb = — , or e = -^^ and we have 

€ a% 

di ds 

that is, the ratio of the distance r of the moving point P from a 
fixed point O to its distance d from a fixed line naa a constant 
value. 

This is the Property of a Point Moving in a Conic Section. If 
6 = 1, then CyR = QN, and the pole O' is on the circumference of the 
hodograph, and the path of P is a parabola. 

If 6 is less than unity, the pole (y is inside the hodograph and 
the path of Pis an ellipse. 

If e is greater than unity, the pole (y is outside the hodograph 
and the path of P is an hyperbola. 

When, therefore, a pomt has a central acceleration inversely 
proportional to the square of the distance from the centre, it must 
move in a conic section with the centre of acceleration as a focus. 

Conversely, if the path be a conic section and the acceleration is 
directed towards either focus, it must vary inversely as the square 
of the distance from the focus. 

In both eases the radius vector describes equal areas in equal 
times (page 130). 

Kepler^s Laws. — By laborious comparison of the observations 
which Tycho Brahe had made through many years of the planets, 
especially of Mars, Kepler discovered the three laws of planetary 
motion which are known as Kepler's Laws. He gave these laws 
simply as the expression of facts which seemed warranted by the 
observations. 

The three laws are as follows : 

I. The planets describe ellipses^ the sun occupying one of the 
foci. 

II. The radius vector of each planet describes eqv>al areas in 
equal times. 

III. The ** Harmonic Law," so called. The squares of the periods 
of the planets are proportional to the cubes of their mean distances 
from the sun. 

The second law, as we have seen (page 130), is a necessary con- 
sequence of central acceleration. 

From the first law, as we have just seen, it follows that the 
acceleration must be inversely as the square of the distance. 

The third law is a direct consequence of such central accelera- 
tion, as we shall see in the next Article. 

Verification by Application to the Moon. — Assuming Kepler's 
third law, Newton was led directly to the conclusion that the ao- 
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celeration must be inversely as the square of the distance, as 
follows : 

The moon and other satellites move around their primaries in 
sensibly circular orbits, the centre being at the centre of the 
primary. 

If r and Ti are the periodic times of two satellites, then accord- 
ing to Kepler's third law, if r and vi are the radii of the orbits, 
we must have 

If Gd is the angular velocity of one satellite, we have (page 76) 
roo = -=- , or ttj = — . We have also for the acceleration (page 

77) / = — = rco' = -=r-. For the other satellite we have in like 

manner /i = -tjtt' ^® have then 

fx _ Trx _ r* 

or the acceleration is inversely as the square of the distance. Con- 
versely, if the acceleration is inversely as the square of the distance, 
Kepler's third law is a necessary consequence. 

The numerical verification of this conclusion by the moon is 
given in Example 17 (page 55). 

[Application of the Calcnlus to Planetary Motion.] — The general 
formulas for central acceleration have been already given, Chap. VIII, page 
85. 

For any given law of central acceleration we have only to insert the cor- 
responding value oiffdr in these general equations. 

(a) To Determine the Path when the Gentaral Aooeleration Varies Inyersely 
as the Square of the Distanee from the Pole. — When the acceleration is inversely 
as the square of the distance we have 



/= 






where a' is the acceleration at a known distance t\ and therefore a>'' is con- 
stant. We have in this case 



>=/ 



a'T'Hr aV'« 



r« 



Substituting this in equation (42), page 87, we have for the differential equa- 
tion of the path 

^t^' + f5J = <^t + -T-' 

or, taking ^ as altoayB positive, 



^,/<Ji , 2aV« 1 



(J« 



If we put « = o'r'*, and n* = a' V* + CiC^, this becomes 

T 

dz 

cW = - r^ — . 
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Integrating, we have 

6 = C08"^ - + Const. 
n 



When f = n and therefore — = 5^ — = —S" + 4/ . 4- -* , let 9 = 

T if V Cr c 

0, Then Const. = and 

-1 * 
Q— = cos — , or 2 = n cos (0 — 0). 

Replacing the values of » and n, we have for the polar equation of the path 



^ = . (1) 



^ + l/^+^«^^»- 



<P) 



This is the polar equation of a conie section with the pole at a focus. It 

< 
will be an ellipse, parabola or h7x>erbola according as Ci =0. 

initial distance and velocity at any instant, 

Ci = «i* -— (3) 

and according as this is = we have an ellipse, parabola or hyperbola. We 

> 
see then that tTieform of the orbit depends solely upon tTie magnitude of the initial 
velocity and not upon its direction. Also if a'r'^ is negative, that is, when the 
acceleration is directed away from the pole, we have always am, hyperbola. 

From page 100 we have seen that the speed attained by a body starting from 
rest at an infinite distance from the centre and moving in a straight line with 



an acceleration inversely as the square of the distance 



. ,/2aV« 

is i/ . 

^ rx 



Hence the orbit will be an ellipse, parabola or hyperbola according as the 
velocity of projection is less than, equal to or greater than that acqui/redfroman 
infinite distance. 

If ei is the angle of Vi with ri , we have from equation (30), page 85, 

c = riVi sin ei (3) 

The constants are therefore given by (2) and (3) and the orbit is determined 
when the initial velocity Vi at the distance ri and with the direction €i are 
given. 

(&) Central Aooeleration Inversely as the Square of the Distance from the 
Focus — Path an Ellipse. — When the path is an ellipse we have the case of plan- 
etary motion. 

Let the point P move in the ellipse ABA' with central acceleration always 

P directed towards the sun 8 in the focus, and 

j^ varying inversely as the square of the dis- 

tance or radius vector 8P = r. 
X Let the semi-major axis OA =. A and the 
semi-conjugate axis OB = B and the eccen- 

, . ., 08 
•y^ ^^ tricity -^ = e. 

Let the angle A8X of the major axis 
with any fixed line 8X through the focus be 0. 




^ , 
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The extremity A of the major axis nearest to the focus 8 is called in general 
the lower apsis, or, in the case of a planet, the, perihelion. The angle A8X is 
the longitude of tTie perihelion. The distance JSA is the lower apsicUU distance, 
or the perihelion distance. The other extremity A' is the higher apsis, or, in the 
case of a planet, the aphelion, and 8A* is the higher apsidal distance, or apheUon 
distance. 

The angle P8X, or the angle of the radios yector with the fixed line 8X, we 
denote by 5. 

The angle P8A made by the radius vector with the major axis is then 6 — 0. 
This angle is called the true anomcUy. 

The polar equation of an ellipse with reference to the focus i9 as a pole, 
counting the angle P8A around from the perihelion, is 

l + ecos(9-0) ^*^ 

But equation (1), page 143, just deduced, is the equation of a conic section, 
which becomes an ellipse, therefore, when 

e' = l + -;5-n, and -4(1 — c") = -7-15-, or A = . 

a V* aV Ci 

Inserting the values of (2) and (8), we have 



n'^i^sin' €1 [ Vi* : — j 



*'=!+ ^* — -—' ^^ 

^ - 2aV» _ r,tJi» ^^' 

where Vi is the initial velocity at the distance ri making the angle €1 with ri. 

The elliptic orbit is thus determined. 

From (6) we see that the semi-major axis A depends only on the distance ri 
and the velocity of projection Vi and is independent of the direction of projection 
€1. In whatever direction the body is projected, the major axis will be the 
same for the same distance and velocity of projection. 

We have also 

"'''•-2(1^) <') 

But we know {page 85) that c is twice the areal velocity of the radius 
vector. If y is the periodic time, then, since twice the area of an ellipse is 

271 A^ ^\ — e', we have 



cT-2tcA^ ^\-e^, 
or 

=zar^ = 



^(1 - 6«) T* \ 

But by Kepler's third law we have for two different planets 

r» _ ^« A^ _ Ax* 



c» 



Hence -trz srt or a'r^ is constant for aU the pUmets. 

-4(1— e*) 



But a' is the acceleration at a distance r', and aV^ is equal in magnitude to 
the acceleration at the distance unity, since the acceleration at any distance r 

The direct consequence of Kepler's third law, therefore, is that/(>r aU the 
planets the accekrcUion is the same at the same distance from the sun. 
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" Of all the laws," says Sir John Henchel, "to which induction from pure 
observation has ever conducted man, this tliird law of Kepler may justly be 
regarded as the most remarkable, and the most pregnant witn imimrtant coose' 
quences. When we contemplate the constituents of the planetary system from 
me point of view which this relation affords us, it is no longer mere analogy 
which strikes us, no longer a general resemblance among them, as individuals 
independent of each other, and circulating about the sun, each according to its 
own peculiar nature, and connected with it by its own peculiar tie. Ae re- 
semblance is now perceived to be a true family likeness ; they are bound up in 
one chain ; interwoven in one web of mutual relation and harmonious agree- 
ment ; subjected to one pervading influence, which extends from the centre to 
the farthest limit of that great system, of which aU of them, the earth included, 
must henceforth be regarded as members." * 

(c) Value of a! for Planetary Motion. — In all our equations for 
central acceleration we see that it is necessary to know tiie accel- 
eration a* at some known distance r'. 

We are dealing in this portion of our subject with Kinematics^ or 
the study of motion only, apart from its causes or the properties of 
matter. It is therefore not the place here to deal with ideas of 
" force " and ** mass." 

It is suflacient to state here that the "mass" of a body is the 
number of standard pounds it will balance at any point of the 
earth's surface in an equal-armed balance. The unit of mass is 
then the pound. 

It will be proved hereafter (see Vol. 2, Statics) that if ilf is the 
mass of the sun, and m the mass of a planet, the value of a* which 
must be used in all equations for planetary motion is given by 

a = . 9f (1) 

m 

where m' is the mass of the earth, and g the mean acceleration of a 
body at the earth's surface due to gravity. 

If the two attracting bodies are the earth and a small body of 

mass m, then a' = — - — gr, or, since m is insignificant with respect 

to m', a' = g. 

If in the preceding Article we had used the value of a' given hy 
(1), we should have obtained 

^A^gr" = 1^ and ^±^ gV^ = 1^'. 
m Ir m Ti* 

and hence 



T : Ti^ :: 



M -\- m ' M + rrii' 



We see then that Kepler's third law is not, strictly speaking, ex- 



a'r'^ 



act. The value of —-^ , or the acceleration at the same distance, is 

It 

not, strictly speaking, constant for all the planets. The more accu- 
rate expression of the third law is that the squares of the periodic 
times are directly as the cubes of the semi-major axes and inverse- 
ly as the sum of the masses of the sun and planet. 

The error from this source is, however, too slight to be percept- 
ible, the mass of Jupiter, the largest of the planets, being less than 
a thousandth part of that of the sun. 

* Outlines of Astronomy. 
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The motion of translation of the planets is not affected foy their 
rotation on their axes, and we may treat them, therefore, as mate- 
rialpoints so far as translation is concerned. 

Tne sun is not, strictly speaking, a fixed point in this sense, but 
both sun and planet move in orbits, so that the pole or focus is not at 
the sun's centre, and this affects the accuracy of Kepler's first two 
laws. The sun is also attracted by the other planets, and the plan- 
ets attract esjch other. 

The attraction of the planets for each other sensibly modifies 
their orbits. The ellipse is therefore only an approximation to the 
path, tad requires correction. 

Kepler's laws are thus only approximate expressions. If there 
were out two bodies, one fixed and the other free to move, then 
Kepler's first two laws would be accurate, and the third law would 
approach axjcuracy as the mass of the moving body becomes in- 
significant with respect to the mass of the other. 

(d) To Find the Velocity of a Planet at any Point of iti Orbit. — ^From equa- 
tion (37), page 87, Chap. VIII, we have 

t)8 = Ci - 2 ffdo, 

fdv = , where a' is given in the 

preceding Article, and r' is the mean radius of the earth. Also from equation 

(3), page 142, 

, 2aV« 
ci = ^r -— , 

where Vi is the velocity at the distance ri. Therefore 

^=^^^+3«>'^(^-y (1) 



or, sinoe (page 148) a'r'* = -57^ 57, 

^(1 — 6 ) 



-s 9 1 2c8 /I 1\ 



c« 



From page 85, tJ^ = ^, and for an ellipse, from Analytical Geometry, 

©' = — TTi —, Hence 

-^ 2 J. - r 

Equation (2) gives the velocity for any distance r if the semi-major axis A 
is known. 

Equation (1) becomes the same as equation (2), page 90, for rectilinear mo- 
tion. 

Cor. 1. We see that the velocity is greatest where r is least, or at peri- 
helion, and least at aphelion, where r is j?reatest. 

Cor. 2. If a point moves in a circle of radius r with a speed Vi, its central 

acceleration is — (page 53). If this acceleration is equal at any instant to 
the acceleration of the planet, we have from equation (7), page 143, 

r '' r^ ~ -4(1 - e«) r»* 
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Therefore, from (2), 

^,,>,. CH2A-T) . 



or 

t>" : ©i' :: 2-4. — r 2 A, 

That is, t^ «Q[uar0 of the speed in the ellipse is to the square of the speed in 
the eirele as the distance of the planet from the unoccupied focus is to the semi- 
major axis. 

Cor. 8. If ri is the perihelion distance and r% the aphelion distance, we 
have, from (2), 

forr = ri, «* = — ; ; 

A rx 

- . a'r^ Ti 

for r=:r^, «* = — ^ — ; 

while f or r = J. we have 

That is, tlie speed at the extremity of the minor axis is a mean proportional 
bettoeen the speeds at perihelion and aphelton, 

(e) To Find the Time of Deseribing any Portion of a Planef ■ OrUt.— From 

/a*r'* 
fdr = , 

From page 148 we have c' = a'r'^A{l — e^) and Ci = j-, 

r^A 
Substituting these values and multiplying by -7-^, we obtain 

Hence 

A \i rdr 



dt 



= (—] 



In order to integrate this expression, let il — r = Aez, then 

Integrating, 

t = f-^^*|cos-ie - 6(1 - 2«)^}+ Const. 

When « = 1, or r = -4 — Ae, or the planet is at perihelion, let ^ = ^1. 

Then Const. = ^i = the time at perihelion. 

Hence the time for any portion of the path from perihelion is 

t-t^ = (^^^\coB-U-ea-^*)^ 

where z = — ^ — , or r = A(l — ez). 

When z = — 1, orr = J.4- Ae, the planet is at aphelion, and < — <i is the 
time of half a revolution, or 

where T is the periodic time. 



(1) 
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We have then 

or the square of the periodic time varies as the eube of the semi-mqior axis, 

EXAMPLES. 

(1) Find the speed and periodic time of a body moving in a circh 
at a distance from the eartKs centre of n times the earWs radius^ 
the a>cceleration being inversely as the square of the distance. 



'-•=(?)*• --^'(t)'- 



(2) A body at a distance ri from the centre of the earth is pro- 
jected in a direction which makes an angle q^60** with the distance ri , 
with a speed V\ which is to the speed acquired by falling from an 

infinite distance asl to 4/3 ; the acceleration varying inversely as 
the square of the distance. Find the major axis, the eccentricity^ 
the periodic time and the position of the lower apsis. 

Ans. 2-4. = jTi , ^ ="0 » ^ = Ir^V — ~ * where r' is the radias of the 
earth. The lower apsis is at a distance rTi from the focus. 

(3) A body revolves about a centre, the acceleration directed 
towards the centre and varying directly as the distance. To deter- 
mine the motion. 

From the general equations of page 86 we can determine the motion. In 
the present case we have / = -;r, and therefore / fdr = ■^, 

Suhstituting this in equation (42), page 87, we have for the dUferential 
equation of the path 

or, since dB is always positive, 

dr 



dB = 






If we put « = j5 — -g^, and »» = — -^^^ , we hsva 



— dz 



2 y»» - ^ 



Integmting, wehsra 



2 n ' 

When f = », let 9 = ^. Tbeo Coiisi. = ^ and 

1 z 

(9 — ^ = = cc»-i— . or z^ntas%^ ^ 4fL 
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Replacixig the yalue of t, we haye after redaction, for the polar equation 
of the path, 



2c« 



t* = 



ci -f-aikj* 



i-37Tfe^'^'(«-^) 



This is the polar equation of an eU^itae, the pole <U the centre oftheeBipser 
where 

il* = — ■ o ^ , — 55 — = 7-^-7, and hence £* = 



For the values of c and Ci we have from equations (80) and (87), page 87^ 

«. = «.. + fi>i!, and c = r,«.8ine.. 
r 

where Vi is the initial velocity of projection at a giyen instant, ri the corr^ 
sponding distance from the centre at that instant, and ei the angle of «i 
with Ti. 

The path is therefore fully determined. 

To find the periodic time, since the area of the ellipse is itAB, and since e is 
twice the area described in a unit of time by the radius vector, we have 

cT=27tAB, or T=?^^^. 

c 

Inserting the values of A and B, we have 

4;rc 



T = 



Inserting the value of n*, we have 



Vi 



This is the same result found in page 107 for rectilinear harmonic motion. 

(4) A particle describes an ellipse under the action of central ac- 
celeration^ directed to the centre of the ellipse. To aetermine the 
law of acceleration. 

The polar equation to the ellipse, centre pole, is 



i^^Z^ + VS^-^jJsin'O, 



from which we have 

Differentiating, we have 



and hence 



r»dQ^ 



^^ M 1\ « , « 
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Difterentiating again, 

cPr ^ m^ . drcPB (1 1\/ •« . .A 



2drdQ „, 
But from equation (49), page 88, we have cPfl = . Therefore 

cPr . dr^ 2.1.1 



Now from equation (45), page 88, we have 

^^\r*'^\f^ Ay [f^ B^J r* "^ A*r^ "*" 5v J "" A^B' 

The law of acceleration is therefore that ofths direct distance. 

(6) A particle describes a conic section under the action of central 
Kuxeleration directed to one of the foci. To find the law of accelera- 
tion. 

The polar equation of either the ellipse or hyperbola, focus pole, is 

r = ^ . r, or r + ^ cos = ± Ail — e^\ 

1 4- e cos ' ^ ' 

Differentiating, 

dr + c cos 0(fr — «• sin GeW = 0. 

Differentiating again, 

<Pr + ecos B^r — e sin BdBdr — e sin MBdr — ^ cos BdB^ — «r sin B^B = 0. 

But from eq. (49), page 88, dPO = . Therefore 

r 

^pf Mf* COS 6 
<Pr + d cos Bdi^ = dr cos Gd6*, or 3^5 = 



dJB^ 1 + e cos B' 
Substituting thjs in eq. (45), page 88, we have 

.__c^/l e cos e \ _ c^ 1 _ c^ 

J - ^\^ r(l 4- 6 cos B)) ~" r^ r(l + 6 cos G) - ± ^(1 - ««)r«* 

The acceleration is therefore inversely as the sqita/re of ihe distance for either 
ellipse or hyperbola. 

The polar equation of the parabola is 

2A 

r = 5 7, or r — r cos B = 2A. 

1 — cos 

Differentiating, we have 

<lr — <lr cos + r sin BdB = 0. 

Differentiating again, 

tPr — cPrcoBB + dTBinBdO + dr ain BdB + r COS BdB^-\-r Bin Bd^B = 0. 

But from eq. (49), page 88, (PQ = ; therefore 

T 

d^T* v cos 

<Pr — cPr cos G = — r cos GdG*, or 3S3 = — 



dG« 1 - cos G * 
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Sabeititating this in eq. (45), page 88, we luiTe 

•^ " r» ^r "^ r(l - cos 0)7 " r» r(l - COB 0) "" 2Af^ ' 

The acceleration is therefore intendy as the square of the distance for the 
parabola. 

(6) A particle describes a hmerbolic jmiral under the action of 
central acceleration directed to the pole. To find the law of cux^dera- 
tion. 

The equation of the hTperbolic spiral, centre pole, is rO = ^. We have 

then Qdr + rdd = 0, BcPr + drdB + drdB + ttPO = 0. 

%drdB 

From eq. (49), page 88, cPO = . Therefore B^ = 0, or dV = 0. 

•" 

From eq. (45), page 88, we have then 

or the acceleration is inversely as the cube of the distance. 

(7) A jaarticle describes the lemniscate ofBemouUi under central 
acceleration^ the centre being the node. To find the law of accdera- 
tion. 

The perpendicalar from the node on the tangent is ^ = ± k'TT' Hence 

dr - 24«' p»dr " r' ' 

We have from eq. (48), page 88, therefore, 

/- yi • 

(8) A particle describes a circle under central acceleration di- 
rected to a point in the circumference. Mnd the law of CLCceleration, 

The x)olar equation of the circle is r = 2i2 cos 0. Therefore 

dr = - 2i2 sin BdS, and d»r = - rdB^ - 2E sin Od^Q. 
But from eq. (49), page 88, 

^^ 2drde 4i2 sin ed6» 

r r 

Jlence 

^ ^fl2 8i2«sin«0de8 „, 8i2«d:e« 

d^r = — rdS^ = rdS^ , 

r r 

and 

dV_ 8iy 

de» "" "^ r ' 
Substituting in eq. (45), page 88, we have 

_ 8i?»c« 



CHAPTEB V. 

CONSTRAINED MOTION OF A POINT. SIMPLE PENDULUM. 
MOTION ON A CYCLOID. MISCELLANEOUS PROBLEMS. 




Motion on an Inclined Plane — TTniform Acceleration. — Let a 
point have a uniform acceleration / in the direction AE?, and let the 
point be constrained to move in the straight line ^ 
.AB which makes the angle a with the horizon. 

The component of the acceleration in the direc- 
tion of the motion is then / sin a. 

The motion alone AB is then rectilinear motion 
under luiif orm acceleration / sin cr, and equations 
(1) to (6), page 93, apply directly, if we substitute / sin a in place 
of a 

If Vi is the initial velocity at A and v is the velocity at B, we 
have from (6), page 93, 

t?" — t?i' = 2/Z sin a, 

where I is the length of the inclined plane AB, But I sin a = AE. 

The speed, therefore, gained in moving from AU) B is equal to 
that which would be gained in falling through AE with the uniform 
acceleration f 

The time in falling from A to ^ is from (1), page 93, t' = ~ \ 



and in passing from Ato Bjt = 



V — Vi 



Hence 



/sin a' 

t_ J_ 

If AE' 

or the times are proportional to the distances I and AE. 

The distance passed through along AB is from (3), page 93, 

l = Vit + —/ sin a. t\ 

z 

where Vx is the initial velocity. 

If the point starts from rest, we have for the distance along AB 

Let AD be the vertical diameter of a circle and 
AB = I any chord. Join DB. Then we have AB 
= AD cos DAB = AD sin ABC. If AB = Z, we 

B have also AB = i/^* sin ABC. Therefore AD = 

i/f», or t =y^^. This is independent of the posi- 
tion of the chord AB, and therefore t is the same for any chord 
through A or D. 

161 
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Hence for uniform acceleration /, the time of descent doum aU 
chorda through the highest and lowest points of a circle are equal. 
This property enables us to find the line of swiftest descent to a 

given curve from any point in the same 
vertical plane. 

Thus if EO is the curve and A the point, 
draw AC vertical or parallel to tiie direc- 
tion of/, and with centre in AC describe a 
circle passing through A and tangent to 
the curve EG at P. 

Then AP is the line of swiftest descent 
from A to the curve EG. For any other 
I>oint p in EG^ Ap cuts the circle in some point g, and since the 
time m)m A to g is equal to that from A to i^, the time from A to 
p is greater. 

EXAMPLES. 

^ = 82.16 ft.-per-sec. per sec. Friction, etc., disregarded. 

(1) Find the position of a point on the circumference of a vertical 
circle^ in order that the time of rectilinear descent front it to the 
centre may be the same as the time of descent to the lowest point. 
Acceleration dvs to gravity. 

Ans. 80** from the top. 

(2) The straight line doum which a particle will slide, under the 
action of aravity, in the shortest timsjrom a given point to a given 
circle in the sam>e vertical plane, is the line joining the point zo the 
upper or lower extremity of the vertical diameter, according as the 
point is within or without the circle. 

(3) Find the line of quickest descent from the focus to a parabola 
whose axis is vertical and vertex upwards, and show that its length 
is equal to that of the lotus rectum. Ajcceleration vertical arid 
uniform. 

(4) Find the straight line of swiftest descent from the focus of a 
parabola to the curve when the axis is horizontal. Acceleration 
vertical and uniform. 

(5) The times in which heavy particles slide from rest doum in- 
dined planes of equal height are proportional to their lengths. 

(6) Show that if a circle he drawn touching a horizontal straight 
line in a point P and a given curve in a point Q below P, PQ is the 
line of sunftest descent to the curve, under constant vertical ajccel- 
eration, 

(7) Find the straight line of quickest descent from a given point 
to a given straight line, the point and the line being in the same 
vertical plane. Acceleration constant and vertical. 

Ans. From P, the given point, draw a horizontal line meeting the given 
line in C. Lay off along the given line CD equal to PC. PD is the required 
line of swiftest descent. 

(8) A given point P is in the same plane loith a given vertical 
circle and outside it, the highest point Q of the circle being below P. 
Find the line of slowest descent froTn P to the circle. Acceleration 
constant and vertical. 

Ans. Join PQ and produce it to meet the circumference in R. PR is the 
line required. 
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(9) A number of heavy particles start without velocity from a 
common point and slide daivn straight lines in various directions. 
Show that the locus of the points reoAihed by them with a given sj^eed 
is a horizontal plane, and that of the points reached by them %n a 
given time is a sphere whose highest point is the starting-point, 

(10) The tim^es required by heavy particles to descend in straight 
lines from the highest point in the circumference of a vertical circle 
to au other points in the ci'hcumference are the same. 

Also to descend in straight lines to the lowest point in the cir- 
cumferencCy from all other points in the circumference, the times are 
the same, 

(11) If heavy particles slide down the sides of a right-angled 
triangle whose hypothenuse is vertical, they will acquire speeds pro- 
portional to the sides. 

(12) A point having a constant acceleration of 2^ft.'per-sec.per 
sec, is constrained to move in a direction in which its speed changes 
in 1 minute from 10 to 250 yards per sec. Find the inclination of 
its direction of motion to that of the given ojcceleration, 

Ans. 60°. 

(13) A heavy particle is projected up an inclined plane whose in- 
clination to the horizon is 30°. Find the distance traversed during 
a change of speed from 48 to IQft, per sec, 

Ans. 68.68 ft. 

(14) A point has, when 1 mile up an incline of 1 in 60 (i,e,, one 

having an inclination to the horizon of sin"^ -^], an upward ve- 

50/ 

locity of 30 miles an hour, (a) In what time will it came to a stand- 
still ? (o) If it afterwards slides down, unth what speed will it reach 
the foot of the incline f 

Ans. (a) 1 min. 8.4 sec. (b) 68.7 miles per hour. 

(15) A body slides from rest down a smooth inclined plane and 
then falls to the ground. The length of the plane is 18 ft,, its incli- 
nation to the horizon SO", and the height of its lowest point from the 
ground 40 ft. Find the distance horizontally from the end of the 

f}lane to the point where the body rea^ches the ground, [Take g = S2 
t.-per-sec. per sec] 

Ans. 154/fft. 

Motion in a Curved Path— TTniform Acceleration. — Let ABCD be 
any curved path, and Ad the direction of the acceleration/. Any 
very sm£dl portion of the curve, AB, may 
be considered as a straight line. We 
have then, as on page 151, the change of 
speed in moving from A to B, the same 
as in moving from A to 6 with the con- 
stant acceleration/. So also, in moving 
from B to C, the change of speed is the 
same as in moving from & to c with the 
constant acceleration/. 

Hence the change of speed in traversing any portion of the path 
AD is the same as in traversing with constant acceleration / the 
projection Ad of the path on a line in the direction of the accelera- 
tion. 
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r 



\- 



If then Vi is the initial speed at A, and vis the speed at any point 
D, we have 

tf-Vx* = 2f.Ad, 

Motion in a Circle — TTniform Acceleration. — This is the case of 

the simple pendulum, which consists of a heavy 
particle attached to a fixed point by a massless in- 
extensible string. 

Let C be the point of siisi)ension and CA the 
radius, and let the acceleration/ be uniform and 
vertical. For any position of the point P the 
angle ACP =■ 6, ajid the acceleration may be re- 
solved into a tangential component / sin S and 
into a normal component /cos B. 

The normal component has no effect upon the 
motion in the curve at P. 

If the angle Q is very small, the arc will not 
differ materially from the sine, and we have sin 9 




arc AP 



I 



, where I is the length of the radius CA. 



The tangential acceleration at the point P is then a = 



fxaxoA P 



It is therefore directly proportional to the displacement of P from 
Ay measured along the patn. 

The motion of P is thus simple harmonic motion about A as a 
centre (pa^e 103). 

The periodic time is then (page 104) 



T = 27ey' 



displacement 



tangential acceleration 



^'y: 



arc AP 

f X arc AP 

I 



= 27t\/l, 



or for the simple pendulum the time of a vibration iat = 7ey — 

The periodic time is therefore for small didpfotcemenf 8 -independ- 
ent of the amplitude, and therefore for smaU arcs the oscillations 
are isochronous. 

The time of oscillation is usually taken as half the periodic time, 
or the time between the instants at which the pendulum reaches 
opposite ends of its swing. Thus the seconds pendulum makes a 
complete oscillation in 2 seconds. 

If is not very small the time is different, but the variation is 
practically very slight. (See page 160.) 

Cor. If the velocity of P at any instant is not wholly in the 
plane PC A, it may be resolved into two components, one in the 
plane PC A and the other perpendicular to it, and both tangential 
to a spherical surface. Hence, in the case in which 6 is small, P's 
motion may be resolved into two simple harmonic motions of the 
same period; and its motion is therefore (page 135) elliptic har- 
monic motion, the period being the common period of the compo- 
nents. The ellipse described will depend upon the amplitude and 
epoch of the components and therefore upon the magnitude and 
direction of the initial velocity of P. 

If is not very small, and the component motions are of differ- 
ent amplitudes, the periods will have different values, and the 
point P describes cm^es similar to those given on page 137. 

If the component motions are equal in amplitude and therefore 
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in period and differ in phase by one quarter period, the point P 
moves (page 134) in a circle about the foot of the perpendicular on 
CA as a centre. This is the case of the conical pendulum. 

EXAMPLES. 

(1) Find the time of oscillation of a pendulum 10 ft. long at a 
pUjuce at which g = 32ft-per-8ec. per sec, 

Ans. 1.75 sec. 

(2) Find the length of the seconds pedulum at a place at which 
g = 31.9. 

Ans. 3.232 ft. 

(3) Find the length of the pendulum which makes 24t beats in 1 
min, ivhen g = 32.2. 

Ans. 20.3»ft. 

(4) A seconds pendulum is lengthened 1 per cent. How much 
does it lose per day f 

Ans. 7 min. 8.8 sec. 

(5) The length of the seconds pendulum being 99.414 c/n,, find the 
value of g. 

Ans. 981.17 cm.-per-sec. per sec. 

(6) A pendulum 37.8 inches long makes 182 beats in 3 min. Find 
the valu^ of g. 

Ans. 31.78 tt.-per-sec. per sec. 

(7) If two pendulums at the same place make 25 and 30 oscilla- 
tions respectively in 1 sec., what are their relative lengths f 

Ans. 1.44 to 1. 

(8) A pendulum which beats seconds at one place is carried to 
another where it gains 2 sec, per day. Compare the values of g at 
the two places. 

Ans. As 0.999953 to 1. 

(9) A pendulum which beats seconds at the sea-level is carried to 
the top of a mountain where it loses 40.1 sec. per day. Assuming 
the value of g to be inversely proportional to the distance from tm 
centre of the earth, and the sea-level to be 4000 miles from that point, 
find the height of the mxmntain, 

Ans. 1.86 miles. 

Motion in a Cycloid— TTniform Acceleration.— A cycloid is the 
curve traced bv a point in the circumference of a circle which rolls 
allong a straight Ime. 




If the circle ^P rolls along the line AB, the point P being origi- 
nally at A, the path of P is the cycloid ACB. 
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If C is the position of P when the diameter of the circle through 
P^is perpendicular to AB, the line CD perpendicular to AB is ue 
axis and C is the vertex of the cycloid. 

Let the uniform acceleration / be always parallel to DC and ver- 
tical. 

Let the moving point Q have at Qi a speed zero. Its speed at 
Q% is then (page 154) 

Let t be the time in which the point would with the same ac- 
celeration and with initial speed zero move from D to C. Then 

01> = |/e". Hence 

c^ = 1 . NxN^ .CD = \^CD{CNi - CNt). 

Now by a property of the cycloid 

4:CD . CNt = CQi* and 4:CD . CNt = CQt\ 
Hence 

2CD 
Now ^ = — ^ is a constant. Hence the motion of Q in the 

' la' 

cycloid is simple harmonic (page 103), w^ere — = —, a' being the 

tangential acceleration of Q at' the /distance s' measured along the 
curve. If T is the time of a complete oscillation, we have 

T=: 27t\/^ = 2nt = 2n\/^, 

If t' is the time occupied in moving from Qx to C, 

2CD 



,,_7t /2Ci 



or the time of a pendulum whose length is 2CD, or 4 times the 
radius of the generating circle. 

As this involves only constant quantities, the time is the same 
whatever be the position of the starting-point Qi, or the oscillations 
are isochronous. Hence the cycloid is called a tautochrone. 

This result is rendered of practical 
importance hj one of the properties of 
the cycloid, viz., that if a flexible and 
inextensible string AB is fixed at the 
end A and wrapped tightly round the 
semi-cycloid ACf, the end B of the string 
as it unwinds will describe another semi- 
^ cycloid. If then AC and AD are fixed 
semi -cycloids, symmetrical with refer- 
ence to the vertical AB, and AB is a 
simple pendulum, B will describe a cy- 
cloid, and its oscillations will be isochronous whatever their 
extent. 
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[Applieation of the Calenlni.— To DetmniM tho MotioA oi a Point €oiiitraiiiod 
to XoTO in a Cyeloid, tho Acceleration being Conitant, in the Bireetion of the 
Azia and toipnrda the yertex.]~By the applieation of the general formulas of 

page 88 we can deduce the results A d B 

already obtained. 

Let the axis CD = 2r, where r 
is the radius of the generating circle 
J)F*0. Let the acceleration / act 
downward. Let ON-=y, NP=z w 

and the length of arc 0P= «. Let 

the initial position be Pi at the ^ ^ \f 

height ONx = h above 0, and the * 

spc^ at Pi be 9i = 0. 

We have thus the case of equation (55). page 89, and obtain at once, since 
/is negative and «i = h, 

for the speed at any point given by CW = y. When y = 0, we have, at the 

lowest point C, v= ^^h, which is the same as that due to the vertical height 
h. 

By the property of the cycloid we have 

« = arc CP= 2 Vl>0 X CN = 2 V^ = 2 chord OP'. 
Hence 

/2r 
d8=: ± dyy — • 

We substitute the minus value in equation (56), page 89, because for de- 
scent the arc decreases as the time increases. We nave then 



*=-/! 



^ 



vW-v 

Integrating, ainee for ( = 0, jr = A, we have 



t= y-s. (« — versin"* ^1 



(1) 



For the time of descent to the lowest point where y = 0, or for the time of 
one quarter of a complete oscillation, 

The periodic time is then 

or the same as a simple pendulum (page 154) whose length is 4 times the 
radius of the generating circle DP 0. 

The time is independent of h and is the same no matter what the posi- 
tion from which the point begins to descend. The oscillations are therefore 
isoehrtmous and hence the cycloid is called the tautochrone. 

The reason of this remarkable property is easily seen by considering the 
tangential acceleration. 

m the cycloid the. chord CP' is always parallel to the tangent TP. The 
tangential acceleration or tangential component of /is then 

g =/8ln r^=/Bin ODP- =45' = f^. 

The tangential acceleration is therefore directly proportional to the distance 
f rem the Toetex meaenred along the path, and the motion of P is simple har- 
monic (page 108). 
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The periodic time is then (page 104) 



r tangentik] acceleration \l ^$_ 



= 9x4/^ 




f 



as already found. _^ 

If in (1) we make y = — = oCWi, we haye t = s-y -r* op half the time 

from Pi to (7. The time, therefore, in deecendinff tiiroogh half the vertical 
space to (7 is half the time of passing from Pi to £ 

TTo Find a Cnrre inch that a Point MoTing on it under the Action 9i Ghravity 
will Pais firom any one OiTen Position to any Other in Lass Time than hy any Othar 
Carre through the flame Two Points.] — This is the celehratedproblem of the 
" curve of swiftest descent '' first propounded by Bernoulli. The following is 
founded upon his original solution. 

If the time of descent through the entire curve is a mlnlmTiTn^ that through 
any portion of the curve is a mmimum. 

It is also obvious that between any two eonUgtunu equal valuee qf a eon- 
Unuotuly varying quantity, a maaritnum or nUnimum must lie. 

This principle though simple is of very great power, and often enables us to 
solve problems of maxima and minima, such as require not merely the pro- 
cesses of the Differential Calculus but those of the Calculus of Variations. 
The present case is a good example. 

p Let, then, PO. <2i?and PQf, (gR be two pairsof 
indefinitely small sides of a polygon such that the 
time of descending through either pair, starting from 
P. may be equa4. Let QQ' be horizontal and in- 
definitely small compared with PQ and QR, The 
curve of swiftest descent must lie between these paths, 
and must possess any property which they have in 
common. Hence if we draw Qm, (j[n perpendicular 
to RQ, PQ, and let e be the speed down PQ or i^ 
(supposed uniform) and e' that down QR or Q\B, we 
have for the time from P to jB by either path 

PQ ,(iR __ PQ ,^ PQ-PQ! _ qR-(iR 

T'^T-T'^ e' • ""^ v "• 5 * 

or 

Qn _ Qm 

Now if be the inclination of PQ to the horizon, and ^ that of QR^ we 
have C^ = CC cos 0, C w» = CC cos 0'. Hence 

cos Q __ cosO* 

This is true for any two consecutive elements of the required curve, and 
therefore throughout the curve we have, at any point, e proportional to the 
cosine of the angle which the tangent to the curve at that point makes with 
the horizontal. But i^ is proportional to the vertical distance h fallen through. 

Hence the curve required is such that the cosine of the an^le it makes with 
the horizontal line through the point of departure varies as the square root of 
the distance from that line. 

Now in the figure of page 157 we have, from the property of a cycloid. 




cos CP'If = cos TPN^ cos ODP = ^ = j/ 



BN 



DO r no 



The cwrve required w therefore the oyeloid. The cycloid has received on 
account of this property the name of Brctehiatoehrone, 
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[To Betermine the Motion of a Point Conitrainod to Moto in a Cirelo, the Ae- 
«eleration being Constant and Tertioal.] — ^This is the case of equation (5i5), page 
89. ACS 

Let DN=y, NP=x, Let the speed at Pi be 
"Oi = 0, the distance DN\ = h. 

For the speed at any other point P we have \ ^i 

at once from equation (55), page 89, since /y is 
minus and B\ = h. 




where y is the distance DN. When y = 0, we have for the lowest point, 2>, 

which is the same as that due to the vertical height h. 
From equation (56), page 89, we have 

ds 
dt = 



V 2Ah -y) 
The equation of the circle referred to i? as origin is 

«' = 2rx — y', 
where r is the radius. Hence 

2ry-y^ ' 

BvLtd^=:dx*4'df/* = d^(l-^^^-^^^^\ = ^'^^ 

rdy 



.\d8= ± 



i/2ry - y* 



We substitute the ndnus value in equation (56), page 89, because the arc 
decreases as the time increases, and obtain 

dt^^j: ^y ^ ^y (d 

V^f Vih - y)(2ry - y«) V^ VihJT^^W^) 

If y is small in comparison to 2r, this reduces to 

dy 



dt 






Vhy-!/" 
Integrating, since when < = 0, y = A, we have 

When y = 0, 

This is the time of one quarter of a complete oscillation. Tlie periodic 
time is then 



= 2itj/^. 



This is the same result as on page 154. 

If, however, y is not small in comparison to 2r, we have, from (1), 



^_ r_(9r-y) 
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Expanding [ 1 — ^ ] by the binomial theorem, we have 

Thus the tenns to be inte£:rated are of the form r the exponents 

n being the natural numbers beginning with zero. Performing the integra- 
tions, and taking the limits y = h and y = 0, we have for the time of cue 
quarter oscillation 

This series converges more rapidly as h becomes smaller. If we take only 
the first term we have, as already found, 



Eis n oecomes sn 



Q 

We can put A = r — r cos = 3r sin* —•, where 6 is the semilluigle of oscil- 

lation DOPi ; or taking the arc as equal to its sine, we have for the first two 
terms 



t 



=yK+0 



Thus if the point swings through an arc of — radian or 5**. 7, on each side 

of the vertical, the time of an oscillation is increased by about ..-. , or in the 

loOO 

case of the seconds pendulum the time of a beat is increased by of a 

3200 
second. For a swing on either side of the vertical of any amount we have for 
the time of a quarter oscillation 

' = ^r /il+4«^^ y + 64 «^^ 2 +2304«^^*^' ^^^J- 
For a swing of 60° on either side we have, therefore, 

*"lr 7\^+i6 + i02i)' 

or the time is increased by about •— . 
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MISCELLANEOUS PROBLEMS. 

We give here as exercises for the student a numher of problems covering 
the preceding Chapters. Resistance of the air and friction are neglected. 

(1) A courier travels at the rate of 5t miles in 8 hours. Six hours 
after his departure another courier is dispatched from a place 12 
miles behind the startina-point of the first. The second courier 
travels at the rate of 8 miles in 10 hours over the sam^ route as the 
first. How long before he will overtake the first ? 

Ans. 120 hours. 

(2) A man walks on th&deck of a vessel from bow to stem at the 
rate of 3 miles an hour, while the vessel moves at the rate of 7 miles 
an hour. Bind the speed of the man unth reference to the earth's 
surface. 

Ans. 4 miles an hour, in the direction of the ship's motion. 

(3) A point moves in a given path for 10 seconds with a unifo^^m 
rate of change of speed of 4- Sft.-per-sec. per sec. Find the final 
speed and the space traversed, if the point starts from rest. 

Ans. « = a^ » = -^aP ; 

tj = 80 ft. per sec, « = 400 ft. 

(4) A point has an initial speed of 7,7 ft. per sec. and a uniform 
rate of change of speed of + ^.^ ft.-per-sec. per sec. Find the time 
of passing over 2200 ft. 

1 

Ans. 8 = Vit 4- -o^^- ^ = 26.9 sec. 

to 

(5) A point has an initial speed of 7 ft. per sec. and a final speed 
of 125 ft. per sec, and describes a distance of 3250 /f. What is the 
uniform rate of change of speed f 

Ans. » — », = — K~~» « = 2.4 ft.-per-sec. per sec. 

(6) A point has an initial speed of 100 ft. per sec. and a rate of 
change of speed of 1 ft.-per-sec. per sec. Its final speed is 7 ft. per 
sec. Find the tiw£ of motion ana the space described. 

Ans. « = «i — a<, < = 93 sec. ; 

.8 — 8x = vxt — 5^^, « — «i = 4975.5 ft. 

(7) A locomotive has a speed of 30 miles an hour on a level when 
the brakes are applied. The loss of speed due to the brakes is Sft.- 
per-sec. per sec. Find {a^ the speed cut the end of 3 seconds and the 
distance traversed ; (b) the tims of coming to rest ; (c) the retarda- 
tion in order that the locomotive nuiy come to rest in 30 seconds. 

Ans. « = «i — a<. «i = 44 ft. per sec.; a = 8 ft.-i)er-sec. per sec.; 

« — «, = «i< — — a^. 

(a) 20 ft. per sec., 118 ft.; (h) t = 5.5 sec.; (c) 1.47 ft.-per-sec. per sec. 
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(8) A body falls for 4 seconds in vacuo. Find the final velocity 
and the spa^e described (g = 32i ft.-per-sec. per sec.). 

V = 138f ft. per sec., s = 257i ft. 

(9> A body falling in vacvo has a final velocity of 250 ft. per sec. 
Find the time of falling from rest, and the distance described {g = 
32i ft.-per-sec. per sec). 

Ans. 7.77 sec; 971.25 ft. 

(10) A body falling in vojcuofrom rest describes a distance ofS5 
feet. Find the time of fall and the final velocity (g = 32J ft-per- 
sec. per sec). 

Ans. 2.3 sec. ; 73.9 ft. per sec. 

(11) A body is projected vertically upwards in vacuo with a ve- 
locity of 40 ft, per sec. Find the hetghz and the time of ascent (g = 
32J ft.-per-sec per sec). 

Ans. 24.87 ft.; 1.24 sec. 

(12) A body projected vertically upvxirds in vacuo returned after 
18i seconds. Find the initial velocity and the height of ascent {g = 
32J ft.-per-8ec per sec). 

Ans. 297.54 ft. per sec; 1376 ft. 

(13) A body falling in vacuo has at a given instant U velocity of 
17 ft, per sec.y at a later instant a velocity of 90 ft, per sec. Fim 
the tims between the two instants and the distance traversed {g = 32i 
ft.-per-sec per sec). 

Ans. 2.27 sec; 121.44 ft. 

(14) A stone is dropped into a well and the splash is heard in 3 
seconds. If sound travels in air with a uniform velocity of 1090 /t 
per sec.y find the depth of the well (g = 32i ft.-per-sec per sec). 

Ans. 130.4 feet. 

(15) A point has two component velocities (or accelerations), at 
right angles, of 35 and 87 units. Find the resultant velocity (or ac- 
celerations) . 

Ans. 93.77 units, making an angle witli the 35 units of 68° 5'. 

(16) A point has a velocity of 120 ft. per sec. Resolve this into 
two component velocities at right angles, (a) one of the components 
being 75 ft. per sec; (b) one of the components making an angle of 
34° 7' 3" with the resultant. 

Ans. {a) 93.68 ft. per sec, the resultant making an angle with 75 ft. per 
sec. of 51° 19' 4". 

[h) 99.343 ft. per sec. adjacent to the given angle and 67.306 ft. per sec. 
opposite. 

(17) A point has two accelerations of 115 and 89 ft.-per-sec. per 
sec. at an angle of 147° 8' 3". (a) Find the resultant acceleration ; (6) 
Find the angle between the given accelerations when the resultant is 
equal to the lesser ; (c) when it is equal to the greater, 

Ans. (a) 62.865 ft.-per-sec per sec, making the angle of 88* 4' with 89 ft- 
per-sec per sec; (h) \W 14' 44"; (c) 112° 45' 54". 

(18) A point has an acceleration of 77.5 ft.-per-sec. per sec. Be- 
solve it into two components (a) making with the given acceleration 
the angles 35° 7' 11" and 52° 9' 8"; (&) vmen one of the components is 
50.5 ft.-per-sec. per sec. and makes an angle of 36° 8' 6" with the re- 
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aultant; (c) when one of the components is 60 ft-per-sec. per sec, 
and the other makes an angle of 47" 10' 11" tvith the resultant; (d) 
when the two components are 46.2 and S6ft.-per-sec, per sec, 

Ans. (a) 61.265 and 44634 ft.-per-sec. per sec. 

(6) 47.27 ft.-per-sec per sec, making an angle witli tlie resultant of 89° 2^ 
3". 

(c) 71.88 or 88.48 ft.-per-8eo. per sec, making an angle with the resultant 
of 61 '^ 28' 17" or 24" ^ 4". 

{d) The components make an angle of 85° 4', and the resultant makes with 
the component 46.2 the angle 15° 2' 18". 

(19) A stream flows with a velocity oflft, per sec,, and a boat 
whose speed isl.Sft, per sec. is steered ttp stream at an angle of 30° 
tvith the current. Find the resultant velocity. 

Ans. 0.66 ft. per sec down stream at an angle of 79° 8' with the current. 

(20) What is the ratio of the speed of light to that of a cannon- 
ball moving at the rate of 2400 feet per sec., if light passes from the 
sun to the earth, a distance of 91,500,000 miles, in 8i minutes % 

Ans. 402600 to 1. 

(21) ABC is a triangle. Two spheres of radii ri and n start to- 
gether from A and B, their centres moving along AC and BC tvith 
tyelocities which carry them separately to C in the same tims. Find 
the distances each has gone through when they meet. 

Ans. If a, h and e are the sides of the triangle, the required distances are 

b OL 

-(c — ri — r«), — (c - ri — r%). 

C 6 

(22) If a particle is projected tjertically in vacuo tvith a txHocity 
of Sg, find the time in which it will rise through the height 14g. 

Ans. 2 sec. and 14 sec 

(23) A body falling in vactto is observed to describe 144.9 ft. and 
177.1ft. in two successit)e seconds. Find g and the time from the 
beginning of the motion. 

Ans. ^ = 82.2 ft.-per-sec per sec ; ^ = 4 sec to the beginning of the first of 
the two seconds. 

(24) A, By C, D are points in a vertical line, the distances AB, 
BC, CD being equal. If a particle fall from A, prove that the times 
of describing Ab, BC, CD are «« _ 

1 : i/2 -- 1 : ^^3 - V2~ , 

(26) A particle describes in successive intervals of 4 seconds each 
spaces of 24 and Q4tfeet in the same straight line. Find the accelera" 
tton ana the velocity at the beginning of the first interval. 

Ans. 2.5 ft.-per-sec. per sec; one foot per sec. 

(26) A particle moves 7 ft. in the first second, and 11 and 17 ft, 
in the third and siocth seconds respectively. Show that these facts 
are consistent with the supposition of a uniform accelerati(m. 

(27) A falling pfirticle is observed at one portion of its path to 
pass through nft, in s seconds. Find the distance describeain the 
next s seconds, 

Ans. n-{-gt^. 

(28) If s, ms, are the spa^ces described by a body in tim£s t, nt, 
respectively^ determine the acceleration and the t}elocity of projection. 

- 2(i» — n)* , {m — n^)s 
Ana , — ^ ^' and — z ^. 
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(29) If thefocxis of the path of a projectile he as mtich below the^ 
horizontal piane through the point of projection as the highest 
point of the path is above it, to find the angle of prcjection. 

Ans. If ax is the angle of projection, ai = tan -if — -=- \, 

(30) Particles are projected from the same point in the same di- 
rection with different speeds. Find the locus of the foci of their 
paths, 

Ans. A straight line through the point of projection making an angle with 

the horizontal equal to — — %ai , where ax is the angle of projection. 

(31) If a particle is projected in a direction inclined to the hori- 
zon, show that the time of moving between two points at the eoctrem- 
ities of a focal chord of the parabolic path is proportional to the 
product of the velocities of the particle at the two points, 

(32) Two particles are projected from two aiven points in the same 
vertical line in parallel directions and with equal speeds. Prove 
that tangents drawn to the path of the lower will cm off from the 
path of the upper arcs described in eqvxil times, 

(33) If a particle is projected from a given point so as to strike 
an inclined plane through that point at right angles, prove that 

tan(ax — 6) = —cot6, where ax is the angle which the direction of 

projection makes with the horizon, and B is the inclination of the 
plane to the horizon, 

(34) A particle is projected from a given point with a given 
velocity, Find the direction of projection in order that its path 
may touch a given plane, 

Ans. Let ai be the angle of projection with the horizontal and ^ the angle 
of the given plane with the horizontal, Vi the velocity of projection and d the 
distance from the point of projection to where the given Diane cuts the hori- 
zontal through the point of projection. Then 



cos (90 — p — ai) = -^-2 1— .. 

(35) To find the least velocity with which a body can be projected 
from a given point so as to hit a given mark, and the direction of 
projection in this case, 

Ans. Let d be the horizontal distance from the point of projection to the 
mark, Vx the velocity of projection, ax its inclination to the horizon and fi the 
angle of elevation of the mark above the horizon. Then 

^^ = V^^-^^^^' a. = -(^;r + 2y5j. 

(36) If two circles the planes of which are vertical touch each 
other internally at their highest or lowest points, and if any chord 
be drawn within the larger circle, terminating respectively at its 
highest or lowest point, prove that the time of descent down tnat por- 
tion of the chord which is exterior to the smaller circle is invariable, 

(37) AP, PB are chords of a circle, AB being the vertical di- 
ameter. Particles starting simultaneously from A, P, fall down 
AP, PB, respectively. Prove that the least distance between them is 
equal to the distance PB. 
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(38) Two circles lie in the same plane, the lowest point of one 
being in contact with the highest point of the other. Prove tKat the 
time of descent from any point of the former to a point of the latter, 
along a straight line joining these points and passing Through the 
point of contact, is constant. 

(39) A particle slides from rest down a smooth sloping roof and 
then falls to the ground. Find the point where %t rea^cKes the 
ground, 

Ans. Let I = the length of the slope, a its inclination with the horizontal, 
A = the height of the lowest point of the slope from the ground. Then the 
distance of the point where the particle reaches the ground from the foot of 
the wall is 

2cos a i/isina( j/^sin'a + A — i^^sin'a). 

(40) Two equal inclined planes are placed back to back, and a 
particle projected up one flies over the top and comes to the ground 
jvst at the foot of the other. Find the velocity of projection, a being 

the inclination of each plane and h their common altttude. 

Ans. ^y^(8 + cosec*a)"« 

(41) A particle is projected from a point A with the velocity ac- 
quired by falling down a height a, up an inclined plane of which the 
base ana height are each equal to o, and after quitting the plane 
strikes th& horizontal plane AB at the point B. Find AB. 

Ans. AB is equal to a + (<*' — ^*) • 

(43) A particle slides down a smooth inclined plane. Determine 
the point at which the plane is cut by the directrix of the path 
described by the particle after leaving the plane, 

Ans. The directrix intersects the plane at the point where the particle 
began its motion. 

(43) A particle is projected up a rough plane, inclined to the 
horizon at an angle of 60% with the velocity which it would have 
cu^uired in falling fre^p through a space of 12 ft., and just reaches 
the top of the plane. Find the altitude of the plane, its roughness 
being such that if it were inclined to the horizontal at an angle of 
30°, the particle would be on the point of sliding. 

Ans. 9 ft. 

(44) A ring slides dmon a straight rod whilst the rod is carried 
uniformly in one plane, at a given angle to the horizon. Find the 
path described by the ring, 

Ans. A parabola. 

(45) A given circle and a given point are in the same vertical 
plane, the point being within the circTe. Find the straight line of 
quickest descent from the point to the circle. 

Ans. The required straight line is the distance between the given point and 
the lower end of that chord of the circle which passes through the given 
point and terminates at the highest i>oint of the circle. 

(46) A given paint and a given straight line are in the same 
vertical plane. Determine the straight line of quickest descent from 
the given line to the point. 

Ans. From the given point P draw PX horizontallj to meet the given line 
at X. Draw upwards along the line a length XF equal to PX. The straight 
line joiniiig P and T is the required straigut line. 



166 KINEMATICS OP A POINT — TRANSLATION. 

(47) To determine the straight line of slowest descent from a given 
point to a given circle^ the point being icithoxU the circle and both in 
the same vertical plane, the highest point of the circle being lower 
than the given point, 

Ans. Let P be the given point and Q the highest point of the circle. Join 
PQ and produce it to cut the circle at R, Then PR i& the line required. 

(48) Determine the straight line of sloivest descent from a given 
circle to a given point without it, the point and circle being in the 
same vertical, plane, and the point being lower than the lowest poird 
of the circle. 

Ans. From the given point draw an indefinite straight line cutting the 
circle at its lowest point, and the second intersection of the indefinite Une and 
the circle is the required line. 

(49) Find the straight line of slowest descent from one given 
circle to another, both circles being in the same vertical plane, and 
eaeh exterior to the other, the highest point of the latter circle being 
loiver than the lowest of the former, 

Ans. Produce the line which joins the lowest point of the first circle and 
the highest point of the second, to meet both circles again. The distance be- 
tween the second intersections is the required line. 

(50) A smooth tube of uniform bore is bent into the form of a 
circular arc greater than a semicircle, and placed in a vertical 
plane with its open ends upuxirds and in the same horizontal line. 
Mnd the velocity unth which a ball that fits the tube must be pro- 
jected along the interior from the lowest point, in order that it may 
pass out at one end and re-enter at the other. 

Ans. If r is the radius, h the depth of the centre of the circle below the 
horizontal through the two ends, «i the required velocity, 

(51) A particle slides from rest down a smooth tube in the form 
of the thread of a screw the axis of which is vertical. Find the 
time in which it will make a complete revolution about the ascis. 

Ans. If r is the radius of the cylinder on which the helix is described, and 
a the angle which the thread makes with the generating line of the cylinder, 
the required time is 
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(52) A particle falls to the lowest point of a cycloid down any arc 
of the curve, the axis of the cycloid being vertical and its vertex 
aownivards. Prove that the vertical velocity is greatest when it has 
completed half its vertical descent. 

(53) Also prove that it describes half the path in two thirds of 
the whole tims. 

(54) If a clock pendulum lose 5 sec. a day, determine the altera- 
tion which should be made in its length. 

Ans. It should be diminished by nearly the ^^j^ part of its length. 

od40 

(55) A seconds pendulum was too long on a given day by a quan^ 
tity a. It was then over-corrected so as to be too short by a during 
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the next day. Prove that, I being the length of the eeeondependvlum^ 
the number of minvtee gained in the two days was nearly 

1080^. 

(56) A seconds pendulum carried to the top of a mountain is 
found to lose there 43.2 sec. a dav. Find the height of the mountain^ 
supposing the radius of the earih to be 4000 miles. 

Ans. 2 miles. 

(57) Find the time of vibration of a pendulum 2X^feet long, 
Ans. Approximately 2.5 seconds. 

(58) A body dropped from the top of a wall falls to the ground 
while a pendulum 6 inches long makes 5 beats. Find the height of 
the wall. 

25 
Ans. -j-«* feet. 
4 

(59) A seconds pendulum is lengthened one hundredth of an inch. 
Find how many seconds it udll lose daily. 

Ans. About 11 seconds. 

(60) If the length of a seconds pendulum is 39.1386 inches, what 
will be the length of one which morales 40 tim^es a minute. 

Ans. 88.06185 inches. 

(61) If the length of a seconds pendulum is 39.1393 in^ches, find 
the value of g. 

Ans. g = 32.190 feet-per-sec. per sec. 

(62) A pendulum which beats seconds at the equator gains 5 
m^inutes a day at the pole. Compare polar and equatorial gravity. 

Ans. 144 to 145, approximately. 

(63) Two pendulums the lengths of which are U and h vibrate at 
different points on the earth^s surface. The number of vibrations 
which they make in the same time are in the ratio mi to m^. Find 
the ratio of g at the two places. 

Ans. 



«• 



(64) A seconds pendulum is carried to the top of a mountain of 
which the height w 1 mile. Find the number of seconds it tvill lose 
daily, gravity being supposed to vary inversely as the square of the 
distance from the centre of the earth, and the radius of the earth to 
be 4000 miles. 

Ans. About 21.6 seconds. 

(65) A body revolves uniformly in a circle of 4 ft. radius in 10 
seconds. Firid the angular velocity and the velocity at the circum- 
ference. 

Ans. 0.628 radian per sec.; 2.5 ft. per sec. 

(66) A body revolves uniformly in a circle of 4 ft. radius unth a 
velocity of 8 ft. per sec. Find the normal acceleration. 

Ans. 16 ft.-per-sec. per sec. 

(67) A body revolves uniformly in a circle of 18 ft. radius. The 
normal a^cceleration is B ft.-per-sec. per sec. Find the velocity. 

Ans. 9.5 ft. per sec. 
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(68) A body whose velocity ie 10 ft, per aec, is made to move uni- 
formly in a circle by a normal accelemtion of 2 ft.-per-sec. per sec. 
Find the radius, 

Ans. 60 ft. 

(69) Two points have velocities V\ and Vt and are made to move in 
a circle by reason of central accelerations inversely proportional to 
the square of the distance from the centre. The distance of one 
point is r\. Find the distance n of the other. 

^"^^ i^ • r" = **«* • *'>*J **» =(-) *'i- 
T\ r% \o^l 

(70) Find the relation between the distances ri and ra and the 
times of revolution ti and tt, ' 



\ u I : ijw = f,« : r.i. <,» : t,» = r.» : r,» 
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KINEMATICS OF A EIGID SYSTEM. 



OHAPTEE L 



RIGID SYSTEM WITH ONE POINT FIXED. 



BOTATION. ANOULAB DISFtiACBMENT. LINBAB DISFLACBMBNT IN TBBMS OF 
ANGULAB. LINB BBFBBSBNTATIYB OF ANGULAB DISPLACBMBNT. BBSO- 
LUTION AND COMPOSITION OF ANGX7LAB DI8PLACEMBNTS. ANGULAB 
VELOCITY. INSTANTANEOUS AXIS OF BOTATION. ANGULAB ACCELEBA- 
TION. BESOLUTION AND COMPOSITION OF ANGULAB VELOCITIES AND 
ACCELEBATIONS. EQUA.TIONS OF MOTION OF A POINT OF A BOTATING 
SYSTEM. MOMENT OF . TJLAB VELOCITY AND ACCELEBATION. GENEBAL 
ANALYTICAL DETBBMINAm J»N OF BESULTANT FOB CONCUBBING ANGULAB 
VELOCITIES AND ACCELEBATIONS. 

Botation. — When a rigid system moves so that all its points 
describe circles in parallel planes about a common straight line or 
axis passing through the centres of the circles and perpendicular to 
their planes, the system is said to rotate or have a motion of rotation 
about that axis. Any plane parallel to the planes of the circles is 
the plane of rotation. 

Since the system is rigid, every point must describe its circle in 
the same time, or the angular speed (page 72) of every point is the 
same. 

If the angular speed does not change and the plane of rotation 
does not change, the rotation of the system is nniform. If either 
the angular speed changes or the plane of rotation changes, the 
rotation is variable. 

Motion of a Bigid System with One Point Fixed. — We have de- 
fined translation (page 13) as motion of a system such that every 
straight line joining every two points remains always parallel to 
itself during tne motion. In such case the motion of the system is 
the same as that of any one of its points, and the study of the trans- 

* The advanced student should read this portion of the work in connection 
with the analogous portions of Statics referred to in the text. The student new 
to the subject would do well to omit this portion of the work and take it in 
connection with Statics later. 
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lation of a system is the same as the study of the translation of a 
point. In the preceding Chapters we have treated of the kinematicg 
of a point or translation. 

If one point of a system is fixed, the motion of which it is capa- 
hle will be more or less complex according as its points can or can 
not move relatively to each other. We restrict our discussion to 
rigid systems^ that is, systems whose points can not move relatively 
to each other. 

If one point of such a system is fixed, there can be no translation 
and the only motion of wmch it is capable is one of rotation as just 
defined. 

In such motion it is evident that all straight lines in the system 
must remain straight lines of unchanged length and mutual inclL:ia- 
tion, and all planes must remain planes of unchanged form, area 
and mutual inclination. Also the motions of any two points indefi- 
nitely near must be indefinitely nearly the same. 

Angular Displacement of a Rigid System. — Let AB be the axis 
of rotation of a rigid system. Then, since every point must com- 
plete its circle in the same time, the* angle de- 
scribed by all points in any given time must 
be the same as the angle described by any 
one point P. 

The angle 6 between the initial and final 
positions, in any given time, of the perpendic- 
ular PO from any point Pto the axis, is called 
the angular displacement of the system. 

Since the angle B is measured in radians, it is independent of 
the length PO (page 5). 

Linear Displacement in Terms of Angular.— Let OPi = OPj = r 
be the radius for any point P which moves in a cirde perpendicular 
to the axis at O, through the angular displace- 
ment PiOPa = 0, from the initial position Pi 
to the final position Pa. Then the triangle 
PiOPu is isosceles, and if we draw ON per- 
pendicular to PiPa we have the linear dis- 
placement 

PiP,=2r sin 4. 

Line Representative of Angular Displacement of a Bigid System. 
-An angular displacement of a rigid system is given when we 





■^B 



know not only its magnitude and tne direction of rotation in the 
plane of rotation, but also the direction of that plane in space. 
It is therefore a vector quantity having not only magnitude and 

sign, but also direction, and it can 
be completely represented by a 
straight line, like linear displace- 
ment (page 34). 

Thus the length of the straight 
line AB denotes the magnitude of 
the angular displacement PiOPt 
= 0. The plane of rotation is at 
right angles to the line AB, which is therefore coincident with the 
axis of rotation. The direction of rotation is always clocJcmse 
when we look along this line in the direction indicated by tiie 
arrow. 

By direction of an angular displacement we mean always the 
direction of its line representative as denoted by the arrow. 
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Composition and Besolution of Successive Angular Displacements. 
— Let a rigid system with one point fixed undergo successive angular 
displacements. It is required to determine the resultant angular 
displacement. 

Evidently the successive angular disi)lacements may be about 
the same or about different axes, and in either case may be finite or 
indefinitely small. 

(a) About the Same Axis — Finite or Indefinitely Small. — ^If the axis 
of all the angular displacements is the same, the plane of rotation 
does not change, and the magnitude and sign or direction of the 
restdtant displacement in that plane is given oy the algebraic sum 
of the magnitudes of the successive displacements, whether they 
are finite or indefinitely small. 

Inversely, any angular displacement about a given axis may be 
resolved into any number of successive displacements about the 
same axis, whether finite or indefinitely small, provided the alge- 
braic sum of their magnitudes is equal to the magnitude of the given 
displa<3ement and the same in sign. 

(6) About Different Axes— Displacements Finite. — ^The axes must 
pass through the fiked point of the system. First let the displace- 
ments be finite. 

Let O be the fixed point of the system, and ORi , ORi the initial 
positions of the two given axed. Take ORi = OA, and let us sup- 
pose first a displacement Bi of the system about ORi and then a dis- 
placement Ga about the new position of the other axis. During this 
motion R^ and Ri will move on the surface of a sphere. 

When the system is rotated an angle 0^ about ORi, the axis 0R% 
moves from OR2 to OR^, 

Now join RiR^y R1R2 and R2R9 by 
great circles of the sphere. Then the 
an^e R^RiRi = Oi. 

Bisect this angle by a great circle 
meeting R^Ra at D. Draw a great 
circle through R2 inclined to R2R1 at p 

the angle ^ and meeting RiD at R, 

Then draw R^d, making the same 

angle ^ with R9R1 on the other side, 

and make R%Ci = i^a'i?. Then RxG^ will equal RxR, and the angle 

R% R\\j% = ft". 

When then the system is rotated about ORx , and the axis ORi 
moves to 0-Ba' through the angle RiRxR'^ = 61, the line OR will 
move to OCa through the angle KRiC% = 61. 

If now the system is rotated about OjRa' through the angle 
CiRi'R — $«, the line OCa moves back to OR. 

Hence the line OR has the same position before and after the 
rotations. The resultant displacement is then a displacement about 
OR, 

Hence, the resultant of two successive rotations 0i about ORx and 
6a about ORi , when the aoces intersect in ajpoint O, is a single rota- 
tion B about the axis OR passing through O. 

In order to find the position of this axis OR and the ma^iitude 
of 0, we have in the spherical triangle RxRRi the angle KKxRn — 

-©1, the angle RR2R = o6« and the exterior angle DRRi = ^B, 
2 2 A 

Hence 
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co8-0 = coB-6, coB-Oi — sinr^, sin-esOOBiJiiJt; . (1) 

1 — i "■ i v«) 

sin -ds sin ^1 sin ^^ 

Since ORi and 0R% are lines of a rigid body and ORi coincides 

with the position of the first axis of rotation m space, the second 

, axis of rotation in spctce has the position ORt* and not OR*. Hence, 

in general, tlie order of the two attcces^ve rotations is not indifferent. 

£zample. — The telescope of a theodolite^ originally horizontal 
and pointing norths is first turned into an aUitvae of 60° and then 
turned towards the west into the prime vertical. Find the resultant 
rotation. 

Ana. We have Oi = 00% ©, = 90% -BiJB. = 90'. Hence 
For the position of the axis we have 



sin 



2V 2 2r 2 



If we invert the order of the two rotations, we have ©1 = 90**, 0, = 60', 
BiBi - 90°. Hence 



1. I./3 . K 1./5 

^'2®=2V'2» ""' sin -0 = ^^ -. as before 

For the position of the axis 

sm iJiiJ = _?_= 4/1, sinJJJ?, = __!_ = 24/1. 

2r 2 2r 2 

(0) Abont Different Axes — ^The Displacements Indefinitely SmaU.— 

Second let the rotations be indefi- 
nitelv small. Let OA = 6 and OB 
= be the line representatives. Com- 
plete the parallelogram and draw 
OC. Let jT be any point of the sys- 
B tem in the plane of OA and OB, and 

draw the perpendiculars PQ, PR, PS. When rotation occurs 
about OA, the point P will move perpendicularly to the plane of the 
paper through a very small distance represented by r6 or OA x PQ 
(page 5). 

When rotation occurs about OB, the point P moves perpendic- 
ularly to the plane of the paper also, through a very small distance 
represented by OB x PS. Since both these displacements are very 
small they comcide in direction, and the resultant is 

OAx PQ + OB X PS=OCx PR, 

Hence the resultant displacement is given by OC. 
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We should have the same result if the rotation ahout OB occurred 
first, also if the point P had been taken within 'the angle AOB. 
Also whether OA and OB are axes fixed in the body or in space. 

If we have more than two successive rotations, the third may be 
compounded with the resultant of the first two in like manner. 

Hence if a rigid system with one point fixed undergo any num- 
ber of successive indefinitely small angular displacements about 
different axes either fixed in the system or fixed in space, the 
resultant angular displacement is ootained by treating the line 
representatives precisely like linear displacements (page 35). We 
have thus the parallelogram and polygon of angular displace- 
ments. 

Composition and Besolntion of Simultaneous Angular Displace- 
ments. — The simultaneous angular displacements may be finite or 
indefinitely small and must be either about the same axis or differ- 
ent axes. 

(a) About the Same Axis. — If the axis of all the angular displace- 
ments is the same, the plane of rotation does not change and the 
magnitude and sign or direction of the resultant displacement in 
that plane is given by the algebraic sum of the magnitudes of the 
simultaneous angular displacements, whether they are finite or in- 
definitely small. 

(6) About Different Axes. — If the rotations OA, OB are indefi- 
nitely .small, we see from the figure, page 171, that it makes no differ- 
ence whether they are successive or simultaneous. We can resolve 
and combine them, therefore, by their line representatives just like 
linear displacements (page 35). We have then the parallelogram 
and polygon of angular displacements. 

If the rotations OA, OB are finite, we can divide each up into a 
number of indefinitely small rotations and treat each pair as before. 
We have then the parallelogram and polygon of angular displace- 
ments in this case also. 

Composition and Resolution of Angular Displacements in gen- 
eral. — We see then that in all cases except finite successive angular 
displacements about different axes we can combine and resolve 
any number of angular displacements whether simultaneous or 
successive, finite or indefinitely small, about the same or about 
different axes by means of the line representatives, just like linear 
displacements. 

Simultaneous angular displacements are usually called com- 
ponent angular displacements. Component angular displacements 
must then be imderstood to always mean simultaneous angular dis- 
placements, unless otherwise specified. 

Sign of Components of Angular Displacement. — The sign of the 
line representatives of the components along the axes X, Y, Z of an 
angular displacement follows the same rule as for linear displace- 
ment (page 36). Hence if we look along the line representatives 
towards the origin, the radius vector untl always he seen to move 
counter-clockunse. 

Axis of Rotation. — ^In every possible dis- 
placement of a ri^d system with one point 
meed, there is one hne fixed in the system -pass 
ing through the fixed point, called the axis of 
rotation, which has the same position in both 
the initial and final positions of the system. 

Let O be the fixed point of the system, and 
let Ai , Bi be the initial and Aa, Ba the final positions in space of 
two points of the system. 
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Since the system is rigid, OAx = 0A% , and OBi = OA. Let Ai 
be brought to A% bv rotation about an axis through O perpendicu- 
lar to the plane of Ax OAt. By this rotation B\ moves to o, and since 
the system is rigid, Oh = OBx =OBt, and A^b = As A. The triangles 
OAiO and OA%B% are then equal in all respects, and h can be 
brought to Bi by rotation about 0A%, The given displacement can 
always then be produced by two successive rotations about two 
axes passing through O. As we have seen (page 171), two such 
successive rotations give as resultant a single rotation about an 
axis through O. This is the axis of rotation. 

CoR. 1. Hence any angular displacement of a rigid system with 
one point fixed is completely specified by the line representative of 
the resultant angular displacement, which coincides in direction 
with the axis of rotation. 

CoR. 2. Any angular displacement of a rigid system with one 
point fixed may be resolved into three angular displacements about 
the co-ordinate axes through the fixed pomt taken as origin. 

Cor. 3. Every line in the system parallel to the axis of rotation 
remains unchanged in direction. 

Mean Angular Velocity of a Bigid System. — ^The ma^tude of 
the angular displacement during a given time of a rigid system 
with one point fixed, divided by the number of units of time, gives 
the magnitude of the mean angalar velocity of the system. 

It is represented by a line just like angular displacement (page 
170). By direction of mean angular velocity we always mean direc- 
tion of the line representative. 

Mean angular speed then is mean time-rate of angle described 
(page 72). Mean angular velocity is mean time-rate of angular 
displacement. 

Instantaneous Angular Velocity of a Bigid System. — ^The limit- 
ing magnitude and direction of the mean an^lar velocity when 
the interval of time is indefinitely small is the mstantaneoas angu- 
lar velocity. 

The term angular velocity alwavs signifies instantaneous angu- 
lar velocity unless otherwise specified. 

It may be represented by a straight line just like angular dis- 
placement (page 170). 

By direction of an angular velocity we always mean the direc- 
tion of its line representative. 

We see then that angular displacement and angular velocity 
are vector quantities like linear displacement and linear velocity. 
An^lar velocity is directed angular speed, just as linear velocity 
is directed linear speed. Speed is magnitude of velocity, whether 
linear or angular (page 43). 

Instantaneous Axis of Eotation. — The instantaneous angular 
velocity of a rigid system is then given by its line representative. 
This line representative coincides in position with the axis of rota- 
tion at the instant. This axis is then the instantaneous axis of rota- 
tion. 

Unit of Angular Velocity. — Since the magnitude of the angular 
velocity at any instant is the angular speed in a given direction at 
that instant, tne unit of angular velocity is the same as for angular 
speed, or one radian per sec. We denote the magnitude then by 
the same letter, go, and we have the same numeric equations as for 
angular speed (page 73). 

Thus for mean angular velocity 

(o = — 1 — I (1) 
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and for instantaneotifl angular velocity 

dQ 

'"-m- ® 

TTniform and Variable Angnlar Velocity. — ^Angular velocity is 
uniform when the line representative has the same magnitude and 
direction whatever the interval of time. Uniform angular velocity 
is then uniform angular speed in an imchanging plane, just as uni- 
form linear velocity is uniform linear speed in an imchanging 
direction (page 43). 

In such case angular velocity is the same as the mean angular 
velocity for any interval of time. 

When either the magnitude or direction of the angular velocity 
changes it is variable. 

When the magnitude alone changes we have variable angular 
speed in an unchanged plane of rotation. When the direction only 
cnanges we have uniform angular speed in a changing plane of 
rotation. When both change we have variable angular speed in a 
changing plane of rotation. 

Mean Angular Acceleration of a Bigid System. — If OA = ooi and 
OB = oj are the line representatives of the initial and final angular 
velocities of a rigid system with one point fixed, 
during any time t, then AB is the line represent- 
ative of tne integral angnlar acceleration of the 

AJB 
system during the time f, and —7- gives the 

magnitude of the mean angnlar acceleration whose direction is AB. 
(Compare page 48.) 

Mean angular acceleration then is time-rate of change of angular 
velocity y whether that change takes place in the direction of the an- 
gular velocity or not. 

Instantaneous Angular Acceleration of a Eigid System. — The 
limiting magnitude and direction of the mean angular acceleration 
when the interval of time is indefinitely small is the instantaneous 
angular acceleration. It is the limiting time-rate of change of an- 
gular velocity whether that change takes place in the direction of 
the angular velocity or not. 

Angular acceleration always signifies instantaneous angular 
acceleration unless otherwise specified. 

It may be represented by a straight line just like angular dis- 
placement (page 170). By direction of an angular acceleration we 
mean the direction of its line representative. 

Instantaneous Axis of Angular Acceleration. — ^The instantaneous 
angular acceleration of a rigid system is then given by its line rep- 
resentative. This line representative coiaciaes in position with 
the axis of angular acceleration at the instant. This axis is then 
the instantaneous axis of angular acceleration. 

Angular acceleration may be zero, uniform or variable. When 
it is zero, the angular velocity is uniform and we have uniform 
angular sj)eed and an unchanging plane of rotation. 

When it is uniform, it has the same magnitude and the same 
direction whatever the interval of time. In such case th^ accelera- 
tion is equal to the mean acceleration for any interval of time. If 
the direction coincides with that of the initial velocity, we have 
uniform rate of change of angular speed and an unchanged plane 
of rotation. If it makes an angle with the velocity, we have a 
changing plane of rotation and variable velocity. 
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When it is variable, either direction or magnitude changes or 
both change. 

If the angular acceleration is always at right angles to the an- 
gular velocitj^, it only changes the direction but not the magnitude 
of that velocity. 

Hence, just as on page 53 a normal linear acceleration has no 
effect upon the linear speed, but only changes the direction of mo- 
tion, so, if a rigid svstem rotating with given angular speed about 
an axis has an angular acceleration about an axis always perpendic- 
ular to the first, there is change of direction of this axis out no 
change of angular speed about it. 

The gyroscope is an illustration of this principle. 

Besolution and Composition of Angular Velocity and Accelera- 
tion. — Since for an indefinitely small time the angular displace- 
ment is indefinitely small, we see from page 171 that we can com- 
bine angular velocities and accelerations, whether simultaneous or 
successive, by means of their line representatives just like linear 
velocities ana accelerations (page 43). 

Sign of Components of Angmar Velocity and Acceleration. — The 
sign of the line representatives of the components along the axes 
X, y, Z of an angular velocity or acceleration follows the same 
nile as for linear velocities and accelerations (pages 44, 50). 

Unit of Angular Acceleration. — Angular acceleration is meas- 
ured in terms of the same unit as rate of change of angular speed 
(page 73), or one radian-per-sec. per sec. We denote its magni- 
tude then by the same letter, a. 

Belations between Angular and Linear Velocity and Accelera- 
tion. — ^We have also the same relations between angular and linear 
acceleration and velocity as for a point moving in a circle (page 

76). 

Thus we have, for any point of a rigid system whose distance 
from the axis of rotation at any distance is r, 

roo = V, rex =ft, voD =fn = rao^ = — , fp =ftT' = r*a, vr = r*c». 

Equations of Motion of a Eotating Eigid System under Different 
Angular Accelerations. — Since angular velocities and accelerations 
are represented by straight lines, just like linear velocities and ac- 
celerations, we have the same equations for motion of a rotating 
rigid system as on page 50. We nave only to substitute od for v, 9 
for s, a for /. 

With these substitutions equations (1) to (14), page 60, hold good 
and it is unnecessary to repeat them here. 

Moment of Angular Displacement. — Just as we called the prod- 
uct of the ma^itude of a linear displacement by the magnitude 
of the perpendicular let fall from any given point upon its direc- 
tion the moment of the linear displacement (page 60), so for 
angular displacement we call the product of its naagnitude by 
the magnitude of the perpendicular from any point upon the 
direction of the line representative the moment of the angular 
displacement. 

We take its sign just as for moment of linear displacement, page 
62. Since the line representative is coincident with the axis, the 
perpendicular is the distance of the point from the axis. 

Thus if AB = & is the line representative of an angular dis- 
placement OiOOi = of a rigid system, the axis has the position 
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AOB, If then d is the initial position of any point of the sys- 
tem and OOx = p is the perpendic- 
ular from Ox upon the axis or direc- 
tion of the line representative ABy the 
moment is ± pO according to direction, 
just as for moment of linear displace- 
ment (page 62). But p6 is the tenqth^ p \ ^ 

of the arc OiOt described by the point ' ^ ' 

Oi in a plane perpendiciuar to the 
plane of AB and OOi. 

Hence, the moment pO of the angular 
disphicement ^ of a ngia system rela- 



tive to any point of the system gives 
the length of the arc OiOt described by 




Oi 



that point in a plane perpendicular to the plane of the axis AB 
and the radius vector p. 

The corresponding linear displacement of Oi is evidently 

T = 2psin| (1) 

Since the an^le OOiOi equals the angle OOtOx, we have for the 
direction of the linear displacement relative to 00 1 , 

angle OOiO, = 90^ - OiOr = ^^ (2) 

We have also, just as on page 62, the algebraic sum of the 
moments of any number of component angular displacementH, rel- 
ative to any pomt, equal to the moment of the resultant. 

Also, just as on page 60, the line representative of an angular 
displacement may be laid off from any point in its line of dir(ii:i>i(m 
witnout affecting its moment. 

Moment of Angular Velocity or Acceleration* — Just an we 
called the product of the magnitude of a linr^ar velocity or accelera- 
tion by the magnitude of the perpendicular from any given p^;int 
upon Its direction the moment of the linear vekxnty or arjc^jleratirm, 
so for angular velocity or acceleration we call the oroduct of the 
magnitude by the magnitude of the perpendicular tTom any point 
upon the direction of the line representative the m/munt of the 
an gul ar velocity or acceleration. 

We take its sign just as for moment of linear velocity or acceli^ 
ration (page 60). Since the line representative is coinddent with the 
axis, the i)erpendicular is the distance of the pfiint irtna tfa^ axiK, 

Thus if AB = fi0 is the line representative of an Anf^hur 
velocity of a rigid system, the instantaneous axis han ih^ 

position AOB, If then O, in any point of 
the system and 00$ = /> is th« fHfrpt^nduM- 
lar from Oi on the axis or direction of ib^ 
line nrpresentative, the rriorri^ni is ± pm 
aecordinf; to direction, just as U^ rmmtfifA 
of linear velocity ^page f/}j. But tfajs m 
the linear velocity r of Ot at the rnstont, 
in a directum perpendicoJar to tbh plao« 
of A JE( and />Oi. 

Henfsf:, th^ m//ment /x^ cf ike nrnQminr 
vdfjcity ^f4^ Ttgtd tuffiitm r^JUMXief:^!^ U^ any 
pfAvU of ike ^f^nUm (fif»$ IAmi; HwMr i»U^^y 
V ^jf VuMt pmnt in a 4irt^ifAk wrj^oMem- 
hir t^p the jfUMne ^^ the tmsA^jmUu^^mt^ ^sucm 
of rxMtkm AB aad Ae twdatUamefM^ rtM4*mJi^ t>«U^ j>. 
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In the same way, the moment pa of the angular acceleratton a of 
a rigid system relative to any point of the system gives the linear 
tanaenticu acceleration ft of that point in a direction perpendictUar 
to the plane of the instantaneous ajcis of angular acceleration and 
the instantaneous radius vector. 

We have also, just as on page 62, the algebraic sum of the mo- 
ments of any number of component angular velocities or accelera- 
tions, relative to any point, eaual to the moment of the resultant. 

Also, just as on i)age 60, tne line representative of an angidar 
velocity or acceleration may be laid on from any point in its line 
of direction without affecting its moment. . 

Concurring Angular DispiacementSy Velocitieror Accelerations.— 
We see then that angular displacements, velocities- or accelera- 
tions are represented bv straight lines, called line representatives, 
which coincide with the axis of rotation. We deal with them 
entirely by means of these line representatives. ^When we speak 
of their "direction,'' we mean the direction of the'^line representa- 
tives. We resolve and combine them by means of their Ime repre- 
sentatives, and in the same way we have their moments just as for 
linear displacements, velocities or accelerations. Following the 
same analogy, we can speak of them as "applied " or "acting" at 
certain points. When tney all intersect at the same point, we may 
call them concurring, just as if they were linear. When they do 
not intersect at the same point they are non-concurrine:. When they 
act in the same direction in the same line thev are conspiring. 
When in the same or opposite directions in parallel lines they are 
parallel. When in opposite directions in the same line or in paral- 
lel lines they are opposite. When they lie in tne same plane they 
are co-planar. 

Condition for notation only. — If a rigid system has one point 
fixed, it can have no translation but only rotation, and therefore 
all the component angular displacements, velocities or accelerations 
must reduce to a concurring system, so that we have a single result- 
ant angular displacement, velocity or acceleration about an axis 
through this point, which is therefore at rest. 

General Analytical Determination of Besultant Angular Dis- 
placement, Velocity or Acceleration for any Number of Concurring 
Components. — We see then that all the equations of pages 63 to 66 
hold good for angular displacements, velocities or accelerations, as 
well as for linear. 

For angular displacements we have only to substitute in place 
of V. The moments Mxj My, Mz then give the arcs of displacement 
about the axes of X, F, Z of the origin, considered as a point of 
the rigid system, rotating about the resultant axis. 

For angular velocities we have only to substitute oo for v. The 
moments Mx, My, Mz then give the component linear velocities Vx, 
Vy , Vz along the axes of X, y , Z of the origin, considered as a point 
of the rigid system, rotating about the resultant axis. 

For angular accelerations we have only to substitute a for t?. 
The moments Mx, My, Mz then give the component linear tangential 
accelerations ftx, fty, ftz along the axes of X, F, Z of the origin, 
considered as a point of the rigid system, rotating aoout the re- 
sultant axis. 

To make our notation consistent we should also replace cos a, 
cos 6, cose, pa^e 65, by cosd, cose, cos/, and replace cosd, cose, 
cos/, page 66, by cos a, cos 6, cos c. 

We have then from page 65, equation (4), for the component 
linear velocities Vx, Vy, Vz along the axes of X, F, Z of the origin^ 
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considered as a point of the rigid system, rotating about the re- 
sultant axis, 



Vx = oosiy — (OyZ ; 

Vy = OOxZ — OOzXy 

Vz = ooyX — atey. 

We have also in the same way 

fix = ctsiy — ayZ ; 
fty = ocxZ — aiX ; 
ftz = (XyX — axy. 



(1) 



(2) 



Equations (2) give the component linear tangential accelerations 
along the axes of X, F, Z of tne origin, considered as a point of the 
rigid system, rotating about the resultant axis. 

If we midtiply the first of equations (1) by oox , the second by 
eoyy the third by aoz and add, we obtain 



VxOi>X + VyOOy + VzOOz = 0. 



(3) 



Equation (3) is the condition for rotation only. When it is ful- 
filled, we know that the motion of the system is that of rotation 
only about the instantaneous axis. 

Aesultant of Two Concurring Component Angular Displacements, 
Velocities or Accelerations.*— It will 
be of profit to specially discuss the 
case of two concurring component 
angular displacements, velocities or 
accelerations. 

Let the two angular velocities (»i, 
floa be in the same plane and pass 
through the points A and 5 of a 
rigid system, so that they intersect 
at O. Then the resultant aor must 
pass through O and be in the plane 

of OOly QOi. 

Take any point P in this plane 
and draw the perpendiculars Prii = 
pi, Pn^=p^, Pn=pr. Then, since 
the moment of the resultant is equal 
to the algebraic siun of the moments 
of the components, 

oorpr = OOipi + flOap* , (1) 

where regard must be paid to the 
signs in any case. Thus we have in 
the figure 

Draw the line AB, intersecting the 
resultant oor at the point C Let ai 
be the angle of ooi, and at the angle of 
009 with AB. If we take moments 
about C, we have 

ooi . ACsin ai = (Os . BC sin a,. 




* Compare Statics— Non-concurring Forces. 



;:;} «> 
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But AC -i- BC = AB. Henoe 

AC= 0^*- ^Beiaat BC=> opj « AB sin gi .^ 

001 sin a\ + 00% sin a** ooi sin a\ + oit sin a** 

We thus know the position of the resultant oh- in the plane of 
ooi and a?*. 

Mae^nitnde and Direction of the Resultant.* — If we lay off in 
Fig. 2, 00 X and ooi, then, just as for linear velocities, OC = f&r gives 
the magnitude and direction of the resultant. 

Take rectangular axes OX, OF, Fig. 1, in the plane of goi, oji, 
and let OX be parallel to AB, Let a>i make the angle ai with OX 
and fix with OY, and a?* make the angle a% with OX and fi% with 
OY. Denote the algebraic sum of the components parallel to OX 
by a>a; and parallel to OF by o9y. Then we have 

(Ox = a>i cos a\ + 09* COS a% ; 
<Oy = (Ox COS /?! + a>s COS fit 

where we must pay regard to signs. Thus components in the 
direction OX, OFare positive, in the opposite directions negative. 

If the resultant oor makes the angles d and e with the axes of X 
and F, we have 

cos d = — cos e = ^ (4> 

Squaring and adding, 

OOr = i/^OOx* + «>/ (6) 

The magnitude and direction of the resultant are thus deter- 
mined. 

Also if 9 1 is the angle of coi with the resultant, and 9a the angle of 
floa with the resultant, and G the angle between ooi and wa , we have 
directly from Fig. 2 

sm 01 = — sm 0, sm 0a = — sm 0, . . . . . (6> 

(Or Ot>r 

and 

OOr = i/oox^ + (»a* ± 2a?i(»a COS 0, (7) 

where the (+) sign is used when is less than 90°, and the (— ) sign 
when 9 is greater than 90°. 

The tangent of the angle d which the resultant makes with AB 
or OX is 

tan d = —• (8) 

(Ox 

From (6) and (7) we can find the magnitude and direction of the 
resultant directly if 9 is known. If an and aa are known, (3) and (5) 
give GJr , and (4) or (8) the direction. 
From (1) we have also 

i>r = ^^^ti?3£?, (9) 

OOr 

where regard must be had for the signs of ooij)i and (»ap« in any 
case. From (9) for any given point i^ for which pi and p% are 
known, we can locate the resultant by describing a circle with 
centre P and radius pr and drawing cor tangent to this circle in the 
direction given by (6). 

* Compare Statics. 
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The same formulaa hold good for two concurring angular ac- 
celerations. We have ooly to replace aihy a. [The student will of 
course not confuse this «, which stands for angular acceleration, 
with a,, a, in the formulas, which etand for angles.] 

The same formulas hold good also for two concurring component 
angular displacements. We have only to replace a> by d. 

w'hen the Angular DiBplacements. Velocities or Accelerations ore 
FaralleL^ln this case ni and at are equal. B = 0, the intersection O 
is at an infinite dietatice, ai,= ai, + ai,, and we have from {2) 



AC= — .AB, BC = 



.A£, 



m 



and hence, multiplying the first by u, and the second by a, , 

a. . AC ^ cat . BC, or ^ = f§ m 

To prove this independently, take C as the point of moments. 





Then whether the line representatives act i 
directions, we have 



the same or in opposite 



»,p, — (o,p, = I 
But from similar triangles 

p, BC 



or co,pi = a),p,. 



AC 



The same holds for angular displacements or accelerations. 

We see from (1> that the distances AC and £C depend only upon 
the magnitudes of a>, and u, and the distance AJi. and not at all 
upon the common direction of w, and a>,. Therefore if m. and an 
always pass through the points A and B no matt«r what their 
common direction, the residtant a>, always paasee through C- The 
point C is then the point of application of^the resultant Vr for all 
directions. 

Hence, the resultant of two txirallel component angular dis- 
placement g. velocities or aecelerfdUms is in their plane and equal 
in magnitude to their algebraic gum. It acta parallel to the eom- 
pmtentg in fhedireefion of the greater. If Ih^ components alwaya 
pass through tmo given points A and B. tite resultant always passes 
thrmigh a point C no matter what the common direction. This 
point C is then the point of application of the reituUanl. It i» on 
the atraight line AB or this line produced, and dimdes it into aeo- 
mentx inversely as the components. Or the producta of the VOf 
ponents into their adjacent aegmenta are equal. (Compare SttttiQ 
Fttrallel Foroee.; 
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Cor. 1. When the components act in the same direction, the 
resultant lies within the components and nearest the lar^r. When 
the components act in opposite directions, the resultant hes witiiiout 
the components and on the side of the larger. 

CoR. 2. When the components are opposite and equal in magni- 
tude, oor = 0. Also from (1), AC =oo , J3C = oo , or the resultant is 
zero and acta at an infinite distance. 

That is, equal and opposite parallel components cannot have a 
single resiiltant. 

Such a system is called a couple. (Compare Statics — ^Parallel 
Forces.) 



EXAMPLES. 

(1) A rigid system has two component rotations of 2 and i 
radians about axes inclined 60°. Find the resultant rotation, 

Ans. Component rotations are understood to be simaltaneoos unless other- 
wise specified (page 172). Hence magnitude of resultant rotation is 2 ^7 
radians; axis inclined at an angle witL the greater component whose sine is 

24/7* 

(2) A sphere with one of its superficial points fixed has two com- 
ponent rotations — one of 8 radians about a tangent line and one of 
15 radians about a diameter. Find the aocis of the resultant dis- 
placement and the number of complete revolutions mcule about it. 

Ads. Inclination of axis to greater component at an angle whose tang is 

8 17 

— . Resultant displacement 17 radians, number of complete revolutions —. 

10 /alt 

(3) A sphere is rotating uniformly about a diameter at the rate 
of 10 radians per min. Find (a) the component angular velocity 
about another diameter inclined 30° to the former, and (b) the com- 
ponent rotation produced in 2 min. about a diameter inclined 45° to 
the first. 

Ans. (a) 5 \/S radians per min. ; (6) 10 j/2 radians. 

(4) A pendulum suspended at a point in the polar axis of the 
earth oscillates in a vertical plane. Find the motion of this plane 
relative to the earth. 

Ans. The plane of the pendulum is fixed in space, and the motion of the 
earth with reference to this plane is a rotation from west to east at the rate of 
one revolution per day. The motion of the plane relative to the earth is then 
from east to west at the same rate of one revolution per day. 

(5) A pendulum is hung at a place of latitude A, and oscillates in 
a vertical plane. Find (a) the angular velocity of the plane of the 
pendulums motion relative to the earth, and (p) the time in which 
this plane will make one complete revolution at a place in latitude 

60" jv: 

Ans. The angular velocity of the earth about its axis is 2;r radians per day. 
The component of this in the direction of an axis through the centre of the 
earth and the point of suspension of the pendulum is 2it sin X radians per day 
from west to east. This is the motion of the earth relative to the plane of the 
pendulum. Hence — 

(a) The motion of the plane of the pendulum relative to the earth ia2n wnX 
radians per day from east to west; 
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(&) The time of revolation is ^^ . , = . ^ = — — days. 

2^sm A. Bin 60 4/8 

(6) A cube rotates about a vertically-upward a^ods through one of 
its edges. At a given instant at which the diagonal of the upper 
surface passing through the axis points north the cube has an an- 
gular velocity o/40 radians per sec, and begins to have a uniform 
angular acceleration about an aocis vertically downwards through 
the same edge of 6 rad.-per-sec, per sec. Find (a) the direction in 
which the diagonal will point after 20 sec, ; (6) tne number of revolu- 
tions made by the cube. 

Ans. From the equations of motion page 78 we have 00 = oji —at, — di 
=zooit — irat^. We have 001 = 40 radians per sec., a = 6 rad.-per-sec. per 

sec., i = 20 sec., 61 = 0. 

a>i 20 
In the time ti = — = -zr sec. the cnbe comes to rest and has the an^lar 

nr 8 

400 
displacement Oi = -5- radians towards the east. 

It then moves in the opposite direction towards the west daring the time 

20 40 A 1 

t = 20 — o = -^ s^* <^d undergoes tne angular displacement B = —at* = 

1 AOO 

radians. Hence (a) the angular displacement from the north point to- 
8 

wards the west is 400 radians or 63.661 revolutions, or 63 revolutions and 

237%96 W. The direction of the diagonal is then S. 57°.96 E. (6) The total 

2000 
angular displacement is — ^ — radians, hence the number of revolutions is 

333.8 
n 

(7) A sphere is rotating at a given instant about a given diameter 
ACB with an angular velocity of 4 rod. per min. It has an angular 
a^cceleration of 2 rad.-per-min. per min. about a diameter inclined 
30** to ACB, Find (a) the angular velocity, and {b) the angular dis- 
placement after 20 min. 

Ans. (Page 174.) (a) 4\/l01 + 10 V^ rad. per min. inclined to C© at an 

angle whose tangent is j=. ; (6) 80 v 26 -f- 5 |/f radians inclined to CB 

5 

at any angle whose tangent is :=. 

^ 2 4-5^^3 

(8) A rigid system has one point floced. The co-ordinates of this 
point with reference to any point of the system taken as origin are 
at any instant x = + S ft, y = + 4 ft,, z = 0. The component an- 
gular velocities at this instant are oji = 40, (wa = 50, oos ■= 60 radians 
per sec., the line representatives making the angles ai = 60°, /3i = 150*', 
ri = 90° ; aa = 120% /?a = 30% y^ = 90" ; a, = 120% /?s = 150% y* = 90% 
Find the resultant angular velocity, 

Ans. (See Example (1), page 67.) The component angular velocities are in 
one plane and 

(Oa; = — 35 radians per sec., (Uy = — 48.3 radians per sec. 

The resultant is oor = 55.67 radians per sec, its line representative or the 
instantaneous axis of rotation making with the horizontal the angle d = 128° 
67' 17", and with the vertical the angle e = 141° 2* 43". If we look along this 
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line representative which passes through the fixed point, towards the origin, 
the rotation will be seen as counter-clockwise. 

The moment of the resultant anfiiilar velocity a>r with reference to the 
point gives us the linear velocity of rotation at about the instantaneous 
axis, «» = + 10 ft. per sec. in a direction through perpendicolar to the plane 
XY, or along Z, from towards Z. 

The distance of from the axis is p = about 0.18 ft. 

The equation of the axis is y = \,&tx 4- 0.286. Its intercepts on the axis 
arey = 4- 0.286 ft., w' - -- 0.282 ft. 

(9) Express and solve the same example for component angvUar 
acceleratums and displacements. 

(10) A rigid system has one point fianed. The co-ordiruUes of this 
point udth reference to any point of the system taken as an origin 
are at any instant a? = + 3 j^f., y=+ ^ft.^ z= +5ft. The compo- 
nent angular velocities at this instant are oox = 40, ois = 50, oa* = 60 
radians per sec.^ the line representatives maJeing the angles with the 
axes a, = 60°, fii = 100% yi obtuse ; a, = lOO"*, fit = 60% y^ acute; a$ 
= 120**, fis = 100% y» acute. Find the resultant angular velocity, 

Ans. (See Example (2), page 67.) We have 

aox = - 18.6824, a>|^ = + 7.685, oo^ = + 59.891 radians per sec. 

The resultant angular velocity is a>r = 62.78 radians per sec., its line rep- 
resentative making with the axes the angles 

d = 118' 17' 33", 6 =85° 6' 12", / = 12' 80' 24". 

This line representative passes through the fixed point and gives the in- 
stantaneous axis of rotation. If we look idong this line towards the origin, the 
rotation will be seen as counter-clockwise. 

The velocities of rotation at along the axes are 

t)« = + 97.6346, vx = + 199.389, Vy = - 271.585 ft. per sec. 

The resultant velocity of rotation at Ois«r = 407.6 ft. per sec., making 
with the axes angles 

a = 60° 42' 57", 6 = 131" 46' 24", c = 76" 8' 81". 

The equations of the projections of the axis upon the co-ordinate planes are: 

on plane XT, y = - OAOSx + 5.226 ; 






TZ, z =+ 7.778y - 26.115 ; 
ZX, x= - 0.3140 + 4572. 



The axis pierces the plane XY at «' = + 4.572 ft., y* = + 3.357 ft.; 
«* " *' " *• YZ •*/ = + 5.226 ft., e* =- 14.56 ft.; 
" ** " " *• ZX *' g' =- 26.115 ft., aj' = -f 12.809 ft. 

(11) Eocpress and solve the same example for component angular 
accelerations and displacements. 

(12) Let the axes of two concurring angular velocities of a rigid 
system, ooi = 20, wa = 30 radians per sec, pass through the points A, 
B of the system, the distance AB = 2 ft., and the angles ai = 60% a, 
= 30°. Find the point C on the line AB through which the resultant 
axis passes, and the magnitude and direction of the resultant angu- 
lar velocity. 
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Ans. AC = 0.928 ft., o^x = + 16*98 radians per sec., ci>y= ^ 82.83 radians 
per sec. The angle of tiie resultant with AB is given by 

ton<« = -7H^= -2.022, or d = 68' 41' = JJCflor. 

The resultant is 

dOr = 86.05 radians per sec. 

We have also for the angle of the resultant with ooi , since = 90^, 

sin 01 = ol^ = 0.882, or Oi = 66' 19'. 

O0.U0 

(13) Eocpresa and solve the same eooampU for component angular 
ccceleratuma and displacements. 
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MOMENT OF A COUPLE. 



DISPLACEMENT OF A RIGID SYSTEM. RIGID PLANE SYSTEM. COMPOSITION 
AND RESOLUTION OF TRANSLATION AND ANGULAR DISPLACEMENT. COM- 
POSITION AND RESOLUTION OF TRANSLATION AND ANGULAR VELOCITT. 
CENTRAL AXIS. SCREW MOTION. ROTATION AND RECTILINEAR TRANS- 
LATION. COMBINED PARALLEL ROTATIONS, ONE AXIS FIXED. INTER- 
SECTING AXES, ONE AXIS FIXED. ANALYTIC DETERMINATION OF RE- 
SULTANT ANGX7LAR VELOCITY AND VELOCITY OF TRANSLATION FOR NON- 
CONCURRING ANGX7LAR VELOCITIES. 

Moment of a Couple.* — ^We have just seen in the preceding 
Chapter, page 181, that two parallel equal and opposite components 
acting at different points of a rigid system constitute a couple. We 
j^_f^ • may have then an angular-aisplace- 

ment couple or angular-velocity cou- 
ple or angular-acceleration couple. 
Let -I- 00, — 00, acting at the points 
B A, B oi a rigid system, constitute an 

"cj angular- velocity couple. 

If we take any point C between 
the components, or any point Ci, d 
on either side, in the juane of the 
components, we have in the first 
case, denoting the distance AB by jp, for the moment about C, just 
as for linear velocities (page 60), 

- GO . AC —Qo.BC= — oo(AC + BO = —poo. 
In the second case, for the moment about Ci we have 

GO . CiA — GO. CxB = — co(CiB — CiA) = —poo. 
In the third case, for the moment about d we have 

— GO . CiA + GO . CiB = — oo{CiA — CiB) = — poo. 

Hence the moment about every point in the plane of the couple is 
constant and equal to ±pQo, the (-I-) or (— ) sign denoting direction 
just as for moment of linear velocity (page 60). 

For an angular-acceleration couple we have in the same way 
± pa, for an angular-displacement oouple ± pB. 

We see then that the moment of a couple is the same for every 
point in its plane and equal to the product of either of the compo- 
nents by the distance between them. 



Ci 
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* Compare Statics— Parallel Forces. 
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Composition and Besolntion of Translation and Angnlar Displace, 
ment. — Let a rigid system have a rotation of OiOOa = Q radians 
about an axis AOB through the 
point Oi and AB = G be the line 
representative. 

If we take any other point of 
the system, as Oi , and at this point 
apply tiie two equal and opposite 
angular displacements da = — 
and Oib = + 0, both parallel to 
AB, it is evident that the motion 
of the system is not affected. We 
have then the angular displace- 
ment about the axis AOB reduced to an equal angular displace- 
ment Oib about a parallel axis through Oi and a couple AB and 

Oia. 

The moment of this couple is the same for every point in its 
plane and equal to pO, where p is the perpendicular distance be- 
tween the components AB and Oia of the couple. 

But we have seen (page 177) that the moment pB corresponds to 
a linear displacement m a plane perpendicular to the plane of the 
couple of 

T = 2psini, . . (1) 

making an angle 00x0% withp given by 

00i0, = ^^. (2) 

Hence, an angular displacement 6 about any given axis can be 
resolved into an equal angular displacement about a parallel axis 
through any point of the system and a linear translation in the 
plane of rotation of the system whose magnitude and direction are 
given fry (1) and (2). 

Conversely, the resultant of the rotation of a rigid system about 
a given axis and a translation in any given direction, is an equul 
rotation about a parallel axis, whose position with reference to the 
first can be determined by (1) and (2). 

CoR. 1. Two non-concurring angular displacements can be re- 
duced to a resultant angular displacement about a resultant axis 
at any point and a couple which causes translation. 

CoR. 2. Hence if we have any number of component angular 
rotations about any axes, whether these axes intersect or not, we 
can reduce each to an equal rotation about a parallel axis through 
some one point of the system and a translation of the system. 

The resultant translation can then be found as on page 35, and 
the resultant rotation as on page 173, for simultaneous angular dis- 
placements. 

Cor. 3. Therefore any number of component translations and 
rotations can all be reduced to a single translation and a single 
rotation about any given point. It is evident that this single rota- 
tion is not affected oy the position of the point, which affects the 
translation only. 

Displacement of a Bigid System. — Any displacement of a rigid 
system may be prodnced by a translation and an angnlar displace* 
ment. 
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Let Ai, £i, Ci be the positionBof any three points which determine 

the initial position of the rigid system. 

Let As , A , Ct be the final position of 

these points after any displacement. 

First let the system be traSislated, so 

that Ai comes to its final position At. 

Then Bi and Ci will take tne positions 

h and c, the lines Bib and CiC being 

equal and parallel to AiA». We see 

then that lis is a fixed point in the 

SYStem so far as the two positions 

AiBiCi , AtBtCt are conoemed. 

But we have seen (page 173) that in every possible displacement 

of a rigid system with one point fixed there is an axis of rotation 

fixed in the system which remains unchanged. Hence A^cb can be 

brought to the position AaBsCa by rotation about that axis. 

CoR. 1. It follows that the displacement of a rij^d system is 
known if the magnitude and direction of the linear displacement of 
any point is known, and qIbo the magnitude and direction of the 
angiuar dispkicement of the system about that point. 

Cor. 2. Also, the displacement of a rigid system is known if the 
magnitude and direction of the component linear displacements of 
any point parallel to three rectangular axes and of the component 
angular displacements of the system about axes parallel to the first 
through the point are known. 

Bigid Plane System. — ^Anydisplacementof a rigid plane system in 

its own plane may be produced by rotation about some point in the plane. 

Let AiBi and A^B^ be the initial and final positions in the plane, 

of the same line of the system, o 

so that AiBi and AaJBa are of vv^;^^^**^^ 3»b 

equal length. Join AiAi and \V^^ ^"^-^ ^^ ■* 

BiBi by lines and bisect these 
lines at C and D. Erect per- 

Eendiculars at the points of \ X \ ^^<^ 7o 

isection C and D and produce 
them to intersection at O. 

Then by construction OAi = A>^— ^^i 

OAa , and OBx = OB^ , and AiBi 
= AiBi, Hence the two triangles OAiBi and OAiBi are in all 
respects equal and the line AiBi may be brought to coincide with 
AiBi by rotation about the point O. 






If AajBa is parallel to AiBi , we have translation only and the 
point O is at an infinite distance. 
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Since the angle AiOBi = the angle AtOBt.it we take the angle 
AtOBi from both we have AiOAt = BxOBt* If then Uie displace* 
ment is such that Ax falls on OBi or on OBx produced, At must be 
on OBt or OBt produced. 

In both cases OC and OD coincide and do not intersect, but it is 
evident that in such case the point O in which AxBx and AtBt intor- 
sect is the point about which rotation would produce the given dis- 
placement. 

If in any case Ax At and BxBt are indefinitely small, the point 
is called the instantaneous centre of motion. 

Any Displacement of a Bigid System. — Any displacement of a 
rigid system may be produced by rotation about an axis and a trans- 
lation in the direction of that axis. 

Let AB and BC represent the resultant 
translation and rotation to which the compo- 
nent translations and rotations of the system 
can be reduced (page 187, Cor. 3). 

Draw AD and DB parallel and perpendic- 
ular to BC. Then the translation AB is re- 
solved into the two components AD and DB, 
But the resultant of DB and BC (page 187) is an equal rotation 
about an axis parallel to BC, Hence the translation AD and the 
rotation BC are reducible to the translation AD and a rotation 
about an axis parallel to AD, 

Composition and Besolution of Translation and Angular Ve- 
locity or Angular Acceleration. — Let a rigid system have an 
\ angular velocity ) ^ S «> radians per sec. Ubout an 
\ angular acceleration j "^ ( a radians-per-sec. per sec. j ^" 

axis AOB through the point O, and 

let AB = I ^ ^^ I be the linear rep- 
resentative. 

If we take any other prnnt of the 

system, as Ot , and at this point 

apply two equal and ojiposito 

) angular veirx;ities / oa ^ 

'^ / angular accelerations ( ♦ ' 

jl-}and0.6=j + 7f.iti«evf. 
dent that the motion of the system 

is not affected. We have then the j a,^I^&rm ( «*«"* 

theaxis AOB reduced to an equal j ,^^'^S[^^l„, \ Ob 

about a parallel axis throu^ 0% and a couple represented by AB 
and Oxa. 

The moment of tills couple is the same for ^svtsrj point in iU^ 

plane (page l£i6) and equal to | ^ L where piB the perpendicuhar 

distance between the two axes. 

But we have seen ^page 177) that the tufjuieiA \^\ giv«i tl>* 

linear j 3^J2^g^^ j in a direction perp«^^ 

the codple. Since the moment of the couple is the sacoe if^ ^frtgrj 
point in its plane, we have then translation <^ the entire wfiA^ttu m 
a directicm perpendieolar to the plane of the cc«i^^ an well mi 
simnltaDeoas lototkn alxwt the axis tfarou^ Ou The dirtctkift 
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and magnitude of this translation will dex>end upon the point Oi , 
but the rotation will be the same wherever the point Oi may be 
taken. 

Hence.* an j a^^l^Sf^an \ of a rigid systen. a^ any 
axis can be resolved into an eq,ua \ a,SS^^^^l£S^ f «^ " 
parallel axis at any distance p, and a j a^J^^{f^ \ of translation 
j S ^ ^^ > in a direction at right angles to the plane of the aaces, 

conversely, the resultant of an j „,SX?^^S^f^ « } of a 

rigid system about a given axis and a < Q^^!^ify^ \ of translation 

\-\in any direction is an eguol\^^;3l^^^-^^ \ a^a 



parallel axis distant 



5^1 T 

parallel 



V 

P = - 

00 



^ in a direction perpendictUar to the 



plane of \f> and the given axis. 

This parallel axis is the instantaneous axis. 

CoR. 1. Hence if we have any niunber of component J ??flji^ 

a<^lerations [ ^^^* ^^y ^^i ®^^ ^^an be reduced to an equal 

point of the system, and a | acceleration C ^^ translation of the 

system. We can then find the resultant j acceleration [ ^^ *^'^"^" 

lation aa on pa«e { g [ and the resultant j ar^f^^^^e'^n ! «« 
on page 176. 

Cor. 2. Therefore any number of component \ ®^^^ ^®" 

•^ *^ ( angular ac- 

celeSns \ ^^^ \ ad^eSne \ «* translation, can all be reduced 
to a single resultant | acceleratwn \ ^^ translation and a single re- 
sultant j anSlr trrnffln [ ^^^^* ^ ^^ through any one point 
of the system. The | acceleration [ ^^ translation will vary m di- 
rection and magnitude with the point chosen. The j ^^^^ 

acceleration [ ^^ ^ *^® ssme no matter what point is chosen. 

Central Axis. — ^Any number of component angular velocities of 
a rigid system can be reduced to a single angular velocity about a 
determinate axis and a simultaneous velocity of translation of the 
system along that axis. Such an axis is called the central axis, and 
such motion is called sc rew motion^ 

* Compare Statics — Non-concurring Forces. 
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Thus let OA and OC represent the resultant linear velocity of 
translation Vr and the resmtant angu- 
lar velocity cor, to which, as we have 
just seen, all the angular velocities can 
De reduced. ^^ 

Draw AD and OD parallel and per- ^ ^* ""y- 

pendicular to OC Then the velocity of r - 

translation OA = Fr is resolved into the two components AD and 
OD, But the resultant of OC and OD is an equal angular velocity 
about an axis parallel to OC (p€ige 190). 

Hence the velocity of translation OA = Vr and the angular ve^ 
locity OC = oor are reducible to an eoued angular velocity about an 
axis parallel to OC and a linear velocity of translation AD along 
that axis. 

This axis is called the central aona, and may be located by the 
following geometric construction. 

At any point O of the system taken arbitrarily let the velocity 

of translation be Vr and the ro- 
tation axis through O he oor, 
making the angle 0. Through 
O draw a line OD =p perpen- 
dicular to the plane of Vr and 
cor, SO that pojr = Vr sin (py or 

p = . 

oor 

Then a line through D parallel 
to the rotation axis at O will be the 
central axis. (Compare Statics — Non-concurring Forces. 

Screw Motion. — Let ttr denote the resultant velocity of trans- 
lation along the central axis. This is called the velocity of advance. 
The distance d advanced diu'ing one complete rotation of the sys- 
tem is called the pitch of the screw, and the distance advanced dur- 

ing a rotation of one radian, or —, we call the unit pitch of the 

Ztc 

screw. 

If (Or is the resultant angular velocity of rotation, the time of a 

complete rotation is f = - — 

oor 

We have then for the vjdue of the pitch 

d = urt = ^^^, hence t^=^, .... (1) 

oor «^ 

and for the unit pitch 

± = :!^ (2) 

27e GOr 

If r is the radius vector of any point of the system, then the 
linear velocity of that point due to rotation about the axis is 

v = roi>r (3) 

in a direction perpendicular to the plane of the central axis and the 
radius vector. 

The resultant velocity at that point is then 

Vr = i^Mr» + t?" = «>r|/— 5 + r» (4} 
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The indination of the path at that point to the plane of rotation 
is given by 

(5) 



tant = !t = 



2jrr' 



or the tangent of the angle of inclination at any point is equal to 
the ratio of the pitch to the circumference of the circle described 
by the point relatively to the axis : or it is equal to the ratio of the 
unit pitch to the radius vector of tne point. 

Centre of Parallel Angnlar Velocities.* — Let 001,09,, oo., etc., be 
any number of parallel an^ar velocities passing through the points 
^1, A%^ Asy etc., of a rigid system. 




Then the resultant a>r must be parallel to the components and 
equal in magnitude to their algebraic siun, or 



oor ^= ooi + ooi + 009 + 



= Sod. 



Take any two components aoi and coa, and produce the line Ai, 
A% to intersection K with the plane ZX. Drop perpendiculars AxBi^ 
AiBi to this plane and draw the line KBiBi m this plane. 

Now, from page 181, the resultant of coi and <wa is coi = <»i + an 
and its point of application is at A on the line AiAt , so that 

A^ 



a?! 



AiA' 



Drop the perpendicular AB to the plane ZX, Then we have by 
similar triangles 

A^ "" B,B' 

Denote the distance AxBi , A^B^ by 2/1 , 2/a, respectively, and the 
distance AB, or the ordinat£ of the point of apphcation of the re- 
sultant ^i of GOi and (»9, by yx. Then we have by similar triangles 



B'.B _ ya -yi 



BxB 



yi-yi 



Hence 



®i __ ya - yi 
®» yi — yi 



or ^ = S^^MuL^^lMi. 



In the same way for ^to'ee angular velocities, o7i , <oa , ots , we can 
combine the resultant oo^ ot aoi and 002 passing through A, with m. 

* Compare Statics — Parallel Forces. 
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We thus obtain for the ordinate of the point of application of the 
resultant of three forces 

In general, then, for axiy number of parallel angular velocities 

we have for the ordinate y of the point of application of the result- 
ant 

«=S'- <« 

In precisely similar manner, if we denote the distances AC and 
AD of the point of^application of the resultant from the planes YZ 

and XYhj x and y, we have 

-=^= (2) 

E<][uations (1), (2) and (3) give the co-ordinates of the point of 
application of the resultant for any number of parallel angular 
velocities. This point is called the centre of parallel angular veloc- 
ities. The same equations evidently hold for parallel angular ac- 
celerations, by replacing go by a. We have then the centre oj 
parallel angular accelerations. 

The position of this centre depends onljr upon the magnitude and 
position of the line representatives and is independent of their com- 
mon direction. 

If z is zero, Zx^z^^ etc., are zero, and the line representatives all 
lie in the plane XY, The centre is then given by (1) and (2). If 

z and y are zero, the centre is in the axis of Xand is given by (2). 

Rotation and Bectilinear Translation Combined. — Let a rigid 
system have an angular velocity Ob = od about an axis through O, 
perpendicular to the plane of the paper, 
and at the same tune a velocity of 
translation t; in a straight line. Tnen, 
as we have seen, page 177, v can be re- 

E laced by the couple Oa and IB, and we 
ave at any instant a resultant rotation 
IB = 00 about a parallel axis though /at 

a distance 0/ = » = — in a direction 

■^ 00 

perpendicular to that of v. This axis is the instantaneous axis; 
that is, the point /at any distant has the velocity v in one direction 
due to translation, and the velocity v = poo in the other direction 
due to the couple, and is therefore at rest. 

It is evident that every straight line in the system parallel to 
the moving axis at O and at a constant distance nrom O of 

p = — becomes in turn the instantaneous axis when it arrives at 

GO 

the position /with reference to O, 

Hence when a rigid system has a velocity of translation in a 
straight line and at the same time an angular velocity oo about a 
given axis Ob, the resultant motion of the system is the same as if 




194 



RIGID SYSTEM — ^TRANSLATIOK ASTD BOTATIOK. [OHAP. IL 



a cylindrical surface fixed in the system, of raditispi = — , rolied on 



00 




Cycloid 



a plane HIH parallel to the plane of Ob and v. 

The path aescrihed by any point in the axis Ob is a straight 

line. The path described by any point not in this axis is callea a 

trochoid. The special form of trochoid described by anv point in 

Citrute C\'cioid ^® cj^lindrical surface is called a cycloid. 

Anv internal point describes a prolate 
cycloid ; any external point, a curtate 
cycloid. 

The ^nered form of these curves is 
shown in the accompanying figures. 
A common illustration of such motion is a wheel rolling in a stnught line 

on a plane. If the radius is p, we have p<o = v and hence ^ =zp. The in- 
stantaneous axis is at right angles to the plane 
of the wheel and passes through the point of 
contact with the plane. The velocity at the 
centre is v, and at the opposite extremity of the 
diameter through the point of contact 2v in the 
direction of translation. The velocity of any 
point at a distance d from the instantaneous axis is doo in a direction per- 

pendicular to the plane of the instantaneous 
Prolate Cycloid ^xis and the instantaneous radius vector d. 

Combined Parallel Botation»— One 
Axis Fixed. — ^Let a rigid system rotate 
with the angular velocity aoi about a 
moving axis at Ox, and at the same 
time let this axis revolve with the angular velocity <»» about a 
parallel fixed axis at Oa. 

Then, as we have seen, page 181, the resultant o^r is in the 
plane of the components coi and (»a, is equal in ma^gnitude to 
their algebraic sum and divides the straight line joining Oi and 
Oa into segments inversely as the components. Also when the 
components act in the same direction the resultant lies within 
the components, and when 





in 



Fio.L 



FiGi2. 



,(0. 



opposite directions without the 
components and on the side of 
the larger. 

Fig. 1, then, represents the 
case in which gdi and aoi are in 
the same direction ; Fig. 2, that 
in which ooi and gd^ are in op- 
posite directions and coi is the 
greater ; Fig. 3, that in which cji and coa are in opposite directions 
and GD2 is the greater. 

The resultant angular velocity is in all cases then given by 




Qs 





oor = ooi -{- (»a, 



(1) 



where we take ooi and a>a with their proper signs. 

This resultant rotation oor takes place about the instantaneous 
axis through /, so situated that (page 181) 

00.^ mi' ^^ 

so that at any instant 1 has two opposite and equal linear velocities 
and is therefore at that instant at rest. Since then gji . lOi = (»a . /0«, 
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we see at once that in Fig. 2, aoi is greater than (us, and in Fig. 3, aoi 
is less than coi. 

We have also as on page 181, taking moments about 0% and Oi , 



ooi . OiOt = oor.IOt, or lOt = — . OiOi; 
oot . OiOt = (Or, JOi, or lOx = —^ . OiO«. 

oor 



(3) 



All the lines in the system which successively occupy the position 
of the instantaneous axis are then situated in a cylincbical surface 

described about Oi with the radius lOi = — . OiOa ; and all the 

positions of the instantaneous axis are contained in a cylindrical 

surface described about 0% with the radius 10^ = — . OiOa. 

Hence the resultant motion of a rigid system which rotates 
about an axis Oi while at the same time this axis revolves about a 
fixed axis Oa t« the same as if a cylindrical surface of radius lOi = 

— . OiOa , fiived in the system^ rolls upon a fixed cylindrical surfa^ce 

oOr 

of radius I0» = — ^ . OiOa. 

In Fig. 1, a convex cylinder rolls on a convex cylinder; in Fig. 
2, a smaller convex cylinder rolls within a larger concave cylinder; 
in Fig. 3, a larger concave cylinder rolls upon a smaller convex 
cylinder. 

The path described by any point in the moving axis through d 
relatively to the fixed axis at Ui is a circle. 

The path described by any point relatively to the fixed axis is 
called an epitrochoid when the rolling cylinder is outside of the 
fixed cylinder and an hypotrochoid when it is inside. The special 
form of epitrochoid or hypotrochoid described by a point in the 
surface of the rolling cylinder is called an epicycloid when the roll- 
ing cylinder is outside and an hypocycloid when it is inside the fixed 
cylinder. 

When the distance OiOa is infinite we have the case of the pre- 
ceding Article, of a cylinder rolling on a straight line. In this case 

003 = 0. 

When a cylinder rolls externally upon another of equal size, the 
special form of epicycloid described by a point in its surface is 
called the cardioid. In this case ooi and go are equal and^n the same 
direction. 

When a cylinder, as in Fig. 2, rolls within a 
concave cylinder of double its radius, we have 
Goi = 2(03. In this case each point in the surface 
of the rolling cylinder moves to and fro in 
straight line, oeing a diameter of the fixed cyli 
der; each point in the axis of the rolling cylinder V / 

describes a circle of the same radius as that cylin- \^^^^^ 
der, and any other point in or without the rolling 
cylinder describes an ellipse of greater or less eccentricity, having 
its centre in the fixed axis at C7. This principle has been made 
available in instruments for drawing and turning ellipses. 

Botation about Intersecting Axes— One Axis Fixed.— Let COa 
be a fixed axis and about it let the plane OaCOi rotate with the 



in a >^->yr"^>^ 
have / /"A^L 
rface / ( YVS 
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angular velocity ajt. Let COi be an axis in the rotating plane, and 
about that axis let a rigid system rotate with the angiilar velodly 
00 1 relatively to the rotating plane. 




a 










N 



-Oi 



If we lay off from C the line representatives Cki = co% and CO = 
GDI along the axes, the diagonal Cft of the parallelogram gives the 
magnitude and direction of the resultant angular velocifiy tor . The 
instantajieous axis then occupies the position CL If we denote the 
angles ICOt and ICOi by as and ai , we have 



tan as = 



ooi sin (ai + as) 
Oh + GO I cos («i + as) 



— 

OOt 



sin (ai + as) 



OOi 

1 + — cos (ai + a«) 



, sin (ai + as) 
tan ai = ^^ 

— ^ + cos (ai + as) 

OOi 



a> 



(2) 



From (1) and (2) we can find ai and as , when the angle between 



COi 



the axes (ai +a s) and the angular velocity ratio — are given. We 

00% 

have also 



and 



oor^ = ooi' + 002* ± 2ooiGOi COS (ai + as), . . 

oor __ sin (ai + as) oor sin (ai + as) ooi sin as 

sin ai 



002 



OOi 



sin as 



002 sin ai 



(3) 



W 



All lines which come successivehr into the position of the in- 
stantaneous axis are in the surface of a cone described by the revo- 
lution of CI about COi ; and all the positions of the instantaneous 
axis lie in the surface of a cone described by the revolution of CI 
about COa. 

Hence the motion of the rigid system is such as would be pro- 
duced by the rolling of the cone Cld , fixed in the system, about the 
fixed cone C/Oa. 

If ra is the radius OaJ of the fixed cone, and ri the radius OJ of 
the rolling cone, we have 



GOi rs 
Viooi = r2G02, or — = — , 

00% n 



(5) 



For the height COs = fe of the fixed cone we have 

I. •, «^+««« n + racosjai + as) 

h2 = rs cotang as = ; — ; — ^^ : -, 

^ sm (ai -h as) * 



(6) 
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and for the height COi = ^i of the rolling cone 

ri + Vi cos (at + at) 



hi = ri cotang ai = 



sin (ai + a«) 



. . (7) 





QgO 



The plane through the instantaneous axis and the axis of the 
fixed cone passes tnrough the axis of the rolling cone and turns 
about the axis of the fixed cone with the angular velocity &». The 
motion of this plane is called the precession and a>3 is the angular 
velocity of the precession, or, as it is sometimes called, the rate of 
precession. 

If a« is zero, the fixed cone becomes a cylinder. If ai is zero, the 
rolling cone becomes a cylinder. If both are zero, we have the case 
of the preceding Article. 

If at is less than 90° and ai is less than 90°, we have a convex 
cone rolling on a convex cone, and 
looking from C along the axes CO^ 
and Cl the precession and rotation 
about the instantaneous axis are both 
clockwise or both counter-clockwise. 
This is called positive precessional 
rotation. It is the case of a pair of 
bevel-gear wheels, or of a spinnmg top 

whose point is at rest. ^^ ^ o, f Oi 

If as is a right angle, the fixed cone 
becomes a flat disk with centre at C. If ai is a right angle, the roll- 
ing cone becomes a flat disk with centre at C. If aa is a right angle 
and at is zero, we have a cvlinder rolling on a plane. 

If aa is obtuse, we have a convex cone 
rolling inside a concave one, and looking 
from C along the axes COa and CI, if the 
precession is counter-clockwise the rotation 
about CI is clockwise or vice versa. This is 
negative precession. It is the case of the pre- 
cessional motion of the earth's axis. 

If ai is obtuse, the rolling cone becomes 
concave and we have a concave cone rolling 
on a convex cone. This is also positive pre- 
cession, c 
The path described by a point relatively to 
the fixed axis is called a spherical epitrocnoid 
or hypotrochoid according as the rolling cone 
is outside or inside of the fixed cone. The 
special form of spherical epitrochoid or • l-^'n^li 
hypotrochoid described by a pomt in the sur- 
face of the rolling cone is a spherical epicycloid 
or hypocycloid. 

Analytical Determination of Besultant Angpilar Velocity and 
Velocity of Translation for a Bigid System with Any Number of 
Non-concurring Angular Velocities.* — (Compare Statics — Non- 
concurring Forces.) Take any point O of the rigid system as 
the origin of a system of rectan^ilar co-ordinates. Let the com- 
ponent angular velocities be gji, (»a, etc., making the angles (ai, /5i, 
yx), (as, /?a, r«)» etc., with the axes of X, F, Z, respectively. 

* Angular accelerations are treated in precisely the same way as angular 
velocities, and every equation in this Article can have oo replaced by a. 
The student should make such substitution and interpret the results. 
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Resultant Angnlar Velocity. — ^We have, just as on pa^ 65, re- 
l^acing V by a?, for the component angular velocities pai^el to Z, 

09x = ooi cos at + fl9t cos as + . . . = ^odCOS a ; ^ 

O0)y = a7iC0S>tfi + <»iCOS>tfi + . . . =2a>COS/0; l- ' • * 0) 

O0M =ooi COS yi + oot COS yi-\- . . . = ^do cos y. J 
The resultant angular velocity is 



ojr = V«^' + av' + w,", (2) 

and its direction cosines are 

coso= — , cose=-^, cos/=-i (3) 

oor oor cor 

The magnitude and direction of the resultant ftngriii<^|» velocity 
are thus determined. 

Resultant Velocity of Translation. — ^Let (xi^ yi^ Zi), (Xa, pty Zi\ 
etc., be the co-ordinates of points on the rotation axes of a>i, ojs, etc. 
We can resolve each angular velocity mi, wa, etc. (page 190), into an 
equal angular velocity about a parallel axis through the origin 0, 
and a velocity of translation of the system due to a couple, given by 
the moment of a?i, a?a, etc., with reference to O. We can thus re- 
duce the given angular velocities to a resultant angular velocity ar 
about an a^xia through the origin O, whose magnitude and direction 
are given by (1), (2) and (3), and a velocity of translation Vr of the 
axis through O. The components Wx, Vy, Vz of this velocity of the 
axis through O, along the axes of X, F, Z, are therefore given by 
(compare Statics — Non-concurring Forces) 

Mx=Vx=^ooy COB y — 2(i0ZQ0BP\ ] 

My=Vy= 2(oz cos a — 2oox COS y; > (4) 

Mz = Vz = 2gdX COS /? — 2ajy COS a, J 

For any other point P whose co-ordinates are (x', f/, 2?') we have 
simply to put x — af,y — y\z — z'in place of a?, y, zin (4) and we 
have for the components of the velocity of this point along the 
axes 

Vx = 2GDy cos y — 2(oz cos /? + (oopz' — ooty^ ; ^ 

Vy = 2gdz cos a — 2gox cos y + {gozX^ — GOxZ') ; I • • • (5) 

Vz = SoflOJCOS fi — 2(iDy cos a + {ooxlf — cwyflj'). J 

Let us write 

Vx = G^z' — Gozy' ; ' 

Vj/' = (w^a/— ojtcz'; (6) 

Vz = oaa:2/' — GOyOf, , 

Then we can write in general for the components of the linear 
velocity of any point whose co-ordinates are {x^, y\ zf) 

Vx = Vx-\- Vx ; 

Vy^Vy + Vy\ • (7) 

Vz=^Vz + Vz'\ ^ 

where r«, Vy, Vz are given by (4) and Vx, Vy, Vz by (6). 
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If the resultant axis of rotation passes through the origin O, we 
have Vx = 0, Wy = 0, Vz = 0. Therefore equations (6) give the com- 
ponents of the linear velocity of the point P due to rotation about 
an axis through the origin O parallel to the resultant axis. 

The resultant linear velocity for any point is then in general 



Vr=VVx'+Vy'+Vz'; (8) 

and its direction-cosines are 

006a=^, cos 6 = -^, cosc = ^ (9) 

Vr Vr Vr 

The magnitude and direction of the resultant linear velocity of 
any point are thus determined. 

Conditions of Rest.* — If the system is at rest we must have, 1st, 
^a?» ^j/» y» equal to zero, or, from (7), Vx = 0, Vy = 0, Vz = 0; and 
also, 2d, v^x = 0, Vy = 0, v'z = 0. We see from (6) that 'the second 
condition is fulfilled when oote = 0, ajy = 0, <»« = 0, that is, when oor 
= or there is no rotation. In this ca,se all the angular velocities 
must reduce to two equal and opposite resultant angular velocities. 
The first condition is fulfilled wnen equations (4) are zero. That is, 
the two equal and opposite resultant angular velocities must pa88 
through the same point, so that their moment is zero at any point. 

We have then for the equations of condition of rest, from (1), 

^oocos a = 0; ' 

2fiicos/?=0; ► (10) 

^cocosr = 0; ^ 
and, from (4) 

2ooyco&r ^Sooz cos fi = 0; ' 

2(ozcoaa — 2oi)xcosx=:0; (W 

Soox cos /? — 2ooy cos cr = 0. ^ 

If equations (11) only are fulfilled, then the two opposite resultant 
angular velocities pass through the origin, which is therefore at 
rest ; but unless (10) is also fulfilled they are not egual, and we have 
rotation about an axis through O, but no translation. 

If equations (10) only are fulfilled, there is no rotation, the two 
resultant angular velocities are opposite and equal, but unless (11) 
is also fulfilled they do not pass through the same point. Hence 
they form a couple, and we have translation and no rotation. 

Condition that the Angular Velocities shall Reduce to a Single 
Angular Velocity. — If the angular velocities, then, all intersect in 
one point of the system, the moment at that point is zero. It has 
therefore no translation and the system rotates about an axis 
through that point. If the angular velocities do not intersect in a 
single point, we have in general translation and rotation. 

There is, however, one case in which the angular velocities may 
not all intersect in one point, and yet we may have rotation only 
without translation. In this case the angular velocities must re- 
duce to three, any two of which intersect, while the other, although 
it does not pass through their point of intersection, yet intersects their 
resultant 

♦ Compare Statics — Non-concurrmg Forces. 



200 



BIOID STSTXlf — ^TaANSLATIOK AND BOTATIOir. [CHAP. IL 



Thus let the resultant angular velocities oaix, oo^ intersect in a 

point A. We can then take 
wem as acting at any point in 
their resultant AC, 

Let oaz intersect AC at B. 
Then we can take all three 
acting at B, and we thus have 
rotation only, about an axis 
throughB^ __ 

Let x^jLZ be the co-ordi- 
nates of B. Then, since we 
can take a%B, ooy^ oox at B^ we 
have for the components of 
the velocity of the origin 




(12) 



My =: t?y := OOx^ — QOzX'^ 

Mz = t?z = ooyX — ooacp. 

If we multiply the first of these by gox, the second by coy, and 
the third by osz and add, we have (compare Statics— Non-concurring 
Forces) 

Vx a)x + Vff a)y + Vz ooz =^ (13) 

We should obtain the same result for any other two components 
intersecting and a third passing through a point on their resultant. 

Equation (13) then gives the condition tnat all the angular ve- 
locities acting upon the system reduce to a_single angular velocity 

at a point whose co-ordinates are x, y and Zy and we have rotation 
only (page 179). 

We have evidently for the eg[uations of the projection of the 
line of the resultant on the co-ordinate planes 



QOu Vz 

y = -^x 

QOx oox 



^_GOx ^ Vy 

X = Z — -^, Z 

CJz GOz 



QOZ Vx 

-^y — - 

COy GOy 



Parallel Velocities. — (Compare Statics— Non-concurring Forces.) 
If the axes of all the angular velocities are parallel, we have a, A Y 
constant and the same for all. Hence from (3) and (1) 

Gox = GOr cos d = cos a2Gi>- 1 

aoy = GOr cos e = cos fi^GO ; y (14) 

coz = GOr cos / = cos ySco, 

The resultant Gor must have the common direction of the paral- 
lel components, or 

d = a, e = /?, f = r, and <»r = ^«; .... (15) 

that is, the resultant angular velocity is equal to the algebraic sum 
of all the parallel components and is parallel to them. 

For any point of the system whose co-ordinates are oc', y\ z'^ we 
have from (4), by putting ix — a:'), {y — y')^ {z — z') in place of a;, y, 
z and taking a, fi^ y bb constant, 

Fj. = cos y2to)(y - y') - COS 02a>(z — z') = COS y]^tay - y'2w] - COS fi{%iaz — z'Xui] ; \ 

p „ = cos alMiZ - Z')- COB yl.ta{x — x') = COS a[2w2; - «'2«] — COS y[2o)X - x''Sm\ ; V . (16) 

F^ = cos |3Sw(;e — «') - cos a2w(y - y') = cos ^{'Smx — a?'2w] - cos a[2ai|^- y'2«]. 1 
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If we substitute (16) and (14) in (13), we see that equation (13) is 
satisfied. We have therefore a single resultant velocity and rota- 
tion of the system about a fixed point. This point is given by the 
values of x\ y\ z! which make "Pi, Ty, Vz zero. The point there- 
fore whose co-ordinates are 

«'=^^' »=^' ^=2^ <17) 

is at rest and the resultant axis must pass through it. This point 
is called the centre of parallel velocities (page 193). Any o^er 
point has a velocity given by (16). If 2<» = 0, the resultant axis is 
at an infinite distance, or there is no rotation, but translation only, 
given by (16). 

Components of Motion of a Bigid Sy8tem.-~In order that the 
motion of a rigid system at any instant may be known, it is suffi- 
cient to know the velocity at tnat instant of some given point of the 
system, and the rotation of the system at that instant. 

Take the given point always as the origin. Then the velocity of 
this point is known when its components F^, Fy, Vz along the 
axes are given, and the rotation is Known when the components 
€oxy ooy, ooz of thc augular velocity along the axes are given. 

The motion of the system at any instant is then Toiown when 
these six quantities, Vx, Vy, Vz, oox, ooy, a>z are given. These six 
quantities are called the components of motion of the system. 

Equivalent Screw. — (Compare Statics — Non-concurring Forces.) 
The motion of a rigid system being thus known, it is required to 
find the screw motion to which it is equivalent. That is, to find 
the central axis, the linear velocity along the central &xis, and the 
angular velocity about it. 

Since Fi, Vy, Vz, ojx, ooy, ooz are given, we have: 

(1) The angular velocity about the central axis 

oor = Vf>^x* + ooy^ + <»«'. (1) 

(2) The direction cosines of the central axis 

COS a = — , cos e = — =^, cos/ = — (2) 

oOr oOr ODr 

(3) The linear velocity of every point resolved in a direction 
parallel to the central axis must "be the same and equal to that 
along the central axis. Let Ur be the resultant linear velocity of 
every point of the system along the central axis, and let its compo- 
nents along the co-ordinates axes heux, Uyi Uz* 

Take the point for which Vx, Vy, Vz are given, as the origin, 
and let the co-ordinates of any point of the central axis be a?", y^\ 
z''. Then the components Vx, Vy, Vz of the velocity of the origin 
due to rotation about the central axis are, from equations (1), page 
179, 



Vy = oi>xSf' — G>«a?"; i- ....... (3) 

Vx = tt^C" — «a;y". 

We have then 

Vx=^Ux + Vxy Vy^Uy + Vy, Vz^thi + Vzy 

or 

ilx=Vx — Vx, Uy^Vy—Vyy Ug = Vz - Vz . ... (4) 
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Hence 

Wr= (Vx — Vx) 006 d + {Vy Vg) 006 6 + (F« — t;«) COS/. (5) 

Inserting the values of the direction-cosines of the central axis 
from (2), we obtain 

Mr <»r = (V*— rx)<»x + (Vy — Vy)09y + {Vz — ««)<»«. 

But since v^o^'x + Vy d^y + Vc <»£ = 0, this becomes 

tlrQar=VxOOx+ VyOOy-^ VgOOg (6) 

We also have from (4) 

t«rCOSd=Wx= Fx— Vx, MrC0S6 = Fy— »y, ttrC06/= F« — »«. (7) 

Hence from (2) and (3) 

tir _ Fx + oOyS^' — Qg^y" _ Fy + flOgO?" — oi>xZ" _ Vz + os^Tfjf' — fOjfKJ' .^ 
Qir <^x <Vy ''"x 

Equations (8) give the equation of the central axis. 
From . 6 j and (1) we have 

Ur^ __ FxOJx + FyOgy + Fgflgg .^. 

OOr <»x' + <»y'' + ««• 

This we have called the unit pitch (page 191), or the distance of 
advance during a rotation of one radian about the central €kxis. 

If we substitute (9) in (8) and reduce, we have for the equation 
of the central axis 

a?x \ . ^r I ooy \^ fiJr' / 

OOz \ Oi)r / 

Therefore the central axis passes through a point whose co- 
ordinates are * 

If we substitute these values of x'\ y'\ z'\ in (3) and (7), we 
have from (2) 

Yx — Ut cos d — 0!ir{z'' cos 6 — ^' COS/), <»x = <»r COS d\ 1 

Fy = t^ COS e — (iOrW COS / — z!' cos d), ^y = <»r COS e; }■ . (12) 

'Vz'=^nT COS / — ^r{y" COS d — x" COS e), <B;k = o^r cos/. 

When, therefore, the components of motion Fx , Vy, Fz , ®a; , 
<»y , <»« are given for any point, we find oor from (1), the direction 
or the central axis from (2), and the position of the central axis 
with reference to that point as an origin from (11). We have 
also the velocity of advance Ur fromi (9). 

* Since velocity in the liodograph is nonnal acceleration in the path (page 
52), VzGOy — VyGOz is the component in the direction of Xof the nonnal linear 
acceleration of the origin due to rotation about the central axis. The normal 

linear acceleration is poor^. Hence — ^ — is the projection of p on the 

axis of X. 
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On the other hand, if the position of the central axis (x'\ y'\ z!') 
is known together with the hnear velocity Ur along it and the an- 
gular velocity oor round it, the components of the motion for the 
origin are given by (12). 

The Invariant. — (Compare Statics — Non-concurring Forces.) 
From (6) we see that the quantity 

Vxoox + Yyony + YzQOz 

is always equal to Uroor^ and is therefore invariable no matter what 
point is taken and whatever the values of oox, ooy, ooz, that is, what- 
ever the direction of the axes. This quantity is therefore called 
the invariant of the components. Since oor is also invariable what- 
ever point is taken and whatever the direction of the axes, it may 
be called the invariant of the rotation. 

If the motion is such that the invariant is zero, it follows that 
either Ur = or ajr = 0. The condition 

Vxahc + Vya>i/ + VzOOz = 

is therefore the condition that the motion is equivalent to either a 
simple translation or a simple rotation. If aor is not zero and this 
condition is fulfilled, we have rotation only (see pages 179, 200). 

Composition and Besolution of Screws. — (pompare Statics— 
Non-concurring Forces.) If two screws are given, then by equa- 
tion (12) we can find the six components of motion of each screw. 
Adding these two and two, we have the six components of the 
resultant screw. Then by (1), (2), (6) and (11) the central axis 
together with the linear and angular velocities of the screw may 
be found. 

Conversely, we may resolve any given screw motion into two 
screws in an infinite number of ways. Since a screw motion is 
represented by six components at any point, we have in the two 
screws twelve quantities at our disposal. Six of these are required 
to make the two screws equivalent to the given screw. We may 
therefore in general satisfy six other conditions at pleasure. 

Thus we may choose the axis of one screw to be any given straight 
line we please with any given linear velocity along it and any angu- 
lar velocity round it. The other screw may then be found by re- 
versing this assumed screw and joining it thus changed to the given 
motion. The screw equivalent to this compound motion is the 
second screw, and it may be found in the maimer just explained. 

Or again, we may represent the motion by two screws whose 
unit pitches are both zero, the axis of one being arbitrary. We can 
thus represent any motion by two angular velocities, one, oo, about 
an axis which we may choose at pleasure, and the other, <»', about 
some axis which does not in general cut the first axis. These are 
called co]\iug:ate axes. 

These angular velocities are such that aor would be their resultant 
if their axes were placed parallel to their actual posi- 
tions, so as to intersect the central axis. If then d is the 
shortest distance between the axes, we have Vr = dco; 
and if ^ is the angle between go and wr , and Q the angle 
between oo and oo\ we have 

Frsm^ = tir, or sm^ = =-. 

Vr 

Also 

. , . • a • I <» sin B 
tor sm ib= GO sin 0, or sin ^ = . 

QOr 
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Hence 

Fro/ sin 6 =Uraor, Or doooo'mnB = Uroth-; 

hence 

d= ^r a) 

EXAMPLES. 

(1) A line DE moves^ keeping its extremities in twofioced lines 
ADB, AEC. Find the instantaneous centre and the direction of 
motion of any point O at any instant, 

Ans. From 2> and E draw DF and JS/F perpendicular to AB and AC, meet- 
ing at F. Then F is the instantaneous centre (page 189). Join GF, The di- 
rection of motion of O is perpendicular to OF. 

(2) A line DE moves, keying its extremities in twofioced lineSy 
one, ADBy vertical and the other. AEC, horizontal, and makes at a 
given instant an angle of 30° toith the horizontal. Find (a) the di- 
rection of motion of the middle point of DE at the instant, and 
(6) the point whose motion is inclined at that instant 30° to Au. 

Ans. (a) Inclined 60° to AC ; (b) -gDE from B. 

(3) A line moves so that its extremities remain in a given circle. 
Find the instantaneous centre of motion for any instant. 

Ans. The centre of the circle. 

(4) Find the ratio of the velocity of any point of a screw to its 
velocity of advance. 

Ans. y — -^-r , where d is the pitch, r the radius of the screw (page 

191). 

(5) Let Ci and (7a he fixed axes about which turn the cranks CAi, 
CiB, whose free ends are connected by the link AB, jointed at A and 
B. The axes are perpendicular and the plane of motion parallel to 
the paper. If the linear and angular velocities of A are Vi, aoi, 

find the linear and angular velocities Vu , oon of B. 

Ans. Let ACi=ri and BGi = r^. Produce CiA and CaJB to meet in/. 
Then at any instant the linear velocities of A and B are perpendicular to ACi 




-^K 




and BG% respectively. Hence at that instant AB is rotating about the instan- 
taneous axis at /. Let go be the angular velocity of AB about /. From Ci , 
Ca, /let fall the perpendiculars GiD, C\F, IE on the line of the link AB or 



CHAP. II.] 



EXAMPLES. 



205 



its prolongation. Also draw the line of centres Ci C% catting the link, pro- 
longed, if necessary, in the point JT. Then 



riooi = AI. 00, or — = — = 









IE 
IB 



rtOH = BI. 00, or — = — = ^ x* 



Since ViOOx = «i and r%Qo% = t^i , we have 

«« BI , a>3 CD 

— = -rrz. ; also. = 

1,1 il/' 00^ CiF 



CxK 



Hence — 

1. The linear velocities of B and A are to each other as their distances from 
the instantaneous axis. 

2. The angular velocities of the cranks are to each other inversely as the 
perpendiculars from their centres of motion upon the line of the link ; or in- 
versely as the segments into which the line of the link cuts the line of 
centres. 

(6) In the case of the crank and connecting rod, since B moves in a straight 
line CxBf we have BI always perpen- 
dicular to C\Bj and hence 






AV 



or v% = 



BI 



AI 



TxOOi, 



Let the distance OiB = 8, the length 
of the connecting-rod = I, and the angle 
of the crank n with CiB = 6,. Then 
we have 



BI=BtBjiBi, AI = 



-r„ 



cosOi 

« = n cos Oi + yP — ri'sin'Oi; 
or, if I is very long compared to ri , approximately 

ri' sin' Oi 




^Vt 



Hence 



Vt = 



« = n cos Oi +1 — 
standi . Tiooi 



21 
«sin6i 



cosOi 



— Vi 



8 — Ti cos Oi 



riooi. 



When Oi = 90, we have ua = ri(»i = Ui , or the velocity of A and B are 
equal, and Bland AT are infinite. When 6i = or 180°, we have «« = and 
8=:l-\-ri 01 l — Ti. These are the " dead paint8 " of the crank, or the ends 
of the stroke. 

(7) A rod (length = Z) hangs by a small ring at its upper end 
from a fixed Jiorizontal rod. To the former an angular velocity oo 
is given in a vertical plane through thefioced rod, so that the centre 
of the m&vdble rod moves vertically. Find the linear velocity of 
its centre when its inclination to the vertical is 0. 

Ans. (u^sinO. 

(8) A disk (radius = r) rolls without sliding on a plane. Find 
the relation between its angular velocity oo ana the linear velocity v 
of its centre. 

Ans. The point of contact with the plane is at rest at any instant, or 
TOO = — «, 
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(9) A rod AB (length b Q rotaies about a hinpe cU A and rests 
toim iU end B on the surface of a wedqt BCD. The wedge advances 

towards A with velocity v. The angles 
BAG = ft BCD = 0. Pind the angular 
velocity oa of the rod. 




Ans. 00 = -: 



sin ip 



I CO8(0-0)' 

(10) Two bevel-gear wheels have the angle between their axes 70°. 
The rolling wheel is required to make 3i revolutions about its axis 
while goinq around the axis of the fixed wheel once. Find the angles 
of thebevel. If the inner radius of the fixed wheel is 50 inc?ies, find 
mat of the roUing wheel and the length of the axes. 

Ans. (See page 196.) The ang^ilar-velocity ratio 

— = 5 . Hence 



oo. 



tang a, = 



7 sin 70^ 
2 + 7 cos 70" 



or a, = 56*15', 



and hence at = 18° 45'. We have also ri = 



100 



100 



inches, and h% = 
100 



+ 50 cos 70* 
sin 70 



= 88.4 inches^ 




50 + 



cos 70* 



hi = 



sin 70* 



= 58.4 inches. 



(11) The angle between the plane of the eariWs equator and the 
plane of the ecliptic is 23* 27' 28". The earth rotates about itspolar 
axis in one sidereal day and makes a revolution about the axis per- 
pendicular to the plane of the ecliptic in 25868 years. Find the 
instantaneous axis. 

Ans. (Page 196.) We have 

2;r 
00 1 = 27r radians per day, and ao^ = 25868 v ^fl5j> ^^*^*^ P®' ^J- 

Also the angle OtCOi = ai + at = 23° 27' 28". Therefore Oi/is 

r sin (ai + «») 



OiI= rtan^i = 



^- cos (ai + a,) 



where r is the polar radius of the earth, or 3950 miles. The radios of the roll- 
ing cone is then Oi/= 5.52 ft. and the angle ai = 0".00867. 

(13) A rigid system has an angular velocity of odi = 40 radians 
per sec. about an axis parallel to the axis of X^ passing through a 
point whose co-ordinates are cci = 2 ft, yx = 3 ft., Z\ = 0, and a 
simultaneous angular velocity of fi?a = 30 radians per sec, about an 
axis coinciding with the axis of Y. Find the resultant angular 
velocity and the instantaneous axis. 

Ans. (Page 198.) We have gjx = + 40, (»y = + 30, ooz = 0, ah- = 50 ra- 
dians per sec. The instantaneous axis makes the angles with the axes given 
by 

40 30 



or 



cosd=— , cos 6 = —, cos/=0; 
d = 36°52', 6 = 53° 7', /=0°. 
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The velocity of translation of the system is given by 
fix = 0, Uy = 0, uz= — 120 ft. per sec. 

The condition Uxoox + ttyooy -\- uzodz = is sat- 
isfied* Therefore there is rotation only abont 
the instantaneous axis which passes through the 
intersection /of cox and ooy. 

The velocity of any point whose co-ordinates 
are x' = 2, y' = 2, «' = 3 is given by 

Vx = ooyz' = + 90 f t. per sec. ; 

Fy = — ooxisf = — 120 ft. per sec. ; 

F« = v« — ooyx' + Way = — 100 ft per sec. 

The resultant velocity of this point is then Vr = 180 ft. per sec and its 
direction cosines are 




90 ^120 

COSa=r:^. C0S6 = — , 



cose = 



100 



180* 180' —-- 180' 

or o = 60'. 6 = 13r48', c = 128'*45'. 

(13) A rigid system has the angvlar velocities 

flOj =50, 091 = 80, <Ot = 70, 00^ = 90, and o)» = 120 radians x>er sec. 

about a^xes passing through points of the rigid system given by 

Xi=+ 6ft., y, =-f 10ft.; a?, = + 9 ft., y, = + 12 ft.; 
a?, = + 17ft.,y, = + 14ft.; a?* = + 30 ft., y* = + 18ft; 
a;. = + 16ft.,y. = + 8ft.; 

and making with the co-ordinate axes the angles 

a, = 70% fix = 20% a, = 60% /?, = 150% a, = 120% /?, = 0"; 
^4 = 150% A = 120% at, = 90% /?, = 0% 

Find the resultant, etc, (Compare Vol. II, Statics.) 

Ans. (Page 198.) We have for the components of the angular velocities 
parallel to the axes 

<»a;= 50cos70° + 80cose0'* — 70cose0° — 90 cos 80° = —80.842 rad. per sec. ; 

a>y=50cos20''-80cos80° + 120 + 70cos80**-90cose0* =+156.626 rad. 

^ [per sea; 

CDz = 0. ^'^ 

The resultant angular velocity is given in magnitude by 



oor = i^oox* + <»y* = + 176.259 radians per sec., 
and its direction-cosines by 

oox — 80.842 



oosd = 



cos e = — =• = 



oor "■ 176.259* 
(Oy + 156.626 



or d = 117M8'r% 
0= 27M8'1". 



or 



09r 176.259 ' 

We have from equation (4), page 198, 

5oMJ cos /5 = + 50 cos 20' X 5-80cos80'* X 9 + 70co880* X 17 

— 90 cos 60* X 20 + 120 X Ifi = + 1^1.67 ft. per sec, ; 

2Qiwcosa = + 60cos70' X 10 + 80co8 60*' X 12- TOooaeO*' X 14 

^ ^ - 90 cos 80" X 18 = -1153.845 ft. per sec. 
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We hAve then for the components of the linear velocity of the origin 
«a; = 0, 9y = 0, «f = 2aKB cos /S — 2floy COB a = -1-8068.915 ft. per sec. 
Since then equation (18), page 200, 

VxfOx + «yfl»y -[- VgOi>g = 

is satisfied, the angular velocities reduce to a single resultant angular yelocitj 
and we have rotation only. 

The moment of this resultant angular velocity relative to the origin gives as 



tv = fW + V + ««* = ««= + 8088.915 ft. per sea 

Its lever-arm is 

tv 8083.915 .^ ^ ., 

ojr 176.259 
The equation of the line of direction of the resultant angular velocity is 

y = ^a;- — = - 1.95« -[- 88.14. 

Oi>X OOx 

The co-ordinates of the point through which this resultant angular velocily 
passes are given from equations (17), page 201: 

X = = + 12i ft.; y = ^ = 4- 14.26ft. 

(14) Find the reavltant angular velocity for a number ofparaJld 
angular velocities given by 

ooy — + 33 rad. per sec.; aJi = + 25 ft.; yi = -f 13 ft.; 

(», = + 20 ** " " ' aj, = - 10 ** ya = - 15 " 

flo, = - 35 " " •* a;, = + 15 " yi = - 27 " 

004 = - 72 " ** '* a;4 = - 31 *• y4 = + 17 " 

<»5 = -f 120 *' " " a;» = -[- 23 ** y» = — 19 *• 

Ans. (»r = + 66 radians per sec; a; = -|- 77.15 ft.; y = — 36.82 ft. 

(15) Find the resultant^ etc.^ for the angular velocities given by 

QOi = 50, (»a = 70, (»« = 90, <»4 = 120 radians per sec. 

ai = 60°; fii = 40°; yi acute; aJi = 0; yi = 0; 2i = 0; 

a, = 65°; /?a = 45°; ^ a acute; a;j = + lft.; ya = +4ft.; 2a = -f7ft.; 

a, = 70°; /?, = 50": r« acute; aj, = + 2" y, = -f5" g, =+8" 

a* = 75°; /?* = 55°; y* obtuse; a;* = + 3 *' y* = -[- 6 *' «* = +9 •' 
(Compare Vol. II, Statics.) 

Ans. We find the angles y by the formula, page 12, 

cos* y = — cos {a -|- fi) cos (a — /3), 
Then from page 198 we have 

fijar = + 116.423, ooy= + 214.480, floz = - 51.057 rad. per sec. 
Therefore the resultant angular velocity is 



oor = i^oox^ + coy^ + a>z^ = + 249.325 rad. per sec, 
and its direction-cosines are given by 

cos a = — , cos e = — ^, cos/ = — ; 
GOr GOr '' QOr 

or 

a - 62° 9' 48", e = 30° 39' 20", / = 101° 49'. 
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We also have for the components of the velodtj of the origin, from equa- 
tions (4), page 198, 

««=- 1888.604, «y = + 938.947, ««=- 86.908 ft. per sec. 

The resultant linear velocity of the origin is then 



vr = V««« + V + ««* = + 2061.789 ft. per sec., 
and its direction-cosines are given by 

cos a = — , cos = — , cos c = — j 

f>r f>r Vr 

or 

a = 153'6'40". 6 = 63" 14' 15", c = 92** 24' 56". 

The equations of the projections of the resultant angular velocity on the 
co-ordinate planes are 

y = 1.885a; -f 0.746. a; = - 2.28« + 18.19, a = - 0.23^ - 8.57. 

We see that VxOi>x -{- Vyooy -\- Vzooz does not, in this case, equal zero. Hence 
(page 179) the angular velocities do not reduce to a single resultant, but to a 
resultant angular velocity about the central axis and translation along that 
axis due to an angular- velocity couple. 

The resultant angular velocity about the central axis is, as already found, 
oor = H~ 249.825 rad. per sec., and its angles d, 6, /with the axes are already 
found. 

The co-ordinates of the central axis are given by equations (11), page 202 : 

»"= '^'I^°"^ =4-0.468 ft.; ^'^ "'^'-^'^^ = + 1.678 ft.; 

<»r* 

The resultant linear velocity ur along the central axis is given by equation 
(6), page 202: 

oor 

Its direction-cosines are the same as for cor. The components of ur aro 
given by equations (7), page 202 : 

ux = ur cos d = — 19.481, Uy=ur COS 6 = — 35.806, 
Uz = tirC08f= + 8.5238 ft. per sec. 

(16) In the preceding example find what the co-ordinates Xa^Va^ 
Za of the angular velocity ooa must he in order that all the angular 
velocities may reduce to a single resultant angular velocity. (Cona- 
pare Vol. II, Statics.) 

Ans. We must evidently have oox, ooy, ooz, oor and the angles d, e, f un- 
changed, since changing the co-ordinates XA,yA, Za without changing the mag- 
nitude or direction of 014 has no effect on the magnitude or direction of the 
resultant oor. 

We have then 

t)a,= - 669.571 - 93.262^* - 68.829^4; ) 

f^ = + 369.629 + 31.05924 + 93.262aj4; > (1) 

«« = - 107.036 + 68.829a?4 - 31.05^4. ) 
We have as the equation of condition for a single resultant 

Vg^x -|- VyOi)y -f- VzOOz = 0, 

or 

116.423i>x+214.48t^ - 51.057«« = 0, 
or 

i>af+1.842©y-0.4386c« = (2) 
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From (1) we obtoin 

(vx + 669.571) 81.059 + (oy - 869.629) 68.829 = (f% + 107.086) 9a262, 
or 

«r+2.216oy-8.008fis = +481.084. (8) 

From (2) aad (8) we obtain 

0.874oy - 2.5640s = + 481.084. 

If we retain for «y its value in the preceding example, -}- 928.947 ft. per 
aeo., we shall have 

«s = - 52.108, vx=- 1788.976 ft. per sec 

If we sabstitate these values in (1), we obtain 

98.26^4 + 68.829f« = + 1074.4; 

81.059e« + 93.262a;« = + 559.808; 

68.829a;« - 81.059!|^« = + 54.984. 
Henoe 

au = - 0.338a4 + 5.997. y4 = - 0.788e4 + 11.520. 
If then we assume z^ = 0, we have Xa = + 5.997, ^4 = -}- 11.52 ft. 

(17) U^ing the vcUties of the preceding example^ find the point 
throitgh which the resultant angvlar velocity passes, (Compare 
Vol. II, Statics.) 

Ans. We have (Ox = + 116.428, <»y = + 214480, <»« = - 51.057, ar = 

+ 249.335 radians per sec. ; d = 62" 9' 48", e = 30** 89^ 20". / = 101 ** 49'; 

ite = - 1733.975, f>y = + 928.947, «^ = - 52.108, «r = + 1967.823 ft. per sec; 

<i = 15r47', 6 = or 49' 53", c = 91' 31' 3". 

The co-ordinates «, y, z are given (page 200) by 

- 1733.975 = (Wzy - ooye= - 51.057y - 214.4802; 
+ 928.947 = 00;^ — oa^ = + lie.423e + 51.057i?; 

— 52.108 = QOifii - Go^ - + 214.480i - 116.423y. 
Hence we obtain 

J= - 2.2802« + 18.194; 
y= -4.20080 + 33.961. 

If we assume 2 = 0, we have x — -\- 18.194, y = + 38.961 ft. 

If we should introduce then a fifth angular velocity, <»«= -|- 249.825, whose 
direction makes with the axes the angles 

OTft = 117'' 50' 12", (if. = Ur 2(y 40", y^ = 78** 11', 

passing through a point whose co-ordinates are «» = + 18.194, y» = -f 33.961 
and Zi = 0, the conditions for rest (page 199) would be satisfied, and we should 
have i»r = 0, TV = 0. 

(18) A point of a rigid system rotates about an a^s at a distance 
of 5 feet. The linear displacement of the point is Sft. Find the 
angular displacement ana the direction of me linear aispUicement 

Ans. sin— =-r-==-. 9 = angular displacement = 106' 14' = 1.858 ra- 
» Jsr o 

dians. The linear displacement makes an angle of 36° 53^ with the radius of 

rotation. 
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(19) A point of a rigid system has at any instant the component 
ItTiear velocities k« = + 6, "Fy = — 18, "Fi = + 40ft, per sec.j and the 
system at the same instant rotates about an aoeis perpendicular to 
the plane of XYvnth an angular velocity of 6 radians per sec. in the 
d'i/rection from X towards Y. Find the equivalent screw motion of 
tlhe system. 

Ans. (Page 201.) We take the given point as the origin. Since the axis is 
po:rpendicular to the plane of Xi, we have ao« = 0, ooy = 0, (»« = <»r = + ^ 
r«^<3ians per sec. 

Since the condition Vxoox + Vyooy -\- Vzoa « = is not fulfilled, we have 
^o-tation and translation combined, or screw 
iJcxotion. 

From equation (2) we have cos d = 0, 

<iose = 0, cos/= 1, or the central axis is H i h 

P«tTallel to the axis of Z. 

The position of the central aids is from 
^nation (11) given by 

St" = + 8 ft., y" = + l ft., e" = 0. /"a^ 

It is therefore at /as shown in the figure 
'With respect to the given point 0. . I ^V»-+at 

Substituting these values in equation (3) 'i ^t 

'^e have for the components along the co-ordinate axes of the velocity of due 
to rotation about the central axis 

fte = + 6, «y = — 18 ft. per sec., Vz = 0. 

Therefore from (4) we have for the components along the axes of the trans- 
lation of 0, 

Ux = 0, % = 0, t^g = 4- 40 ft. per sec. 

The emstem, therefore, at the instant in question rotates about an axis 
through /perpendicular to the plane of XT, in a direction from J^ towards F, 
with the angular velocity of 6 radians per sec. , and at the same time moves 
along this axis in the direction OZ with a velocity of translation of 40 ft. per 

If the axis of rotation and angular velocity do not change in direction or 
magnitude, the system advances along the central axis during a rotation of one 
radian, a distance equal to the unitpitcli, given by equation (9), viz., 6f ft. In 
one complete rotation then it advances a distance of 2;r X 6f = 20.9 ft. This 
is the pitch of the screw motion (page 191). 

The velocity at any point, as Pi or Pa , due to rotation about the central axis 
is equal to /Pi . ooz or /Pa . ooz , where /Pi or /Pa is the radius vector or per- 
pendicular from the point upon the central axis. If then we ti^e Pi as origin 
and the co-ordinates of / are x = -\-2 ft., p = -]-f} ft, z = -\'S ft., we have 
from (3), for the components of the velocity of Pi due to rotation about the 
central axis, 

«af = + 30 ft. per sec., Vy= — 12 ft. per sec., Vz = 0; 

and since ux = 0, Uy == 0, ug = -\- 40 ft, per sec, the components of the total 
velocity of Pi are, from (4), 

7« = + 30 ft. per sec., Fy = — 12 ft. per sec, Fa = + 40 ft. per sec. 

In the same way for the point Pa , if we take it as origin and the co-ordi- 
nates of /are » = 0, y = -|- 5 ft., 2 = 0, we have 

ite = 4- 80 ft. per sec, «y = 0, vz = 0; 

Fa? = + 80 ft. per sec, Vy = 0, F« = + 40 ft. per soq 

If the velocities Vx and Vz of the point Pa do not change in direction or 
magnitude, we have the case of a system translated in the direction 0^ and 
zotating about an axis through Pa , while at the same time this axis has a ve- 
locUj of ixaiulation in a straight line (page 193). 
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The motion of the mtem would then be the same as if a cylindrical snrfiboe 
of radias Ptl= 5 ft, fixed to the system with its axis passing through P% at 
riffht angles to the plane of XF, rolled on the plane HlH paraU^ to the plane 
XT with the angnlar velocity cos = -f- ^ radians per sec, while at the same 
time the cylinder is translated parallel to OZ with the velocity F« = +40 ft 
per sec. 

(20) A base-ball rotates about an axia through its centre in a 
horizontal plane with an angular velocity ai« = — 60 radians per 
sec., and its centre has a horizontal velocity of translation ofV=^ 
ft. per sec. in a direction making an angle of 36" 52" with the axis 
of rotation. Find the motion of the ball. 

Ans. Let the plane of ZX be horizontal and take the centre as origin. Then, 

since Fis in this plane, we have 

Fa? = + 30 ft. per sec., Vy = 0, 
Fb = + 40 ft. per sec. 
Also, 

<»« = 0, 09y = 0, ao* = — 60 rad. per sec* 

The rotation is then clockwise, or from 
T towards X, as shown in the figure. 

Then, lost as in the preceding example, 
the central axis is parallel to the axis of Z, 
and the position of the central axis is, from 
equation (11), page 202, given by 

a»" = 0, y^ = 0/= - i ft., e" = 0. 

If then we neglect the acceleration due to the attraction of the earth, the 
motion of the ball is a screw motion consisting of a velocity t«« = -|- 40 ft per 
sec. along the axis of rotation OZ through the centre of the ball, and a rota* 
tion of (m)z = — 60 radians per sec. about this axis, together with a translation 
of this axis of Fa; = + 40 ft. per sec. 

Or, neglecting the acceleration due to gravity, the motion is the sam,e (page 

193) as if the ball were part of a cylinder of radius 01= -^ ft. whose »^ti« OZ 

is the axis of rotation of the ball, and this cylinder rolls on the horizontal plane 
fflH with angular velocity ooz = — 00 radians per sec., while at the same time 
the cylinder is translated along OZ with the velocity + 40 ft. per sec. 

The centre of the ball moves then in the resultant of Vx and Fb , or along 
the straight line F in the horizontal plane XZ, with a velocity F = 60 ft. per 
sec., at an angle of 36" 52' with the axis of rotation OZ, 

If now, owing to gravity, the ball falls vertically while the centre moves 
along OV, then we must consider the plane HIH^s falling vertically with the 
ball. The centre moves then in a curve Oab, the projection of which upon the 
plane XZ is a straight line Oc. 

(21) Ball-players assert that the projection of this curve Oab 
(preceding example) upon the plane XZ is not a straight line but a 
curve. Eocplaintiow this can he. 





Ans. We have seen in the preceding example that if the centre of the 
ball has a velocity Fand at the same time the bidl has an angular velocity on 
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ground an axis OZ, the centre moves with the velocity Vz along the axis and 
■at the same time the axis itself moves with the velocity Vx, Vz and Vx being 
the components of F along and perpendicular to the axis. At the same time 
the ball rotates about the axis UZ, The motion of is then in the straight 
line OF. 

But no account has been taken of the resistance of the air. The air acts to 
cause a retardation of Vz and Vx . 

If the retardation in each case were proportional to the velocity, we should 
4Still have motion of in the straight line OF. But the retardation in each 
ease is not proportional to the velocities but more nearly proportional to the 
squares of me velocities. Hence the greater component is retarded propor- 
tionally more than the less. 

If then the rotation axis OZ makes an angle less than 45** with the direc- 
tion of V, Vz w greater than Vx and is therefore retarded proportionally more 
than Vx- The centre moves then in an " out-curve " OB, 

If, however, the axis of rotation OZ 
makes an angle greater than 45" with the 
direction of k , ^ is greater than Vz and 
is therefore retarded proportionally more 
than Vz, The centre moves then in an 
**in-curve." 

In either case the velocity is retarded 
least in the direction of least resistance 
And the centre swerves in the direction of 
the smallest component of F. 

Thus by *' twisting " the ball the pitcher is able to make it curve slightly bv 
«ithex to right or to left according as the axis of rotation makes an angle witn 
the velocity of projection greater or less than 45°. 

If the axis of rotation makes an angle of 45*" with the velocity of projection, 
there should be no curve. If it is at right angles to the velocity of projection, 
there should be no curve. 

The cause of curvature is thus due to the resistance of the air, but it is not, 
JUS is generally supposed, due to the ball rolling upon a cushion of compressed 
air in front of it, since in that case we should always have curvature in one 
direction for one direction of rotation. 

In the first of our figures preceding, such action tends to increase the " out- 
curve, " But in the second it tends to decrease the * * in-curve. " The * * in-curve" 
would not be possible if this action were the only cause of curvature. It 
ought to be less than the out-curve, so far as this action is effective, in the 
figures given. 

If we have rotation in the opposite direction from that in the figure, or if the 
line representative of ojz is positive instead of negative, the rolling of the ball, 
if any, upon a cushion of compressed air in front of it would act to decrease 
the * * out-curve " and increase the ** in-curve. " 

Eelative Motion of a Body. — ^When a body at any instant has 
two simultaneous motions we can consider the "body itself as having 
one of these motions and the space occupied by the body as having 
the other. The first motion is then that which the body would 
appear to have to an observer in space moving with space and 
imaware of his own motion. We call it therefore the relative 
motion of the body with reference to moving space. 

We have thus lar seen how to determine the actual motion when 
we have given the relative motion and the motion of space. We 
have now to consider the inverse problem of how to determine the 
relative motion when we have given the actual motion and the mo- 
tion of space. 

We can solve the problem in two ways. We can resolve the 
given actual motion mto two component motions one of which 
coincides with the given motion of space. Then the other must be 
the relative motion required. Or we can add to the actual motion, 
composed of tiiese two component motions, a third motion equal 
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and opposite to the given motion of space. This will counteract 
one of the components and leave as a result the relative motion. 

Eelative Motion of a Body with Reference to Space Transhu 
tion. — If the actual motion of a body and the motion of the space 
occupied by it are both motions of translation, the relative motion 
will De one of translation also. In such case we can treat the body 
and the space occupied by it as points, and thus have simply to 
find the relative motion of a particle with reference to the i)oint of 
moving space occupied by the particle. 

The relative velocity of the particle is then the resultant of the 
actual velocity of the particle and the velocity of the point of mov- 
ing space occupied by the particle, taken as aeting ivith reversed 
direction. 

If then the actual velocity of the particle is zero, the relative 
velocity at any instant is alwavs equal and opposite to that of the 
point of moving space occupiea by the particle at that instant. 

Thus if the particle P de- 
scribes an ellipse with reference 
to the fixed point O at one 
focus, the relative velocity of 
O with reference to P wiD be 
always equal and opposite to 
the velocity of P at any in- 
stant, and tne apparent path of 
O as seen from P will be a 
similar ellipse with P at a 
focus. 

Relative Motion of a Body 
with Beference to Moving Space 
in OeneraL — Any motion of a 
body at any instant can be re- 
solved into a translation of any point, and a rotation about an axis 
through that point (page 190). If we take for this point the point 
of space occupied by any particle of the body, we have translation 
only of this point and particle, and the relative velocity is found 
as in the preceding Article. 

The relative velocity of the particle is then, as before, the result- 
ant of the actual velocity of the particle and the velocity of the 
point of moving space occupied by the particle, taken as acting 
with reversed direction. 

We obtain then the relative 
path by giving to the actual path 
the reversed motion of space. 

For example, let the actual 
velocity of a particle P be uni- 
form and equal to c, and its con- 
stant direction be in the direc- 
tion AB, Let the line AB be 
the diameter of a circular disk 
which rotates clockwise with 
constant angular velocity go 
about the axis at C. We obtain 
the path relative to the disk by 
supposing rotation of the actual 
path AB counter-clockwise. 

Thus at the end of any time 
t the particle has traversed the distance AN = ct and the disk 
has turned clockwise through the angle oat The corresponding 
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relative podtjoti P of the particle is then the point which N 

would occupy if the line AB were turned 

counter -clock wise through the angle a 

BepeatinK the construction for succesifli' 

Tafues of t we obtain the relative puthi 

AFCD. The end D correaponda to the' 

rotation angle aiT, where T is the time of 

the actual motion from AtoB. llaoT = it, 

the point D would coincide with A. Let r 

be the radiue of the disk. Then from the 

two equations cT = 2r, and a?r = k, we 

have for the condition of this coincidence 

of D and A, 



If the actual path AB makes an acute 
angle with the axis of rotation through C, " 

ttie Telative path lies on the surface ofa cone. 

Aooalerabon <rf Selative Motion.— Let a particle describe the 
path MN with any motion, and at the same time let this path hare 
a motion of translation. Then we can 
regard the first motion as relative 
with reference to the second, and ite 
acceleration /■ is the relative accelera- 
tion. Besides this relative acceleration 
at any instant, the particle has the 
acceleration /■ of the motion of trans- 
lation at that instant. The actual 
acceleration of the particle is then the 
resultant of the two accelerations fi 
and/,. 

It is, however, different when the path MN has any motion in 
Keneral, because such motion may be resolved into a motion of 
translation of any point of the path and a motion of rotation 
about an axis through that point. 

Take for this point the point of 
space occupied by the particle at any 
instant. 

Then we have besides the accelera- 
tion /i of the particle in its path, and 
the acceleration f, of the point of 
space occupied by the particle, a 
third acceleration, f, , due to the 
rotation, which we can determine as 
follows : 

Let V be the relative velocity of the particle. Then in an in- 
definite small time dt, vdt will be the element MN of the relative 
path. This element in the time dt is translated to PQ and at the 
same time has the angular velocity a> about the point of space oc- 
cupied by P. 

Let the axis OP through this point make the angle S with PQ. 
Then at the end of the time dt, Q will be at R. If f, is the accelera- 
tion in the directioa QB, then the distance QR will be 

gR = lf.dt\ 
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The radius of rotation is OQ = vdteinB. Hence the distance QR 
is also given by 

QR=i OQ . QDdt = vdteinB . adt. 

Equating these two values of QRy we obtain 

ft = 2voi} sin 0. 

Hence we see that the actual acceleration of the particle in 
general is the resultant of three accelerations: 

The first, /i, is the acceleration of the relative motion of the 
particle. 

The second, ft . is the acceleration of the point of space occupied 
by the particle. 

The third, /*, is equal in magnitude to twice the product of the 
relative velocity v of the particle, the angular velocity <» of the 
-point of space occupied by the particle, and the sine of the angle 9 
which the element of the relative path makes with the axis through 
the point of space occupied by the particle. Its direction is at 
right angles to the plane of this axis and element, and it acts in the 
direction given by the rotation. 

If then /i, /«,/•, Fig. 1, represent these accelerations, we have 
by completmg the polygon in Fig. 2 the actual acceleration /. 



Fig. 1. 



Fig. 2. 





Inversely, if/, ft and ft are given and it is required to find the 

relative acceleration /», we must take/* and/s reversed in direction. 

Illnstrations. — Let a particle P move at any instant with the 

velocity v in the direction of a diameter of a circular disk. Let the 

disk at this instant have an angular 

velocity oo about its axis at C, and 

the distance CPot the particle from 

the axis be x. 

Then the relative acceleration is 

dv 
fi=—. along the diameter. The 

acceleration of the point of space 
occupied by the particle is^a = xao^y 
along the diameter. This is the 
central acceleration of the point P 
due to rotation about C. We have 
also fa = 2va}j acting at right angles 
to the plane of the element of the 
relative path and the axis through 
P parallel to the axis at C, and it acts in the direction given by the 
rotation as shown. The angle which the element of the path 
makes with the parallel axis at P is 90% and hence sin = 1. The 
actual acceleration is the resultant of these three accelerations. 
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Let a particle P move at any instant with the velocity v in the 
circumference of a circle of radius ri about the centre Ci, and at 
the same time let the centre Ci revolve about the point Cs with the 
angular velocity oi. Let the distance of P from Ct be r%. 




Then the relative acceleration /i is the resultant of the tangential 

dv t?* 

acceleration -3- and the central acceleration — acting towards Ci. 

at Vi 

The acceleration /a of the point of space occupied by the particle 

is Vtoo* acting towards C«. We have also ft = 2voo acting at right 

angles to the plane of the element of the relative path and the axis 

through P parallel to the axis at Cs, and it acte in the direction 



^-rcosA.w^ 




fi'UViaatnX 



given by the rotation as shown. The actual acceleration is the 
resultant of these ^hree accelerations. 
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Let a particle P move on a meridian of the earth and have at 

any instant the velocity t; and the tangential acceleration -^, If r 

at 

is the radius of the earth, the central acceleration is — and the 

r 

dv V* 
relative acceleration /i is the resultant of --tt &nd -. 

If A is the latitude of P, r cos A is the radius of rotation; and if as 
is the angular velocity of the earth, the acceleration /a of the point 
of space occupied by the particle is/a = rcosA . «?'. 

We have also/i = 2vgo sin X acting at right angles to the piano of 
the element of the relative path and the axis through P parallel to 
the earth's axis, that is, tangent to the latitude circle at P. It acts 
towards the east. The actual acceleration is the resultant of these 
three accelerations. 
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GENERAL ANALYTICAL RELATIONS FOR A POINT OF A 
RIGID ROTATING SYSTEM. EULER'S GEOMETRIC 
EQUATIONS. 

Oeneral Analytical Belations for a Point of a Bigid Rotating 
System. — Let a rigid system rotate at any instant about the axis 
IC with the angular velocity go and the angular acceleration a. 
Take any point O of the system as origin, and let the direction- 
cosines of GO be cos a, cos fi, cos y. 
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Then we have for the components of go and a 

a}j; = 09 COS a, ooy = GO COS ^, GOz = CO COS y ; 
ax^=^ OL COS a, ay= a COS ^, az = a COS y ; 

___ tt)// _ ay 



COS a = — = , COS P = — ^ = — , 

GO a 00 a 



OOz OCz 

COS ^^ = — ^ = -Jl 
09 a 



(1) 



and since cos* a + cos' /5 + cos* r = 1, 

fl0 = |/09x' + 09|^*+ fi?«', « = V(Xx^ + CCy* + a«'. . 



(2) 



Let (a;, y, z) be the co-ordinates of any point on the axis 7(7, and 
(a?', y', z') tne co-ordinates of any point P whose distance from the 
axis is PC = r. Then, as we have seen (page 190), we can resolve 
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the rotation about IC into an equal angular velocity about a paral- 
lel axis through the origin O and a velocity t? = <»p of the origin 0, 
where jp is the distance 10 of the origin from the axis. 

The components of this velocity of O are as on page 179, equa- 
tion (1): 



Vz = 0!>yX — GOjfy, 



(3) 



The components of the linear velocity r* of P due to rotation 
about the parallel axis through the origm O are as on page ld8, 
equations (6) : 



V'y = GOzlX' — esacZ' ; 

tfz = GOxV' "- OOyX'. 



(4) 



We have thus the total components of the velocity P, just as on 
page 198, equation (7): 



Vy = Vy+ V'y ; *f 

Vz 



= Vy+V'y; j. 
= t?« + V'z, J 



(5) 



The components of the linear tangential acceleration of P due 
to rotation about the parallel axis tmrough O, we see from (4), are 
given by 

fix = OLyZ* — azy' ; 

fty = (XzX' — axZ' ; ^ (6) 

ftz = (Xxy' — ayX'. 

Since pGo = v and pW = v' = Vx^ + V + Vz\ we have from (3) 

« _ (COZV — COyZf JGOxZ — OOzXY {cOyX — GOxVf .^ 

P - ^^ '^ ^ ^ ^ • • • ^^ 

Let/'n be the normal linear acceleration of the point P due to 
rotation about the parallel axis through the origin O. Then f'n = 
v'go ; and since velocity in the hodograph is the normal acceleration 
in the path (page 52), we have directly from the figure, for the com- 
ponents ofj'nj 

fnx = V'zOOy — V'yGOz \ 

f\y = V' xCOz — V^zGOx ; (") 

f'nz = V'yGOx — V'xOOy, ^ 

We have then for the components of the acceleration /' of the 
point P, from (8) and (6), 

fx =fnx + fix = {v'z Goy — v'yGOz) + {ayz' — azV') ; 

fy =:fny +fty = (v'xOOz ~ v'zOOx) + ((XzX — axZ'); l • • (9) 

fg =fnz + ftz = (v'yGOx — v'xODy) + {axj/ — ayZ'), 
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If we put for t/x, t/y, vf% their values as given in (4), we have 

/y = (<»«a/ + GOyy' + (OzSOojy — (»V + (««^ — ««2^) ; [ * " (^^) 

/'a = (GOxa?' + <»yy' + <ii)zZ)<Oz — coV + (ara-y' — aysf). J 

Equations (10) give the values of the components of the linear 
acceleration/ of any point P of the system whose co-ordinates are 
(off y^y 2f)yia terms of these co-ordinates and the components of oj 
and a. 

The moments of the component linear accelerations with refer- 
ence to the origin O are 



fxVy' + 2f\ fv Vaf' + sT, fzVx'-i-y'\ . . . (U> 

For the moments about the axes of the components of t/ and/' 
we have: 



about JT parallel to plane FZ, Mx = t/zy'— vfyzf, or fzy — /yz'; ' 
F " " ** ZX, My = vfxz!- vfzx\ or /x^' -/zx'; 
Z " ** " XF, Mz =. t/yir'- v'xy', or fyx-fxif. ^ 

The resultant moment in both cases is given by 



it 



► (12) 



Mr^VMx^+My^-^Mz^ (13) 

Its line representative has the direction-cosines 

Mx^ My Mz .... 

Mr' m' m; ^^*> 

Looking alone the line representative towards the origin the rota- 
tion is counter-clockwise. 

[We can deduce equations (9) directly by the Calculus. Thus if we dif- 
ferentiate the values of v'x, tfy, v'z given by (4), then, since 





dx' . 
dt = "^^^ 


dt -•" d( = 


and 








doox 


dooy deoz 




dt -"'• 


dt -"" dt 


we have at once 







= ctz. 



dff X 
fx = -^ = (^t^ - «'y<»«) + («• - a«yO; 

Hvf 

fv = -—- = {^xeaz — tj'zoix) 4- (<*««' — «««0; 
/« = -^ = («'y»x - ^'xdHu) + (aaiy' - ay«'). 

Elder's Oeometrical Equations. — To determine the geometrical 
equations between the motion of a rigid system in spcLce and ik 
angular velocity of the system about an axis in the system. 
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Let OX, OFi, OZi be rectangular co-ordinate axes, fixed in the 
STstem and therefore rotating with it, and let the system rotate 
aoout some axis fixed in the system, and therefore making in- 
variable angles with these axes, 
so that the component angular 
velocities in tne co-ordinate 
planes are fi>x, , <»y, , <»z,. We 
take direction of rotation as al- 
ways 




about JT from Z to Y 
Y " -T " Z 
Z " F'* X 



cc 



cc 



positive, 
tne op- 
posite (U- 
rection 
negative. 



Let now OX, OY, OZ be rect- 
angular co-ordinate axes whose 
directions in 8pac6 are invariable. 
For instance, the axis OZ may 
be always directed towards the 
North Pole, then XYis the plane of the celestial equator. 

Let the point O be taken as the centre of a spnere of radius r. 
Let X, Yj Z and Jti , Fi , Zi be the points in which this sphere is 
pierced by the fixed and moving axes. 

Let the axes OX , OFi , OZi nave the initial positions OX, OF, 
OZ, First turn the system about OZ as an axis through the angle 
XZP = ^, so that OX moves to OP, and OF to OD. Then turn the 
system about OD as an axis through the angle ZOZi = 6, so that OP 
moves to OE, and OZ to OZi. Fmally turn the system about OZi 
as an axis through the angle EZXi = 0, so that OE moves to OXi , 
and OD to OF. 

It is required to find the geometric relations between 0, <p, tf? and 
(Ox, , ooy., ooz^ as the system rotates. These geometric relations are 
called Eoler's Geometric Equations. 

Let the angular velocity of Zi perpendicular to the plane ZOZi 

at any instant be denoted by -^. This is called the angular velocity 

at 

of precession. Let the angular velocity of Zi along ZZi at the same 
instant be denoted by - j- This is called the angular velocity of nu- 
tation. Let the angular velocity of Xi with reference to ^ at that 

instant be denoted by -~. 

dt 

Draw ZiiV perpendicular to OZ. Then ZiiV=rsin0, and the 

linear velocity at any instant of Zi perpendicular to the plane ZOZi 

dib dQ 

is r sin 9 . ^, and along ZZi at the same instant it is r— . The linear 
dt dt 

velocity at the same instant of Zi along FiZi is roox^ , and along ZiXi 

it is rc»v,. 

We have then directly from the figure 



dt 



= rooy^ cos tp + rooxi siu 0; 



r sine . -^ = rooy^ sin — ra>x^ cos 0. 
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Sinoe the radius r cancels out, 

(26 



~ = ai>y, cos + ««! sin 0; 
sm -g- = fio^i sin — <»x, cos 0. 



Combining these two equations, 



^'^^"Si^^^ — ^ sin 6 cos ; 

do dif 

offy, = ^ cos + ^ sin 6 sin 0. 



a) 



(2) 



In the same way by drawing a perpendicular from E to OZOE 
we have the linear velocity of E perpendicular to ZOE equal to 

r cos fi 3^, and of Xi relative to ^along EXx , r^. 
at dt 

The whole velocity of X in space along X Fi is r<»sj. Hence 






(3) 



Equations (1), (2) and (3) are Euler's Geometric Equations. 



EXAMPLES. 



(1) Deduce the angular velocities oox, aty, ooz about the fixed axis^ 
in terms of 0, 0, ^. 

Ans. Let oor be the resultant angular velocity about the fixed axes. If 
we impress on space and also on the system, in addition to its existing 
motion, an angular velocity equal to ~ aor about the resultant axis of rotation, 
the axes OXu OYu OZi will become fixed and OX, OY, OZwill move with 
angular velocities — <Ox, — os>y, — ooz. Hence in the equations already 
found we have only to replace by — ^, by — 0, ^ by — 0, and <»x, , fi>yj , 
cozi wiU become ~ fOx , — os>y , — ooz , and we have 



<»jj = 



O0y = 



<»« = 



— 37 sin f» 4- -^ sin cos ^: 
tU at 



dB d0 

__co8^ + -^sin0sin 



'1-^ + f- 



(4) 



(2) Befer the axes fixed in space to the aoces fixed in the system, 

Ans. We have simply to interchange in the figure Xi, Ti, Zx with X. F, 
Z, each with each. If then the angles 6, 0, ^ are still measured as indicated 
in the figure, the relations connecting them with the angular velocities are ob- 
tained by changing 099,, <oy^, ooz, into — oox, — 90y, — 09s. 

If we measure in the direction opposite to that indicated in the figure, the 
ezpresskms for coa;> a>y are identical with those already found for ootvi, ^i* 
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(3) IfPyQ^r, are the directum-casinee of OZ with regard to the 
OXi , OTi, OZi, show that 



axes 









— pGOy, 4- ?®«i = ^• 



(6) 



Ans. Any one of these may be obtained by differentiating one of the ex- 
pressions 

p = — sin 6 cos 0, 9 = 8inOsin0, r = cos 

(4) Show that the direction-coeines of either set of £JtUer*8 a^xes 
with regard to the other are given by 

cos XXi = — sin ^ sin + cos ^ cos cos 0; 

cos YXx = cos ^ sin + sin ^ cos cos 6; V . . . (6) 

cos ZX\ = — sin cos 0. 

cos XTx = — sin^cos0 — cos^sin0 cos 0; 

cos YTi = cos^cos0 — sin^sin0cosO; ^ . . . (7) 

cos ZTi = sin 6 sin 0. 

cos XZi = sin cos ^; \ 

cos yZi = sin sin ^; > (8> 

cos ZZi = cos 0. j 

Ans. We have from the figure the following spherical triangles for which, 
we know two sides and the included angle : 

Triangle. Sides. Angle. 

DXT, DX=to + i> T,DX=m-^ 



Tristngle. Sides. Angle. 

BX.X DX, =90-0 XDX.^B 



urii YB =-'■ 



Z,ZX, ZZx = 

ZiXi=90 



ZZiX=18O-0ZxZri 1^1^1=90 

ZiZ =6 



YiDY=im-B 

r,ZxZ=90-^ 



Triangle. Sides. Angle. 

pxzi p^^ = 90 - e ^»^^» = 90' 

^^^^ pfZ^o-i ^^^^ =^ 

Solving these triangles we have at once equations (6), (7), (8). 
(5) Prove in the same way the following : 

cos XiX = — sin ip sin + cos ^ cos cos ; 

cos YiX= — sin ^ cos — cos ip sin cos 0; 

cos ZiX = sin cos ^. 

cos XiY= cos ^ sin -f sin ^ cos cos ; 
cos YiY = cos i/f cos — sin ^ sin cos 0; 

cos Zi F = sin sin ip. 



(9) 



(10) 
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iiZ = — sin COS 0; \ 
\Z = sin sin 0; > 
\Z =cosfl. 3 



qoeXxZ = — 
eos TiZ = 
cosZ] 
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(11) 



(6) Find the relations between the coordinates x, y^ z, of the 
fixed system of axes and the co-ordinates Xi^yi^Zi of the moving 
system,, 

Ans. If we multiply the first of equations (6) hj x, the second by p, the third 
hj z and add, and do the same for (7) and (8), we have at once, as we see from 
the figure, 

Xi = (~ sin ^ sin 4- cos ^ COB cos 0>B 

4- (cos ^sin04-sin^cos0cosO)y — sindcos 0.e; 

^1 = (— sin ^ cos — cos ^ sin cos B}x r • • (1^) 

4- (cos ^ cos — sin ^ sin cos 0)^ 4~ ^ ^ sin 0.e; 

Zi = sin 6 cos i/f.x -{- sin sin ip.y -{-cos B . z. 

In the same way we have from equations (9), (10), (11), 

£6 = (— sin ^ sin + cos ^ cos cos 0)a;i 

-|- (~ sin ^ cos — cos ^ sin cos B)yx -f shi ^ cos ^.ei; 
y = (cos ^sin04'Sin^cos0cos 0)a;i > . (18) 

4- (cos ^cos0 — sin^sin0cos B)yx 4- sin sin ^.ei; 
z = — sin 9 cos 0.«i 4- sin sin 0.^i 4- cos O.01. 
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Absolate— motion, 18; position, 10; rest, 13. 

Acceleration — angular, 175; composition and resolution of, 176; ooncurring 
angular accelerations, 178; couple, 181; instantaneous axis of, 175; line 
representative of, 175; moment of, 177; uniform and variable, 175; unit 
of, 176; and translation, composition and resolution of, 189; in terms of 
linear, 75, 176; in terms of moment of linear, 76. 

Acceleration — linear. 48, 92; of gravity, 9; of relative motion, 215; in terms of 
angular acceleration, 75, 176; central, 86, 92, 99, 103; centre of, 92; line 
representative of, 49; mean and instantaneous, 48; moment of, 60; moment 
of, in terms of angular, 76; normal, in terms of angular, 76; proportional 
to force, 91; paracentric, 87; resolution and composition of, 49; resultant 
of, 50, 68; sign of components of, 50; tangential and normal, 52; triangle 
and polygon of, 49; unit of, 49; uniform and variable, 49; uniform, in- 
clined to direction of motion, 117. 

Amplitude of an oscillation, 104. 

Analytical relations for a rigid rotating system, 219. 

Angle, conical, unit of, 6; solid, 7; unit of, 5. 

Angular — displacement, 171; composition and resolution of, 171; concurring' 
angular displacements, 178; couple, 181; line representative of, 170; rigid 
system, 170; in terms of linear, 170; and translation, composition and reso- 
lution of, 187. 

Angular revolution of a point, 71. 

Angular — speed, 72; mean and instantaneous, 71; numeric equations of, 72; 
sign of, 72; unit of, 72; in terms of linear velocity, 74; in terms of moment 
of velocity, 75; in terms of normal acceleration, 76; rate of change of, 78; 
numeric equations of rate of change of, 78; sign of rate of change of, 78; 
equations of motion under different rates of change of, 78; rate of change 
of, in terms of linear speed, 75; rate of change of, in terms of moment 
of tangential acceleration, 76; graphic representation of rate of change 
of, 77. 

Angular — velocity, 174; mean and instantaneous, 174; unit of, 174; uniform 
and variable, 175; of a rigid system, 174; composition and resolution of, 
176; in terms of linear velocity, 176; moment of, 177; concurring angular 
velocities, 178; resultant of, 178; couple, 181; and translation, composition 
and resolution of, 189; centre of parallel angular velocities, 192; result- 
ant, for a rigid system, 197. 
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Area, measures of, 9. 

Axis, of earth, length of, 5, 9; of rotation, 178; of instantaneous rotation, 174; 
instantaneous, of angular acceleration, 175; central^ 190; intersecting, ro- 
tation about, 195. 

Blackburn's pendulum, 187. 

Bodj, material, 1 ; projected up or down, 98; rigid, 170; relative motion of, 213. 

Brachistochrone, 158. 

Cartesian co-ordinates, 11. 

Centimeter, value of, 9. 

Central, acceleration, 86, 92, 99, 108; axis, 190. 

Centre, of acceleration, 92; of moments, 60; of angular velocities, 193. 

Circle, curvature of, 7; motion in, 76, 154, 159. 

Coefficient of resistance in resisting medium, 111, 118. 

Combined rotation and translation, 18. 

Components, of displacement, 86; of motion of a rigid system, 201; of veloc- 
ity, 44. 

Composition and resolution, of accelerations, 49; of displacements, 86; of an- 
gular displacements, 171; of angular velocities and accelerations, 176; of 
translation and angular displacements, 187; of translation and angolir 
velocities or accelerations, 189; of moments, 62; of screws, 208; of veloci- 
ties, 48. 

Compound harmonic motion, 181; resolution and composition of , 181; graphic 
representation of, 185; application of calculus, 187. 

Concurring velocities, accelerations and displacements, resultant of, 87, 45, 50, 
68-67; angular displacements, velocities and accelerations, 178. 

Configuration, 12. 

Conical an^le, 6. 

Constrained motion of a point, 88, 151. 

Co-ordinates, Cartesian, 10. 

Cosines, direction, 12. 

Couple, angular displacement, velocity, acceleration, 181; moment of, 186. 

Curvature, 7; unit of, 8; of a circle, 7. 

Curved path, motion in, 153. 

Curvilinear translation, 130. 

Cycloid, motion in, 155; application of calculus, 157. 

Definition, of kinematics, 1, 15; of statics, 1; of mechanics, 1. 

Degree, 5. 

Derived unit, 2; dimensions of, 3. 

Differential equations of motions of a point, 81. 

Dimensions, of a derived unit, 3; of space, 12; of unit of speed, 15; of unit of 
rate of change of speed, 24. 

Direction cosines, 12. 

Displacement, 34; line representative of, 34; relative, 34, 35; triangle and poly- 
gon of, 35; composition and resolution of, 36; rectangular components of , 
36; sign of components of, 36; resultant, 37; moment of, 60; angular, of a 
rigid system, 170; line representative of, 170; linear in terms of angular. 
170; angular, composition and resolution of, 171; angular, concurring, 178; 
resultant of, 178; couple, 181; of a rigid system, 187; composition and 
resolution of translation and angular displacement, 187. 

Dyne, value of, 9. 

Earth's polar axis, length of, 5. 

Epoch, in harmonic motion, 105. 

Equations, homogeneous, 3, 17; of speed, 16; of rate of change of speed, 25; 
of motion under different rates of change of speed, 27, 71; of motion of a 
point under different accelerations, 50; numeric, of angular speed, 72; nu- 
meric, of rate of change of angular speed, 73; of motion under different 
rates of change of angular speed, 73; differential, of motion of a point, 81; 
for falling body, 93; of rotating rigid system, 176; geometrical, of Euler, 
221 

Euler, geometrical equations of, 221. 
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'Force proportional to acceleration, 91. 
Falling body, 93. 

Oeometrical equations of Euler, 221. 

Gram, value of, 9. 

Graphic representation of rate of change of speed, 29. 

Gravitation, law of, 99. 

Gravity, acceleration of, 9, 92. 

Harmonic motion, simple, 108; amplitude, epoch, period, phase, 105; com- 
pound, 131; composition and resolution of, 181; graphic representation of, 
135; application of calculus, 187. 

Hodograph, 52. 

Homogeneous equations, 3, 17. 

Inclined plane, motion on, 151. 

InstantaneoOs acceleration, 48; axis of rotation, 174; axis of angular accelera- 
tion, 175; rate of change of speed, 24; speed, 15; angular speed, 72; ve- 
locity, 42. 

Integral curvature, 7. 

Intersecting axes, rotation about, 195. 

Invariant, 208. 

Isochronous oscillation, 104 

Kepler's laws, 140. 

Kilogram, value of, 9. 

Kinematics, definition of, 1, 15; of a point, 91; of a rigid system, 169. 

Law of gravitation, 99. 

Laws of Kepler, 140. 

Length, of meridian, 5; measures of, 8; of polar axis of earth, 5; unit of, 4, 8; 
displacement, 34; velocity, 42; acceleration, 48. 

Linear, displacement in terms of angular, 170; acceleration in terms of angu- 
lar, 176; velocity in terms of angular, 176. 

Line representative, of displacement, 34; of velocity, 43; of acceleration, 49; of 
angular displacement, 170; of angular velocity, 174; of angular accelera- 
tion, 175; of moment of displacement, velocity or acceleration, 61, 177. 

Mass, measure of, 4, 9; unit of, 4, 5. 

Material, body, 1; particle, point, 14; system, 14. 

Matter, states of, 1. 

Mean, curvature, 7; speed, 15; rate of change of speed, 24; velocity, 42; accel- 
eration, 48; angular speed, 72; rate of change of angular speed, 73; angu- 
lar velocity, 174; angular acceleration, 175. 

Measurement, 2; unit of, 2. 

Measures, table of, 8; of length, 8; of area, volume, mass, 9. 

Mechanics, definition of, 1. 

Medium, resisting — motion in. 111; coefficient of resistance in. 111, 118; mo- 
tion of projectiles in, 127. 

Meridian, length of, 5; relation of, to meter, 5. 

Meter, relation of, to meridian, 5; value of, 9. 

Moment, of displacement, velocity or acceleration, 60; line representative of, 
61; composition and resolution of, 62; sign of, 62; centre of, 60; linear ve- 
locity in terms of angular speed, 75; of tangential acceleration in terms of 
rate of change of angular speed, 76; of angular velocity or acceleration, 
177; of a couple, 186. 

Motion, 13; of translation, 13; of rotation, 13; equations of, under different rates 
of change of speed, 27; equations of , under difEerent accelerations, 50; equa- 
tions of, under difEerent rates of change of angular speed, 73; in a circle, 
76, 154, 159; of a point, differential equations of, 81; constrained, of a 
point, 88, 151' rectilinear, 92; simple harmonic, 103; in resisting medium, 
111; of projectiles, 117, 127; compound harmonic, 131; planetary, 139, 141; 
on an inclined plane, 151; in a curved path, 153; in a cycloid, 155, 157- 
equations of, for rotating rigid system, 176; screw, 191; components o* 
a rigid system, 201; relative, of a body, 213; relative acceleration of 
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Newton's law of gravitation, 99. 

Normal, acceleration, 52. 

Numeric, of a quantity, 2; equations of speed, 16; equations of angular speed, 

72; equations of rate of change of speed, 35; equations of rate of chai^of 

angular speed, 73. 

Oscillation, amplitude of, 104; isochronous, 104. 

Paracentric acceleration, 87. 

Parallel angular Telocities, centre of, 192. 

Particle, material, 14. 

Path, of a point, 13; curved, motion in, 158. 

Pendulum, Blackburn's, 137; simple, 154, 159. 

Per, meaning of, 3. 

Period, in harmonic motion, 105. 

Phase, in harmonic motion, 105. 

Physical science. 1. 

PUme, polar co-ordinate, 10; inclined, motion on, 151. 

Planetary motion, 139; path of, 139; application of calculus, 141. 

Point, 10; position of, 10; of reference, 10; path of, 13; material, 14; constrained 

motion of, 88, 151; kinematics of, 91. 
Polar, axis of earth, length of, 5, 9; co-ordinates, 10; equations for motion of ii 

point, 83. 
Polygon, of displacements, 35; of velocities, 43; of accelerations, 49. 
Position, 10; of a point, 10. 
Poundal, value of, 9. 
Projectile, motion of, 117; motion of, in resisting medium, 127. 

Quantity, statement of, 2; vector, 34. 

Radian, 5; square, 7; solid, 7. 

Radius vector, 11. 

Range of projectiles, 119, 127. 

Rate of change of speed, 24; mean and instantaneous, 24; a scalar quantity, 25; 
dimensions of, 24; unit of, 24; numeric equations of, 25; sign of, 25; equa- 
tions of motion under different rates of change of, 27; graphic representa- 
tion of, 29. 

Rate of change of angular speed, 73; mean and instantaneous, 73; unit of, 72; 
numeric equations of, 73; sign of, 73; equations of motion under different 
rates of change of, 73; in terms of linear speed, 75; in terms of moment 
of tangential acceleration, 76; graphic representation of, 77. 

Rectangular co-ordinates, 11. 

Rectilinear motion, 92; translation and rotation combined, 193. 

Reference, point of, 10. 

Relative, displacement, 34; motion of a body, 213; acceleration of motion, 215. 

Relation of vertex to meridian, 5. 

Resistence, coefficient of, in resisting medium. 111, 113. 

Resisting medium, motion in, 111; ceefficient of resistance in, 111, 113; motion 
of projectiles in, 127. 

Resolution and Composition, of displacements, 36; of velocities, 43; of acceler- 
ations, 49; of moments, 62; of angular displacements, 171; of angular 
velocities and accelerations, 176; of translation and angular displacement, 
187; of translation and angular velocity or acceleration, 189; of screws, 203. 

Rest, 12; absolute and relative, 13. 

Resultant, angular displacement, velocity or acceleration, 178; angular velocity 
and velocity of translation for a rigid system, 197. 

Rigid system, 12; kinematics of, 169; angular displacement of, 170; line repre- 
sentative of angular displacement of, 170; angular velocity of, 174; equa- 
tions of motion of rotating, 176; displacement of, 187; resultant angular 
velocity and velocity of translation of, 197; components of motion of, 201; 
general analytical relations of rotating, 219. 

Rotation, motion of, 13, 169; and translation combined, 13, 193: axis of, 173; 
instantaneous axis of, 174; equations of motion for, 176; condition for, 178; 
about intersecting axes, 195. 
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Science, physical, 1. 

Screw motion, 191 ; composition and resolution of, 203. 

Sign, of speed, 16; of rate of change of speed, 25; of components of displace- 
ment, 36; of components of velocity, 44, of components of acceleration, 50; 
of components of moments, 62; of angular speed, 72; of rate of change 
of angular speed, 73; of angular displacement, 173; of angular velocity, 
176; of angular acceleration, 176; of moment of angular velocity or 
acceleration, 177. 

Simple pendulum, 154; application of calculus, 159. 

Solid angle, 7; radian, 7. 

Space, dimensions of, 12; polar co-ordinates, 10. 

Standard units, 4; yard, 4; unit of length, 4; unit of mass, 5; unit of time, 4. 

States of matter. 1. 

Statement of a quantity, 2. 

Statics, definition of, 1. 

Speed, 15; mean and instantaneous, 15; dimensions of unit of, 15; numeric equa- 
tions of, 16; sign of, 16; a scalar quantity, 16; rate of change of, 24; mean 
and instantaneous rate of change of, 24; dimensions of unit of rate of 
change of, 24; numeric equations of rate of change of, 25; sign of rate of 
change of, 25; angular, 72; mean and instantaneous angular, 72; numeric 
equations of angular, 72; sign of angular, 72; rate of change of angular, 
73; mean and instantaneous rate of change of angular, 73; numeric equa- 
tions of rate of change of angular, 73; sign of rate of change of angular, 
73; linear in terms of angular, 74; angular in terms of moment of linear 
velocity, 75; angular rate of change of, in terms of linear, 75; angular in 
terms of normal acceleration, 76; angular rate of change of, in terms of 
moment of tangential acceleration, 76; graphic representation of rate of 
change of angular, 77. 

Square radian, 7. 

System, 12; rigid, 12; material, 14; kinematics of rigid, 169; angular displace- 
ment of rigid, 170; line representative of angular displacement of rigid, 
170; angular velocity of rigid, 174; equations of motion of rotating rigid, 
176; displacement of rigid, 187; resultant angular velocity and velocity of 
translation of rigid, 197; components of motion of rigid 201; general 
analytical relations of rigid rotating, 219. 

Table of measures, 8. 

Tangential acceleration, 52. 

Time, unit of, 4; standard unit of, 4. 

Trajectory, equation of, 118; velocity at any point of, 119; time of flight, 119; 

horizontal range, 119; greatest height, ISi); displacement in any direction, 

120; angle of elevation, 120; envelope of trajectories. 121. 
Translation, motion of, 13, 91; and rotation combined, 13, 193; curved x>ath, 

130; and angular displacement, 187; and angular velocity, 189; resultant 

for a rigid system. 197. 
Triangle and polygon, of displacements, 35; of velocities, 43; of accelerations, 49. 

Unit, derived, 2; of measurement, 2; of length, 4, 8; of time, 4; of mass, 5, 9; 
of angle, 5; of conical angle, 6; of curvature, 8; of speed, 15; of rate of 
change of speed, 24; of velocity, 43; of aoceleratioii, 49; of angular ve- 
locity, 174; of angular acceleration, 176. 

Vector, quantity, 34; radius, 11. 

Vdocif^, 42; mean and instantaneous, 42; unit of, 43; uniform and variable, 43; 
line representative of, 43; resolution and composition of, 43; rectuigolar 
components of, 44; sign of components of, 44; resultant, ^, 63; moment 
of, 60, 177; moment of, in terms, of angular, 75: couple, 81; unit of 
angular, 174; angular, in terms of linear, 176; composition and resolution 
of angular, 176; concurring angular, 178; composition and resolution of 
translation and angular, 189; centre of parallel angular, 192; resultant 
angular for a rigid system^ 197. 
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SHORT-TITLE CATALOGUE 

OP THE 

PUBLICATIONS 

OP 

JOHN WILEY & SONS, 

New York. 

London: CHAPMAN & HALL, Limited. 

ARRANGED UNDER SUBJECTS. 

Descriptive circulars sent on application. 

Books marked with an asterisk are sold at net prices only. 

All books are bound in cloth unless otherwise stated. 

AGRICULTURE. 

Cattle Feeding— Dairy Practice — Diseases op Animals — 

Gardening, Etc. 

Armsby's Manual of Cattle Feeding 12mo, |1 75 

Downing's Fruit and Fruit Trees 9vo, 5 00 

Grotenfelt's The Principles of Modern Dairy Practice. (Woll.) 

12mo, 2 00 

Kemp's Landscape Gardening. . , . • 12mo, 2 50 

Lloyd's Science of Agriculture 8vo, 4 00 

Loudon's Gardening for Ladies. (Downing.) 12mo, 1 50 

Steel's Treatise on the Diseases of the Dog 8vo, 8 50 

" Treatise on tlie Diseases of the Ox 8vo, 6 00 

Stockbridge's Rocks and Soils 8vo, 2 50 

Woll's Handbqok for Farmers and Dairymen 18mo, 1 50 

ARCHITECTURE. 

Building — Carpentry— Stairs— Ventilation, Etc. 

Berg's Buildings and Structures of American Railroads 4to, 7 50 

Birkmire's American Theatres— Planning and Construction. 8vo, 3 00 

*' Architectural Iron and Steel 8vo, 3 50 

Birkmire's Compound Riveted Girders 8vo, 2 00 

" Skeleton Construction in Buildings 8vo, 3 00) 

Carpenter's Heating and Ventilating of Buildings Svo, 3 Od 
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Downiug, Cottages 8vo, |2 50 

•• Hints to Architects 8vo, 2 00 

Freitag's Architectural EngineeriDg 8vo, 2 50 

Gerhard's Sanitary House Inspection 16mo, 1 00 

Tlieatre Fires and Panics 12mo, 150 

Hatfield's American House Carpenter 8vo, 5 00 

Holly's Carpenter and Joiner 18mo, 75 

Kidder's Architect and Builder's Pocket-book Morocco flap, 4 00 

Merrill's Stones for Building and Decoration 8vo, 5 00 

Monckton's Stair Building — Wood, Iron, and Stone 4to, 4 00 

Stevens' House Painting 18mo, 75 

Wait's Engineering and Architectural Jurispi-udence. 

(In the press.) 
Worcester's Small Hospitals — Establishment and Maintenance, 
including Atkinson's Suggestions for Hospital Archi- 
tecture 12mo, 125 

World's Columbian Exposition of 1893 4to, 2 50 

ARMY, NAVY, Etc. 

Military Engineering— Ordnance — Port Charges, Etc. 

Bourne's Screw Propellers 4to, 

Bruff's Ordnance and Gunnery 8vo, 

BuckuiU's Submarine Mines and Torpedoes 8vo, 

Chase's Screw Propellers ,8vo, 

Cooke's Naval Ordnance .*'. . 8vo, 

Cronkliile's Gunnery for Non-com. Officers 18mo, morocco, 

De Brack's Cavalry Outpost Duties. (Carr.). . . .l8mo, morocco, 

Dietz's Soldier's First Aid 12mo, morocco, 

* Dredge's Modern French Artillery 4to, half morocco, 

" Record of the Transportation Exhibits Building, 

World's Columbian Exposition of 1893.. 4to, half morocco, 

Dyer's Light Artillery 12mo, 

Hoff's Naval Tactics 8vo, 

Hunter's Port Charges 8vo, half morocco, 

Ingalls's Ballistic Tables 8vo, 

" Handbook of Problems in Direct Fire 8vo, 

Mahan's Advanced Guard 18mo, 

" Permanent Fortifications. (Mercur.).8vo, half morocco, 

Mercur's Attack of Fortified Places 12mo, 

2 



5 00 


6 00 


4 00 


3 00 


12 50 


2 00 


2 00 


1 25 


20 00 


15 00 


3 00 


1 50 


13 00 


1 50 


4 00 


1 50 


7 50 


2 00 



Mercur'8 Elements of the Art of War 8vo, f 4 00 

Metcalfe's OrdnaDce and Gunnery 12mo, with Atlas, 5 00 

Phelps's Practical Marine Surveying 8vo, 2 60 

Poweirs Army (Mcer's Examiner 12mo, 4 00 

Heed's Signal Service 50 

Sharpens Subsisting Armies 18mo, morocco, 1 50 

Strauss and Alger's Naval Ordnance and Gunnery 

Todd and Whall's Practical Seamanship 8vo, 7 50 

Very's Navies of the World 8vo, half morocco, 8 50 

Wheeler's Siege Operations 8vo, 2 00 

Winthrop's Abridgment of Military Law 12mo, 2 50 

Woodhull's Notes on Military Hygiene 12mo, morocco, 2 50 

Young's Simple Elements of Navigation.. 12mo, morocco flaps, 2 50 

ASSAYING. 

SsfELTiNG — Obk Dressing— Allots, Etc. 

Fletcher's Quant. Assaying with the Blowpipe.. 12mo, morocco, 1 50 

Furman's Practical Assaying 8vo, 3 00 

Kunhardt's Ore Dressing 8vo, 1 50 

♦ Mitchell's Practical Assaying. (Crookes.) 8vo, 10 00 

O'Driscoll's Treatment of Gold Ores 8vo, 2 CO 

Bicketts and Miller's Notes on Assaying • 8vo, 3 00* 

Thurston's Alloys. Brasses, and Bronzes 8vo, 2 50 

Wilson's Cyanide Processes 12mo, 1 50 

** The Chlorination Process 12mo, 1 50 

ASTRONOMY. 

Practical, Theoretical, and DBSCRipnYE. 

Craig's Azimuth 4to, 8 50 

Doolittle's Practical Astronomy 8vo, 4 00 

Gore's Elements of Geodesy 8vo, 2 50 

Michie and Harlow's Practical Astronomy 8vo, 3 00 

White's Theoretical and Descriptive Astronomy 12mo, 2 00 

BOTANY. 

Gardening for Ladies, Etc. 

Baldwin's Orchids of New England 8vo, 1 50 

Loudon's Gardening for Ladies. (Downing.) 12mo, 1 50 

Thome's Structural Botany 18mo, 2 25 

Westermaier*8 General Botany. (Schneider.) Bvo, 2 00 
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$2 00 


500 


3 50 


500 


10 00 


500 


250 


2 50 


1 25 


400 


10 00 



BRIDGES, ROOFS, Etc. 

Cantilbvbr — Dkaw— Highway — Suspension. 
{See aleo Enoinbbiiimo. p. 6.) 

Boiler's Highway Bridges 8vo, 

• " The Thames River Bridge 4to, paper, 

Burr's Stresses in Bridges 8vo, 

Crehore's Mechanics of the Girder 8vo, 

Dredge's Thames Bridges 7 parts, 

Du Bois's Stresses in Fraoied Slructures 4to, 

Foster's Wooden Trestle Bridges 4to, 

Greene's Arches in Wood, etc Bvo, 

Bridge Trusses 8vo, 

Roof Trusses 8to, 

Howe's Treatise on Arches 8vo, 

Johnson's Modern Framed Structures 4to, 

Merriman & Jacoby's Text-book of Roofs and Bridges. 

Parti.. Stresses 8vo, 2 50 

Merriman & Jacoby's Text-book of Roofs and Bridges. 

Part II., Graphic Statics 8vo, 2 50 

Merriman & Jacoby's Text-book of Roofs and Bridges. 

. Part III.. Bridge Design Svo, 5 00 

Merriman & Jacoby's Text- book of Roofs and Bridges. 

Part IV., Continuous, Draw, Cantilever, Suspension, and 

Arched Bridges {In preparation). 

* Morison's The Memphis Bridge Oblong 4to, 10 00 

Waddell's Iron Highway Bridges Svo, 4 00 

Wood's Construction of Bridges and Roofs 8vo, 2 00 

Wright's Designing of Draw Spans 8vo, 

CHEMISTRY. 

Qualitative — Quantitative — Organic — Inorganic, Etc. 

Adriauce's Laboratory Calculations 12mo, 1 25 

Allen's Tables for Iron Analysis Svo, 3 00 

Austen's Notes for Chemical Students 12mo, 1 60 

Bolton's Student's Guide in Quantitative Analysis Svo, 1 60 

Classen's Analysis by Electrolysis. (Herrick.) 8vo, 8 00 

Crafts's Qualitative Analysis. (Schaeffer.) 12mo, 1 50 

Drechsel's Chemical Reactions. (Merrill.) 12mo, 1 25 

Fresenius's Quantitative Chemical Analysis. (Allen.). ..... .8vo, -6 00 

4 



Prcsenius's Qualitative Chemical Analysis. (Johnson.) 8vo, $4 00 

Fuerte's Water and Public Health 12mo, 1 50 

Oiirs Gas and Fuel Analysis 13rao, 1 25 

Hammarsten's Physiological Chemistry. (Mandel.) 8vo, 4 00 

Helm's Principles of Mathematical Chemistry. (Morgan). 12mo, 1 50 

Kolbe's Inorganic Chemistry 12mo, 1 60 

Landauer's Spectral Amilysis. (Tingle.) (In tlie press). 

Mandel's Bio-chemical Laboratory 12mo, 1 50 

Mason's Water-supply 8vo, 5 00 

Miller's Chemical Physics 8vo, 2 00 

JMixter's Elementary Text-book of Chemistry 12mo, 1 50 

Morgan's The Theory of Solutions and its Results. 12mo, 1 00 

Nichols's Water Supply (Chemical and Sanitary) 8vo, 2 50 

O'Brine's Laboratory Guide to Chemical Analysis 8vo, 2 00 

Perkins's Qualitative Analysis 12mo, t 00 

Pinner's Organic Chemistry. (Austen.) 12mo, 1 50 

Kicketts and Russell's Notes on Inorganic Chemistry (Non- 
metallic) Oblong 8vo, morocco, 75 

Bchimpf's Volumetric Analysis 12mo, 2 50 

fipencer's Sugar Manufacturer's Handbook . 12mo, morocco flaps, 2 00 
" Handbook for Chemists of Beet Sugar House. 

{In Vie press), 

Stockbridge's Rocks and Soils .8vo, 2 50 

Troilius's Chemistry of Iron 8vo, 2 00 

Wiechmann's Chemical Lecture Notes 12mo, 3 00 

" Sugar Analysis 8vo, 2 50 

Wulling's Inorganic Phar. and Med. Chemistry 12mo, 2 00 

DRAWING. 

Elementary — Geometrical — Topogbaphical. 

Hill's Shades and Shadows and Perspective 8vo, 2 00 

MacCord's Descriptive Geometry \8vo, 3 00 

** Kinematics 8vo, 5 00 

*' Mechanical Drawing 8vo, 4 00 

Mahan's Industrial Drawing. (Thompson.). 2 vols., 8vo, 3 50 

Reed's Topographical Drawing. (II. A.) 4to, 5 00 

Smith's Topographical Drawing. (Macmillan.) 8vo, 2 50 

Warren's Descriptive Geometry 2 vols., 8vo, 3 50 

'* Drafting Instruments 12mo, 1 25 

5 



Warreu'8 FreebaDd DrnwiDfi: 12ino, 

" Higher Linear Perspective 8vo, 

•' Linear Perspective Idino, 

" Machine (instruction 2 vols., 8vo, 

" Plane Problems • , 12mo, 

" Primary Geometry ISmo, 

" Problems and Theorems 8to, 

" Projection Drawing ISmo, 

" Shades and Shadows 8vo, 

' ' Stereotomy— Stone Cutting 8vo, 

Whelpley's Letter Engraving 12mo, 

ELECTRICITY AND MAGNETISM. 

Illumination— Battebibs — Phtbics. 
Anthony and Brackett*s Text- book of Physics (Magie). . . .8vo, 

Barker's Deep-sea Soundings 8vo, 

Benjamin's Voltaic Cell 8vo, 

Cosmic Law of Thermal Repulsion ISmo, 

Crehore and Squier's Experiments with a New Polarizing Photo- 
Chronograph .8vo, 

* Dredge's Electric Illuminations 2 vols., 4to, half morocco, 

Vol.11 4to, 

Gilbert's De maguete. (Mottelay.) .Svo, 

Holman's Precision of Measurements 8vo, 

Michie's Wave Motion Relating to Sound and Light, Svo, 

Morgan's, The Theory of Solutions and its Results 12mo, 

Niaudet's Electric Batteries. .(Fishback.) 12mo, 

Reagan's Steam and Electrical Locomotives 12mo 

Thurston's Stationary Steam Engines for Electric Lighting Pur- 
poses 12mo, 

Tillman's Heat Svo, 

ENQINEERINQ. 

Civil — Mechanical— Sanitary, Etc. 

{See also Bridges, p. 4 ; Hydraulics, p. 8 ; Materials of En* 
oiNEERiNG, p. 9 ; Mechanics and Machinery, p. 11 ; Steam Engines 
AND Boilers, p. 14.) 

Baker's Masoury Construction ,. . Svo, 5 00- 

Baker's Surveying Instruments 12mo, 8 OO 

Black's U. S. Public Works 4to, 5 (KV 
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7 50 
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75 
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1 50 


8 00 


2 50 
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2 00 
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75 


8 00 


25 00 


7 50 


2 50 


2 00 


4 00 


1 00 


2 50 


2 00 


1 50 


1 50 



Butts's Engineer's Field-book 12mo, moroccOi 

Byrne's Highway Construction 8vo, 

Carpenter's Experimental Engineering Svo, 

Ciiurch's Mechanics of Engineering — Solids and Fluids. .. .8vo, 

" Notes and Examples in Mechanics 8vo, 

Crandall's Earthwork Tables 8vo, 

Crandall's The Tmnsition Curve 12mo, morocco, 

* Dredge's Penn. Railroad Construction, etc. . . Folio, half mor., 

* Drinker's Tunnelling 4to, half morocco, 

Eissler's Explosives — Nitroglycerine and Dynamite 8vo, 

Gerhard's Sanitary House Inspection .16mo, 

Godwin's Railroad Engineer's Field- book. 12mo, pocket-bk. form, 

Gore's Elements of (Joodesy 8vo, 

Howard's Transition Curve Field-book 12mo, morocco flap, 

Howe's Retaining Walls (New Edition.) 12mo, 

Hudson's Excavation Tables. Vol. 11 , 8vo, 

Button's Mechanical Engineering of Power Plants 8vo, 

Johnson's Materials of Construction 8vo, 

Johnson's Stadia Reduction Diagram. .Sheet, 22| X 28^ inches, 

*' Theory and Practice of Surveying 8vo, 

Kent's Mechanical Engineer's Pocket-book. . . ..12mo, morocco, 

Eiersted's Sewage Dispostil 12mo, 

Kirkwood's Lead Pipe for Service Pipe 8vo, 

Mahan's Civil Engineering. (Wood.) 8vo, 

Merriman and Brook's Handbook for Surveyors. . . .12mo, mor., 

Merriraan's Geodetic Surveying. 8vo, 

'♦ Retaining Walls and Masonry Dams 8vo, 

Mosely's Mechanical Engineering. (Mahan.) 8vo, 

Nagle's Manual for Railroad Engineers .12mp, morocco, 

Patton's Civil Engineering 8vo, 

** Foundations 8vo, 

Rockwell's Roads and Pavements in France 12mo, 

Ruflfner's Non-tidal Rivers. 8vo, 

Searles's Field Engineering 12mo, morocco flaps, 

Searles's Railroad Spiral 12mo, morocco flaps, 

Siebert and Biggin's Modern Stone Cutting and Masonry. . .8vo, 
Smith's Cable Tramways ,,, .4to, 

*' Wire Manufacture and Uses 4to, 
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7 50 


6 00 


6 00 
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1 50 


1 60 


20 00 
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1 00 


2 50 
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1 25 
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1 50 


5 00 


2 00 
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1 50 
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$2 00 


200 


500 


500 


25 


200 


250 


260 


100 


500 


500 


400 


800 



Spalding's Roads and Paycments ; 12mo, 

" Hydraulic Cement 12mo. 

Thurston's Materials of Construction 8yo, 

* Trautwine's Civil Engineer's Pocket-book. ..12mo, mor. flaps, 

* *• Cross-section Sheet, 

* *' Excavations and Embankments 8yo, 

* " Lajring Out Curves 12mo, morocco, 

Wait's Engineering and Architectural Jurisprudence. 

(In tJie pre—,) 

Warren's Stereotomy — Stone Cutting 8vo, 

Webb's Engineering Instruments 12mo, morocco, 

Wegmann's Constniction of Masonry Dams 4to, 

Wellington's Location of Railways. . . 8yo, 

Wheeler's Civil Engineering 8vo, 

Wolff's Windmill as a Prime Mover ; 8vo, 

HYDRAULIC5. 

Water-wheels — Windmills — Seuvicb Pipe — Drainage, Etc. 

(See also Engineering, p. 6.) 

Bazin's Experiments upon the Contraction of the Liquid Vein 

(Traulwine) 8vo, 2 00 

Bovey 's Treatise on Hydraulics 8vo, 4 00 

Coflau's Graphical Solution of Hydraulic Problems 12mo, 2 50 

Ferrel's Treatise on the Winds, Cyclones, and Tornadoes, . .8vo, 4 00 

Fuerte's Water and Public Health 12mo, 1 50 

Ganguillet & Kutter'sFlow of Water. (Hering& Trautwine.).8vo, 4 00 

Hazen's Filtration of Public Water Supply 8vo, 2 00 

Herschel's 115 Experiments 8vo, 2 00 

Kierstcd's Sewage Disposal 12mo, 1 25 

Kirkwood's Lead Pipe for Service Pipe 8vo, 1 50 

Mason's Water Supply 8vo, 5 00 

Merriman's Treatise on Hydraulics. . • 8vo, 4 00 

Nichols's Water Supply (Chemical aud Sanitary). 8vo, 2 50 

Ruffner's Improvement for Non-tidal Rivers 8vo, 1 25 

Wegmann's Water Supply of the City of New York 4to, 10 00 

Weisbach's Hydraulics. (Du Bois.) 8vo, 5 00 

Wilson's, Irrigation Engineeriug 8vo, 4 00 

Wolff's Windmill as a Prime Mover. ' 8vo, 3 00 

Wood's Theory of Turbines 8vo. 2 50 
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MANUFACTURES. 

Akiltne— Boilers— ExpLosPTEs— Iron—Sugar — Watches — 

Woollens, Etc. 

Allen's Tables for Iron Analysis 8yo, $3 00 

Beaumont's Woollen and Worsted Manufacture 12mo, 1 50 

Bolland's Encyclopaedia of Founding Terms 12mo. 8 00 

•* The Iron Founder 12mo, 2 50 

" «* ** " Supplement 12mo, 2 50 

Booth's Clock and Watch Maker's Manual 12mo, 2 00 

Bouvier's Handbook .on Oil Painting 12mo, 2 00 

Eissler's Explosives, Nitroglycerine and Dynamite 8yo, 4 00 

Ford's Boiler Making for Boiler Makers 18mo, 1 00 

Metcalfe's Cost of Manufactures 8vo, 5 00 

Metcalf 's Steel— A Manual for Steel Users 12mo, 2 00 

Reimann's Aniline Colors. (Crookes.) 8yo, 2 50 

♦ Reislg's Guide to Piece Dyeiug 8vo, 25 00 

Spencer's Sugar Manufacturer's Handbook 12mo, mor. flap, 2 00 

" Handbook for Chemists of Beet Houses. (In the press,) 

Svedelius's Handbook for Charcoal Burners 12mo, 1 50 

The Lathe and Its Uses 8vo, 6 00 

Thurston's Manual of Steam Boilers 8vo, 5 00 

Walke's Lectures on Explosives 8vo, 4 00 

West's American Foundry Practice 12mo, 2 50 

•• Moulder's Text-book 12mo, 2 50 

Wiechmann's Sugar Analysis 8vo, 2 50 

Woodbury's Fire Protection of Mills 8vo, 2 50 

MATERIALS OF ENGINEERING. 

Strength — Elasticity — Resistance, Etc. 
{See also Engineering, p. 6.) 

Baker's Masonry Construction 8vo, 5 00 

Beardslee and Kent's Strength of Wrought Iron 8vo, 1 50 

Bovey*s Strength of Materials 8vo, 7 50 

Burr's Elasticity and Resistance of Materials 8vo, 5 00 

Byrne's Highway Construction 8vo, 5 00 

Carpenter's Testing Machines and Methods of Testing Materials 

Church's Mechanic's of Engineering — Solids and Fluids 8vo, 6 00 

Du Bois's Stresses in Framed Structures 4to, 10 00 
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Hatfield's Trangversc Siraiot 8vo, (5 00 

Johnson's Materials of Construction 8vo» 6 00 

Lanza's Applied Mechanics 8vo, 7 50 

•* Strength of Wooden Columns 8vo, paper, 50 

Merrill's Stones for Building and Decoratioo 8vo, 5 00 

Merrimnn's Mechanics of Materials 8vo, 4 00 

Pattou's Treatise on Foundations 8vo, 5 00 

Rockwell's Roads and Payements in France 12mo» 1 25 

Spalding's Roads and Pavements 12mo, 2 00 

Thurston's Materials of Construction 8vo, 5 OO 

Thurston's Materials of Engineering 8 vols. , 8vo, 8 00 

Vol. I, Non-metallic 8vo, 200 

Vol. II.. Iron and Steel 8vo, 8 50 

Vol. III., Alloys, Brasses, and Bronzes 8vo, 2 50 

Weyrauch's Strength of Iron and Steel. (Du Bois.) 8vo, 1 50 

Wood's Resistance of Materials .8vo, 2 00 

MATHEMATICS. 

Calculus— Geometry— Tbigonomktry, Etc. 

Baker's Elliptic Functions 8vo, 1 50 

Ballard's Pyramid Problem 8vo, 1 50 

Barnard's Pyramid Problem 8vo, 1 50 

Bass's Differential Calculus 12mo, 4 00 

Brigg's Plane Analytical Geometry 12mo, 1 00 

Chapman's Theory of Equations 12mo, 1 50 

Chessia's Elements of the Theory of Functions 

Compton's Logarithmic Computations 12mo, 1 50 

Craig's Linear Differential Equations 8vo, 5 00 

Davis's Introduction to the Logic of Algebra 8vo, 1 50 

Halsted's Elements of Geometry 8vo, 175 

" Synthetic Geometry 8vo, 150 

Johnson's Curve Tracing 12mo, 1 00 

Differential Equations — Ordinary and Partial 8vo, 3 50 

Integral Calculus 12mo, 1 50 

Least Squares 12mo, 1 50 

Ludlow's Logarithmic and Other Tables. (Bass.) 8vo, 2 00 

Trigonometry with Tables. (Bass.) 8vo, 3 00 

Mahan's Descriptive Geometry (Stone Cutting) 8vo, 1 50 

10 
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Kerrimaii and Woodward's Higher Mathematics Svo, |5 00 

Merriman's Method of Least Squares 8yo, 2 00 

Parker's Quadrature of the Circle 8vo, 2 50 

Rice and Johnson's DifFerential and Integral Calculus, 

2 vols, in 1, 12mo, 2 50 

" Differential Calculus 8vo, 8 50 

'* Abridgment of Differential Calculus. . . .8vo, 1 50 

Searles's Elements of Geometry 8vo, 1 50 

Totten's Metrology 8vo, 2 50 

Warren'a Descriptive Geometry 2 vols., 8vo, 8 60 

Drafting Instruments 12mo, 1 25 

Free-hand Drawing 12mo, 100 

*' Higher Linear Perspective 8vo, 8 50 

** Linear Perspective 12mo, 1 00 

** Primary Geometry 12mo, 75 

" Plane Problems 12mo, 1 25 

" Plane Problems 12mo, 1 25 

" Problems and Theorems 8vo, 2 50 

" Projection Drawing 12mo, 1 50 

Wood's Co-ordinate Geometry >. . . .8vo, 2 00 

'• Trigonometry 12mo, 100 

Woolfs Descriptive Geometry Royal 8vo, 8 00 

MECHANICS-MACHINERY. 

Text-books and Practical Works. 

{See also Engineering, p. 6.) 

Baldwin's Steam Heating for Buildings ]2mo, 2 50 

Benjamin's Wrinkles and Recipes 12mo» 2 00 

Carpenter's Testing Machines and Methods of Testing 

Materials 8vo, 

Chordal's Letters to Mechanics 12mo, 2 00 

Church's Mechanics of Engineering 8vo, 6 00 

" Notes and Examples iu Mechauics 8vo, 2 00 

Grehore's Mechanics of the Girder 8vo, 5 00 

Cromweirs Belts and Pulleys 12mo, 1 50 

" Toothed Gearing 12mo, 1 50 

Compton't First Lessons in Metal Working 12mo, 1 50 

Dana's Elementary Mechanics 12mo, 1 50 
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Diogey's Macbioery Pattern Making 12mo, $2 00 

Dredge's Trans. ExhibiU Building, World Exposition, 

4to, balf morocco, 15 00 

Du Bois's Mechanics. Vol. I., Kinematics 8vo, 8 50 

Vol. II.. Statics 8vo, 4 00 

Vol. III., Kinetics 8vo, 8 50 

Fitzgerald's Boston Machinist 18mo, 100 

Flather's Dynamometers •.12mo, 3 00 

Rope Driving 12roo. 2 00 

Hall's Car Lubrication 12mo, 1 00 

Holly's Saw Filing 18mo, 75 

Lanza's Applied Mechanics ^ 8vo, 7 50 

MacCord's Kinematics ; 8vo. 5 00 

Merriman's Mechanics of Materials : 8vo. 4 00 

Metcalfe's Cost of Manufactures. 8to, 5 00 

Michie's Analytical Mechanics *. 8vo, 4 00 

Mosely's Mechanical Engineering. (Mahan.) 8to. 5 00 

Richards's Compressed Air 12mo, 1 50 

Robinson's Principles of Mechanism. Svo, 3 00 

Smith's Press- working of Metals 8vo, H 00 

The Lathe and Its Uses '. 8vo, 6 00 

Thurston's Friction and Lost Work Svo, 3 00 

" The Animal as a Machine 12mo, 1 00 

Warren's Machine Construction 2 vols., Svo, 7 50 

Weisbach's Hydraulics and Hydraulic Motors. (Du Bois.)..8vo, 5 00 
" Mechanics of Engineering. Vol. III.. Part I., 

Sec. L (Klein.) Svo, 5 00 

Weisbach's Mechanics of Engineering. Vol. III., Part I., 

Sec.IL (Klein.) Svo, 5 00 

Weisbach's Steam Engines. (Du Bois.) Svo, 5 00 

Wood's Analytical Mechanics 8vo, 3 00 

Elementary Mechanics 12mo, 1 25 

Supplement and Key 1 25 
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METALLURGY. 

Ikon— Gold— Silver — Alloys, Etc, 

Allen's Tables for Iron Analysis Svo, 8 00 

Egleston's Gold and Mercury Svo, 7 60 

12 



Egleston's Metallurgy of Silver 8vo, $7 60 

♦ Eerrs Metallurgy — Copper and Iron ,./,.»... .8vo, 15 00 

♦ •* " Steel. Fuel, etc 8vo, 15 00 

Kunbardt's Ore Dressing in Europe • :. . — 8vo, 1 60 

Metcalf Steel— A Manual for Steel Users 12mo, 2 00 

O'Driscoll's Treatment of Gold Ores 8vo, 2 00 

Thurston's Iron and Sleel 8vo, 3 50 

Alloys 8vo, 2 50 

Wilson's Cyanide Processes. 12mo, 1 60 

MINERALOGY AND MINING. 

Mine Accidents — Ventilation— Ore Dressing. Etc. 

Barringer's Minerals of Commercial Value (In thepres,) 

Beard's Ventilation of Mines 12mo, 

Boyd's Resources of South Western Virginia .8vo, 

** Map of South Western Virginia Pocket-book form, 

Brush and Pen field's Determinative Minemlogy 8vo, 

Chester's Catalogue of Minerals 8vo, 

** Dictionary of the Names of Minerals 8vo, 

Dana's American Localities of Minerals 8vo, 

Descriptive Mineralogy, (E. S.) 8vo, half morocco, 

Mineralogy and Petrogi-aphy. (J. D.) 12mo, 

Minerals and How to Study Them. (E. S.) 12mo, 

Text-book of Mineralogy. (E. S.) 8vo, 

•Drinker's Tunnelling, Explosives, Compounds, and Rock Drills. 

4to, half morocco, 

Egleston's Catalogue of Minerals and Synonyms 8vo, 

Eissler's Explosives — Nitroglycerine and Dynamite 8vo, 

Ooodyear's Coal Mines of the Western Coast 12mo, 

Hussftk's Rock forming Minerals. (Smith. ) 8vo, 

Ihlseng's Manual of Mining . . . . 8vo, 

Kunhardt's Ore Dressing in Europe 8vo, 

O'Driscoll's Treatment of Gold Ores 8vo, 

Rosen busch's Microscopical Physiography of Minerals and 

Rocks. (Iddings.) 8vo, 

Sawyer's Accidents in Mines. 8vo, 

StDokbridge's Rocks and Soils 8vo, 
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3 00 


2 00 


8 50 


1 25 


8 00 


1 00 


12 50 


2 00 


1 50 


8 50 


25 00 


250 


4 00 


2 50 


2 00 


4 00 


1 50 


2 00 


6 00 


7 00 


2 50 



Williams's Lithology 8vo, (8 00 

Wilson's Mine Ventilation 16mo, 1 35 

STEAM AND ELECTRICAL ENGINES, BOILERS, Etc 

Stationaut— Marine— LocoMonvE — Gas Engines, Etc. 

{See aUo Engineering, p. 6.) 

Baldwin's Steam Heating for Buildings 13mo, 

Clerk's Gas Engine 18mo, 

Fonl's Boiler Making for Boiler Makers. 18mo, 

Hemenway's Indicator Practice 12mo, 

Hoadley's Warm-blast Furnace 8vo, 

Kneiiss's Practice and Theory of the Injector 8vo, 

MucCord's Slide Valve 8vo, 

* Maw's Marine Engines Polio, half morocco, 

Meyer's Modern Ijocomotive Construction 4to, 

Peabody and Miller's Siemn Boilers 8vo, 

Pea body's Tables of Satunited Steam 8vo, 

Tbermodyuamics of the Steam Engine 8vo, 

Valve Gears for the Steam-Engine 8vo, 

Pray's Twenty Years with the Indicator Royal 8vo, 

Pupin jind Osterberg's Thermodynamics 12mo, 

Keiigiiu's Stenm and Electrical Locomotives 12mo, 

KOntgeii's Thermodyuiimics. (Du Bois. ) 8vo, 

Sinclair's Locomotive liiinniug 12mo, 

Thurston's Boiler Explosion 12mo, 

Engine and Boiler Trials 8vo, 

Manual of the Steam Engine. Part I., Structure 

and Theory 8vo, 7 50 

Manual of the Steam Engine. Part II., Design, 

Construction, and Operation 8vo, 

2 parts, 

Philosophy of the Steam Engine 12mo, 

Reflection on the Motive Power of Heat. (Carnot.) 

12mo, 

Stationary Steam Engines 12mo, 

Steam-boiler Construction and Operation 8vo, 

Spangler's Valve Gears 8vo, 
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250 


400 


1 00 
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1 50 


18 00 
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5 00 
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2 00 


1 50 


5 00 


2 50 



Trowbridge's Stationary Steam Engines 4to, boards, $2 50 

Weisbacb's Steam Engine. (Du Bois.) 8vo, 5 00 

Whitbam's Constructive Steam Engineering 8vo, 10 00 

Steam-engine Design 8vo, 6 00 

"Wilson's Steam Boilers. (Fbtber.) 12mo, 2 50 

Wood's Tbermodynamics. Heat Motors, etc 8vo. 4 00 

TABLES, WEIGHTS. AND MEASURES. 

For AcTrABiES, Chemists, Engineers, Mechanics— Metric 

Tables, Etc. 

Adriance*s Laboratory Calculations 12mo, 1 25 

Allen's Tables for Iron Analysis 8vo, 3 00 

Bizby '8 Gnipbical Computing Tables Sbeet, 25 

Compton's Logaritbms 12nio, 1 50 

Cmndall's Railway and Eurtbwork Tables 8vo, 1 50 

Egleston's Weigbts and Measures 18mo, 75 

Fifiher's Table of Cubic Yards Cardboard, 25 

Hudson's Excavation tables. Vol. IL ; 8vo, 1 00 

Johnaon's Stadia and Eurtbwork Tables 8vo, 1 25 

Ludlow's Logaritbmic and Otber Tables. (Bass.) 12mo, 2 00 

Thurston's Conversion Tables 8vo, 1 00 

Totten's Metrology 8vo, 2 50 

VENTILATION. 

Steam Heating — House Inspection — Mine Ventilation. 

Baldwin's Steam Heating 12mo, 2 50 

Beard's Ventilation of Mines 12mo, 2 50 

Carpenter's Heating and Ventilating of Buildings 8vo, 8 00 

Gerhard's Sanitary House Inspection Square ]6mo, 1 00 

Mott's ITie Air We Breathe, and Ventilation 16mo, 1 00 

Reid's Ventilation of American Dwellings 12mo, 1 50 

Wilson's Mine Ventilation 16mo, 1 25 

niSCELLANEOUS PUBLICATIONS. 

Alcott's Qems, Sentiment, Language Gilt edges, 5 00 

Bailey's The New Tale of a Tub 8vo, 75 

BalUrd's Solution of the Pyramid Problem 8vo. 1 50 

Barnard's The Metrological System of the Great Pyramid. .8vo, 1 50 
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D.ivis' E ements of Law 8vo, 

Eiiitnoirs Geological Guide-liook of the Rocky Ifountaios. .8yo, 

Ferrel's Treatise on the Winds 8vo, 

Hiiincs' Addresses Delivered before tbe Am. Ry. Assn. 

18mo. {In the preMS,) 
Mott's The Fallacy of the Present Theory of Sound . . Sq. 16mo, 

Perkins's Cornell University Oblong 4to, 

Ricketts's History of Rensselaer Polytechnic Institute. . . . Svo, 
Rothcrhtiiu's The New Testament Critically Emphasized. 

12mo, 

Tottcu*s An Im|H>rtant Question in Metrology. 8vo, 

Whitehousc 8 Lake Mceris Paper, 

* Wiley's Yosemite, Alaska, and Yellowstone 4to, 



HEBREW AND CHALDEE TEXT-BOOKS. 

For Schools and Theological Sbminaribs. 

Gesenius's Hebrew and Chaldee Lexicon to Old Testament. 

(Tregelles.) Small 4to, half morocco, 5 00 

Green's Elementary Hebrew Grammar 12mo, 1 25 

Grammar of the Hebrew Language (New Edition ).8vo, 8 00 

Hebrew Chrestomathy Svo, 2 00 

Letteris's Hebrew Bible (Massoretic Notes in English). 

Svo, arabesque, 2 25 
Luzzato's Gnimmar of the Biblical Chaldaic Language and the 

Talmud Babli Idioms 12mo, 1 50 
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12 00 


1 50 


400 


1 00 


1 50 


300 


1 50 


2 50 


25 


300 



MEDICAL. 

Bull's Maternal Munagemeut in Health and Disease 12mo, 1 00 

Hammarsteu's Physiological Chemistry. (Maudel.) Svo, 4 00 

Mott's Composition, Digestibility, and Nutritive Value of Food. 

Large mounted chart, 1 25 
liuddiman's Incompatibilities in Prescriptions — {In tJie press.) 
Steel's Treatise on the Diseases of the Ox Svo, 6 00 

Treatise on the Diseases of the Dog 8vo, 3 50 

Worcester's Small Hospitals — Establishment and Maintenance, 

including Atkinson's Suggestions for Hospital Arcbi- 

tecturc 12mo, 125 / 
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